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Direct Measurement of Molecular Attraction of Solid Bodies. 
Il. Method for ideasuring the Gap. Results of Experiments. * 


I. L. ABRIKOSOVA AND B. V. DERIAGIN** 
Institute of Physical Chemistry, Academy of Sciences, USSR 
(Submitted to JETP editor, December 14, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 3 - 13 (January, 1956) 


Results are presented of measurements of molecular attraction for fused quartz for dis- 
tances from 0.08 to 1 xz. The data are in good agreement with calculations using the for- 
mula of the theory of E. M. Lifshitz, which deals with the case of separations which are 
much greater than the wavelengths of the fundamental ultraviolet absorption bands, and 
which contains no undetermined empirical constants. The agreement obtained substantiates 
both Lifshitz’ theory and the electromagnetic nature of the molecular forces which was al- 
ready suggested by P. N. Lebedev in 1894. 

The results of measurements of Overbeek and Sparnaay exceed the theoretical values by 
almost a factor of 104 , apparently due to electrostatic effects. 


——— ee eee 


1. METHOD OF MEASUREMENT OF SEPARATION | 


HE size of the minimum gap H between the 

lens L and plate P was calculated from the 
diameter of Newton’s rings measured with a 
microscope provided with an ocular scale, when 
the gap was illuminated by light from a 300 watt 
lamp through a constant deviation monochromator 
and the vertical illuminator of the microscope 
(see Fig. 1). It is easy to find the relation betwem 
the gap H , thediameterd of the m th dark ring, 
the wave length A of the monochromatic light, and 
the radius R of the spherical surface. The condi- 
tion for producing the mth dark ring is 


@, W. 


Substituting for cr in terms of d in Eq. (1), 


20m + 2H +2/2=(2m+ 1)i/2. (1) we obtain for the minimum distance H between 
the surfaces the expression 
From the geometry, it is clear that the part of the } a 
air gap which is denoted by 6, in Fig. 2 is related H = =(m — Sn) (2) 
to the diameter d_, of the mth ring by the relation Alen]? 


Sf / BR: from which it follows that to determine H we must 
se a knowm,d,,AandR. 

To determine the ring number m one can, while 
observing the rings, bring the surfaces into con- 
tact and thus compute the order number of the 


ring. Sucha Wakes is unsuitable when 
measuring molecular attraction, because of the 


possibility of contact electrification. We there- 
fore used a different method based on the changes 
in the diameter of the interference ring when the 
number m and the wavelength A of monochromatic 
light are varied for constant H . 

Fie. 1 We introduce the quantities A (d_, )? and A (dy ¥, 
defined by the following equations: 


*Cf. the literaure references in Reference 1. A (din) == dyar ie d; m e) 


**F. B. Leib participated in the development of the 
technique. 
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and 


A (d;) = dz, m+Am — dt. ms (3 Z) 


Using the relation (2), we can write 
A (din) / Ak = 4Rm (4) 
and 


A (d3) /Am = 4R). (4%) 
Dividing (4) by (4 ’), we get for m the expression 


m= iA (di) Amp A (dfyAr. — (5) 


Before starting the fundamental measurements, 
i..e., the measurement of the force of attraction 
F and the corresponding gap H , the number m of 
a particular ring was determined from (5), and 
from it the numbers of other rings. The radius R 
of the spherical surface was measured using the 
same optical system. According to (2), (is 
depends linearly on m for constant A and/. If 
we plot d_? as ordinate and m as abscissa, then 
if we divide the tangent of the angle between the 
Bnerd7 = =f (m) and the m axis by 4A, we get 
the radius Rk . 

Since A, m and R were always determined before 
the fundamental measurement, the latter reduced to 
measurement of a current i and the diameter of 
one (sometimes 2 — 3) interference ring. This 
last fact made possible the successful perfor- 
mance of the experiment, since it enabled us to 
concentrate our attention on the simultaneous 
measurement of only two quantities. 

The precision of measurement of the gap 1 was 
almost entirely determined by the uncertainty in 
measurement of the diameter of the m th (usually 
the second) ring d ae which amounted (for 


d., ) to ~ + 1%, which guaranteed an accuracy in 


the measurement of the gap H of approximately 
£0. 002 p. 


2. CLEANING OF SURFACES 


The method of cleaning the glass and quartz 
surfaces with which the interaction was studied 
was an essential point. For a successful experi- 
ment, the surfaces must be carefully cleaned of 


all films and dust particles. 

The usual methods of chemical cleaning such as 
washing with chroinic acid cleaner were not 
used, since they sometimes damage polished glass 
surfaces. We successfully used the following 
method for thorough cleaning of glass and quartz 
surfaces. We washed the plate and lens with dis- 
tilled alcohol and ether, using cotton from which 
the grease had been removed in a Soxhlet extrac- 
tor, and then processed them in a glow discharge 
under glass wool. The purity of the surface could 
be judged from the fact that after cleaning we 
always observed complete wetting of the glass 
surface by water. 

It proved to be far more difficult to rid the sur- 
faces of dust. Of all the methods tried by us 
(removal of dust particles with a 5 deere 
brush, cotton, fabric, chamois, etc. ), the best 
results were gotten when the surfaces ( after 
cleaning in a glow discharge) were rubbed with 
grease-free cotton slightly moistened with pure 
ether. (This last step was, of course, for 
removal of dust and not for improving the cleanli- 
ness of the surface ). The surfaces remained free 
of film after such treatment since, as was the 
case inimediately after cleaning in the glow 
discharge, they were completely wet by water. 

Before placing them on the balances, the sur- 
faces were examined under a binocular micro- 
scope at 100- fold magnification. 


3. FUNDAMENTAL EXPERIMENTAL DIFFI- 
CULTIES AND THEIR ELIMINATION 


The main experimental difficulties were 
associated with 1) sensitivity of the apparatus 
to vibrations of the support, 2) dust particles 
falling on the surfaces under investigation, 3) 
electrification of the surfaces during cleaning. 

1) The true sensitivity of the apparatus for 
determining the interaction force depends essen- 
tially on the vibration of the support on which 
the apparatus is placed; we therefore carried out 
special experiments to study the vibration of the 
apparatus and the effect of various damping 
mechanisms. 

Vibrations of the support result in fluctuations 
of the current in the feedback circuit. By elimi- 
nating in turn all the sources of current fluctua- 
tions, we established that their main cause is the 
presence of industrial and vehicular noises which 
are transmitted through the ground and which vary 
in time in both amplitude and frequency. To 
measure the damping properties of various supports, 
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we removed the beam balance from our circuit, and 
put a mirror on the platform in its place (cf. Fig. 
5, Ref. 1); we thus obtained a sensitive photo- 
electric indicator of vibrations of the support. 
Because of the fact that we had to come into 
direct contact with the equipmént during prepara- 
tion for measurement and during the measurement 
itself, damping mechanisms such as are used in 
setting up sensitive galvanometers were not 
suitable. We succeeded in obtaining the best 
results by placing the apparatus on a table with 


shock absorbers, which in turn was placed 
on a cement pedestal which was isolated from 


the foundaion and embedded in the ground. 
(See Fig. 5, Ref. 1.) 

To decrease the effect of vibration further, 
the optical relay system was improved: light 
reflected from mirror S$, (Fig. 3 ) fixed on the 
beam balance was reflected once more from 
mirror S, which was coupled to the platform 
(cf. Fig. 5 of Ref. 1), which made the photo- 
current independent of vibrations common to 
both the beam balance and the platform, and 
dependent only onthe gap H . 


The angle between mirrors $, and S, was 
approximately 90° . By means of a screw 
brought out under the platform we could regu- 
lae the position of mirror S, for adjustment 
of the apparatus. 

2) The preparation of samples for measure- 
ment is a very important part of the experi- 
ment, since during cleaning the surfaces of 
dust the samples become electrified, as a 
result of which they interact with a force which 
far exceeds the molecular attraction and masks 
it. To eliminate charges from the surfaces of 
the plate and lens, we had to separate them 
and, by some means, ionizethe air around the 
apparatus. When this was done, dust parti- 
cles from the air frequently fell on the surfaces, 
and we had once again to clean them and 
remove the charge, until we succeeded in 
removing both the dust particles and the 
electrostatic interaction. As the tests showed, 
dust does not enter the gap if the distance 


between plate and lens is very small, so that 
it is important to achieve simultaneous ab- 
sence of dust and charge once, and then not 
separate the surfaces by more than 5 — 10 yp. 

3) Electrical charges develop on clean 
dry surfaces very easily, from even the 
slightest contact with a clean brush or 
rubber gloves. Each time, before we succeeded 
in measuring the molecular attraction, we 
had to get rid of the surface charges by 
ionizing the air. We used the radioactive 
isotope S35 to remove the charges from 
the quartz surfaces. Removal of the charge 
turned out to be impossible when the surfaces 
were very close. Only for very large separa- 
tions of the surfaces (1 mm and greater } 
was the action of the ionizer effective, which 
showed that the attractive forces observed 
previously were of electrical origin. The 
slow discharge when the gap between the sur- 
faces is narrow is probably explained by the 
fact that very few ions enter such a gap. 

As already mentioned, the sensitivity of the 
apparatus for measuring the attractive force 
is almost entirely determined by the current 
fluctuations in the feedback loop caused by 
vibrations of the support. For this reason, 
at the beginning, when we did not use all the 
methods described in this Section for pre- 
venting the vibration, the sensitivity proved 
to be insufficient for detecting and measuring 
the molecular attraction. After getting rid 
of the charges, no attraction between the sur- 
faces was detected up to gaps of H= 0.05 nu, 


while the accuracy of the force measurement 
was 210-7 dyne- 


4. RESULTS OF MEASUREMENT 


The basic result of the work is the detection 
and quantitative measurement of the molecular 


attraction between samples of fused quartz sepa- 
rated by a gap of 10°° — 10-4 cm. 


Bil dynes 
30 
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TABLE l. 


—— eee 


R=10c# (measurements in air) 


R =10 cm (measurements in air) 


| 


Hinp F-10° in dynes H in p F-108 in dynes 
0.09 1.56 OUT 0.5¢ 
0.13 0.9 0:19 0.3, 
0.13 0.85 0,32 Oeil 
0,13 Oat 0.59 0.0 
0.14 Ott, 0.64 0.0 
0.16 0.7; 0,82 0.0 
In Fig. 4 and Table 1 we give the dependence refers to aradius R = 10 cm, curve II toR = 26cm. 


of the force of attraction F on the separation // , 
@ measured in air ( the radius of the sphere was 
R =10cm). 

This dependence F ( H ) corresponds to the 
minimum of all the attraction effects observed 
by us with quartz glass samples. This last point, 
together with the satisfactory reproducibility of 
the effect in different experiments, made it possi- 
ble for us to assume that the effect was of mole- 
cular origin. However, to convince ouselves 
completely of the validity of this assumption, we 
had to assure ourselves of the absence of spurious 
attraction effects in our experiments. The most 
important disturbing influence in measuring the 
molecular attraction was the electrostatic inter- 
action of the samples. One might therefore suppose 
that the dependence shown in Fig. 4 includes an 
electrostatic contribution, and that the molecular 
attraction which we are trying to measure is only 
a part of what is measured in the experiment. 

If the electrostatic charges are removed com- 
pletely and the observed attraction between the 
objects is actually the molecular attraction, then 
it should be 1 ) insensitive to repeeated ioniza- 
tion of the air around the samples; 2 ) proportional 
to the radius of the spherical surface ( cf. Eq. 9 
of Ref. 1); 3) reproducible from experiment to_ 
experiment both with respect to magnitude and with 
respect to the manner in which the force falls off 
with distance; 4 ) reproducible in experiments where 
the surfaces ae brought close to one another at 
vaious points; 5 ) unaffected by removal of air 
from the gap between the objects. 

Further investigations were devoted to checking 
whether these points were fulfilled by the attraction 
which we claimed to be molecular. The measure- 
ments in vacuum proved to be the most exact — 
and reproducible. The results of experiments in 
vacuum ae given in Fig. 5 and Table 2. Carve I 


Within the limits of error of the measurements, 
these data satisfy all the requirements enumerated 
above. 


3 
F-10 dynes 


0 GI Q2 03 OY G5 G6 Q7 O8 O9 10 
H, microns 


iGeo. 
TABLE II. 
pais Aaah, Lote See eS 
R=10 cm R= 26 cm 
. _ in : ee in 
Hay Pyne Hop a ae dynes 
0,08 Io: 0,13 Ola 
0,10 2.08 0,14 2.4, 
Ds ttl Won OT 1,52 
0,13 0.9; 0,18 1.59 
0,15 0.55 0,20 4.34 
0,16 0,75 0,22 1.05 
0.17 0,46 0.25 0,6, 
0.18 0,59 0,28 0, 4 
0,20 0,2 0.31 Oe2e 
(),42 0 0,42 0 
0) ,64 0) 0.62 0 
0,96 0 Onell 0 
0.96 0) 


6 I. . ABRIKOSOVA AND B. V. DERIAGIN 


In Fig. 6, we show on a log-log scale the . 
results of a large number of experiments which 
were separated by large time intervals and were 
carried out wth various quartz samples. The lens 
radius was R = 11.1 cm. The open circles show 
points which were gotten from measurements In alr. 
Just before each of these measurements, the air 
around the samples was subjected to repeated 
ioni zation by strong sources. (The straight line 
shown in the figure was calculated from Lifshitz 
theory, which we shall discuss later. ) 
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According to Eq. (9) of Ref. 1 , the quotient 
of F(H)by2a7R, where R is the radius of the 
spherical surface, is the energy of attraction, 
U (1H ), of two infinite plates, per square cm of 
area. Figure 7 shows the dependence ofthe energy 
U on the sepawation H, where the dark circles refer 
to experiments with lens radius R = 1]. 1 cm, the 
triangles —R = 10cm, and the open circles — 
R = 25.4 cm. This graph illustrates the linear 
dependence of the attractive forces on the sphere 
radius, and thus shows that the attractive energy 
U (H ) for the plane case does not depend on 
which lens was used for measuring the force of 
attraction. * 


Thus all the points enumerated above are 
satisfied. 


_*We have not been able to increase the number of 
different radii R , since for R < 10 cm the attractive 
forces are small, while for R > 26 cm it is very hard 
to avoid the effects of dust particles. 
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5. DISCUSSION OF RESULTS 


Considering that the present work has as its 
purpose the detection and measurement of an effect 
whose existence could not be demonstrated 
previously by direct experiments, we feel that it 
is necessary to consider in more detail the analy- 
sis of the results of the measurements and the 
basis for their interpretation. Such an anaysis re- 
quires us to look at two questions : the demonstra- 
tion that the effect discovered in this work is not 
the consequence of some deficiency in the method 
of measurement, and the demonstration that the 
attraction measured in the present work is not 
associated with some other non-molecular attraction. 

The agreement between measurements done in 
air and in vacuum indicates that they are indepen- 
dent of convection currents, radiometer effects, the 
presence of a viscous air layer between the bodies, 
and of the presence of water vapor in the air. 

To avoid errors in the measurements due to 
various mechanical effects of parts of the apparatus, 
for example elastic forces in the wires carrying 
current to the coil, friction between the knife 
edge and its bearing, dust particles remaining on the 
surfaces of the bodies, etc., we took the following 
precattions. The elastic effect of the conductors 
was reduced to a minimum by using very thin 
wollaston wire annealed over a gas flame. The 
agate prism and its agate bearing satisfied all the 
requirements which are imposed on such components 
in the best types of microanalytic balances. In 
good microanalytic balances having a balance arm 
and pans weighing several tens of grams, friction 
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does not hinder weighing to 107° — 10-© om. 

Since friction is proportional to load, it is under- 
standable why with our balance, where the beam 
weighed 0.1 gm, we could completely neglect the 
friction between the prism and its support in measure- 
ments with an accuracy of 1 — 2 x 10-/ gm. 


electrification of the quartz surfaces on the results 
of the measurements was verified in the experiment. 
Even without making the appropriate computations, 
we can say that the attractive forces shown, for 
example, in Fig. 5 are not gravitationd forces, 


since the latter cannot show such a marked change 
The presence of dust on the surfaces, vhich when the gap is changed by an amount smal Hes 


could influence the measurements, was always de- pared to the separation of the centers of mass of 
tected by observing the appearance, as the gap the bodies. 
was decreased, of repulsive forces which could 
be recorded by our equipment withthe same sensi- 
tivity as were the attractive forces, and which 
never varied smoothly with varying distance. The 
measurements were taken only if, when the gap 
was decreased to 0. 05 — 0.1 p , no forces other 
than the attractive forces were observed. 6. COMPARISON WITH THEORY 
We also believe that the observed attraction 
cannot be explained by the presence of films 
remainingon the surfaces after cleaning. The 
presence onthe quartz surfaces of adsorbed 
water layers, which is unavoidable when measure- 
ments are made in air or in poor vacuum, did not 
affect the results of the measurement since, first 
of all, the separation between the objects was 
much greater than the possible thickness of such 
layers, and, secondly, the dielectric constant, 


There is no need to discuss magnetic forces for 
the case where quartz samples are used. As for 
attractive forces between the bodies due to their 


electrification, these were discussed in detail 
earlier. 


1 ) Comparison with the results of computations 
based on summation of interactions of all pairs 
of molecules. 

If we follow the method of summation of inter- 
actions of all pairs of molecules, which is the one 
used until recently,! then for the case of a sphere 
and a plane we must use the formula 


which is closely related to the magnitude of the Fo AR) Ole. 

molecular atraction, is approximately the same 

for alsorbed layers of water as it is for quartz. Substituting the results of our experiments in this 
If the dielectric constants of the layer and formula, we get for the constant A the value 

the quatzae almost the same, then the presence ‘5 x 10-14 ergs. But the constant A for quartz 

of an adsorbed layer of thickness, say, 10 A, is is approximately 10-1? ergs, i.e., 20 times 

equivalent to achange of the gap by an amount of greater than the value given by the experiment. 

the same order, i. e., by 10 A, which for an Such acomparison shows the unsuitadility of 

accuracy in measurement of H of ~ 100 A has no the computational methods used up to now ( at 

effect vhasoever on the results. The assumption least, for the case of distances of order 10-5 cm). 

that an adsorbed water layer has about the same We may therefore assert that the results of the 

dielectric constant as quartz is supported by experiments have quite general significance, 

experiments of Kurbatov? who finds that even despite the fact that only one material was 

for a thickness of 4 — 5 monolayers the dielectric measured. 

constant of an adsorbed water layer is lower If we use the same summation method, but in- 

by an order of magnitude than that of the volume clude the correction of Casimir and Polder ( cf. 

phase. Ref. 1), then we should use the formula 
Different cleaning methods were used in 

various experiments. For example, the curve of U = A,/30 2H. 

Fig. 4 refers to experiments where the dust 

particles were removed with a grease-free brush, for the energy U(H ). 

whereas the graphs of Figs. 5 and 6 are for Substituting our experimental results, we obtain 

cases where ether and grease-free cotton were for the constant A, a value of approximately 

used for cleansing. If we should claim that the 3% 10718 erg—cm. Using the formula A , 

attraction is associated withthe surface films, then -— 7? qrc, we get A, = 1x 10-18 erg — cm (the 


eriments : ns : 
ie 7 eee of the Zeer a erie value of the Reese an a being taken from the 
would mae it necess 
; : eae work of Margenau © ). 
surface film was present in all cases, which is ihc Geko he there io lieeececnentberncen 


Bainter, sosculs effect of contact theory and experiment, but the discrepancy is 
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much less than for the case where the London 
forces are summed.! 

2) Comparison with the theory of E. M. 
Lifshitz. rts. 
Precise comparison with the theory of Lifshitz 
requires adequate knowledge of the optical proper- 
ties of the material within its absorption regions. 
However the character of the absorption of quartz 
( its transparency for wavelengths equal to the 
gaps H used in the experiments ) enables us to 

make an approximate theoretical estimate. 


The theoretical value of the force per cm for 
two plaes is given for quartz by the ormula 


2 oe 


fH) = eas (2) # 


where €, is taken equal to the square of the 
refractive index in the optical region, and ¢(€, ) 
is given by the table presented in Reference 1. 

In order to compare the theoretical values with 
directly measured experimental quantities, we 
carry out a series of transformations. Dy inte- 
grating the expression for f ( H ), we get a for- 
mula for the energy of attraction, per cm“ , for 
two plates, in the form 


—ic nm? /e, —1\2 
3H? 240 (2 =) 9 (0). 
The dotted curve in Fig. 7 shows U (H ) as 
computed from this formula, where € was taken 
equal to the square of the index of refraction in 
the optical region. 

To go over from the energy U (H ) to the 
force F ( H ) between a sphere of radius Rand 
a plane, we make use of the relation given 
earlier: 


U (H) = 


F (H) = 2eRU (Ff). 


The dependence of F (H ) calculated in this 
fashion is given in log-log plot in Fig. 6 ( for R 
= ll. 1 cm). 

Considering the roughness of the estimate as 
well as the uncertainties in the measurements, 
such agreement can be regarded as altogether 
satisfactory. 

The agreement of experiment andtheory shown 


in the graphs ( cf. Figs. 6 and 7 ) should be 


regarded on the one hand as support of the validity 


of the theory of FE. M. Lifshitz, and on the other 
hand as one of the essential proofs of the mole- 
cular nature of the attractive effect measured in 
the experiment. 

The agreement ofthe results of experiment with 
a theory which explains the molecular interaction 


as the effect of electromagnetic fields, which 
exist wthin every absorbing medium and extend 
beyond its boundaries, enables us to answer a 
question which was posed by P. N. Lebedev in 
1894 (cf. Ref. 1). Molecular attraction actually 
does ‘‘ reduce to electromagnetic forces ’’ and 
“‘no other forces of presently unknown origin ”’ 
enter into its description. 

We note that in the experiments of Overbeek 
and Sparnaay,° results differing from ours were 
obtained. Overbeek and Sparnaay measured the 
attractive forces between plates of fused quatz 
by means of a special dynamometer in which the 
shift of the spring was measured by an electric 
capacitor method; the separation of the plates 
was determined from the interference fringes 
produced by the narrow slit; in the discussion of the 
Faraday Society in 1954, this work was presented 
at the sametime as ours.© The results ofthe 
Dutch workers were given in the form of a graph, 
on a logarithmic scale, of the dependence of the 
attractive force on distance, and a computation 
of the experimental value of the constant A which 
was found to be 3. 8 x 10 -11 erg. 

If we make the computation according to Lifshitz’ 
theory, then we obtain, for a separation of 1200 A 
between quartz plates, an attractive force of approxt 
mately 2x 1074 dynes / cm? , whereas this dis- 
tance corresponded to a force of 1 dyne in the experi- 
ments of Overbeek and Sparnaay. Thus the experi- 
mental data are higher than theory by about a 
factor of 10.* 

The poor reproducibility of the data of Overbeek 
and Sparnaay as well as the too high value of the 
attractive effect found in their experiments are 
probably associated with surface electrification. 

3 ) Application to the theory of Coagulation. 
According to the theory of Fuchs” the rate of 
coagulation of a disperse system whose particles 
of radius r attract one another with an energy 
U (x ) # afunction of the distance x between 
their centers, is increased relative to the case 

where U ( x ) = 0 which was treated by M. 
Smoluchowski by a factor of 


[tor \ exp {— a2 | RT} dx (6) 
ar 
_ \ exp {—U /kT} dz 
ah (ia )s : 
0 
where 
<== (x—2r)/2r. 
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If Tis sufficiently small (compared to the 
wavelengths of the fundamental bands in the ab- 
sorption spectrum of the particles ) then, for values 
satisfying the conditionx — 2r <<2r,Ucan 
be expressed as 


Pe ep ee 
TS ee ae 

Considering that A / 24 and k T are quantities 
of the same order of magnitude, we see that the 
coefficient of acceleration of coagulation will be 
considerably greater than unity * , since U/k T 
will have sizable values over quite a wide range 
of values of Tstarting from zero, sothe accelera- 
tion coefficient will be independent of r. How- 
ever if r is made sufficiently large, this result 
is changed. In fact, for sufficiently large r , the 
main part of the integral in (6 ) comes from values 
of x for which we must introduce corrections for 
electromagnetic retardation, which reduces U 
and consequently also decreases the acceleration 
of the coagulation. So, for example, for arosols 
with particles having r > 0. 3 y, the acceleration 
of the coagulation due to the effects of molecular 
forces will beextremelysmall. 

The situation is different in the case of lyo- 
phobic sols, where in addition to the attractive 
energy there is an energy of repulsion caused by 
the overlap of the ion clouds of the two particles. 
In this case, for sufficiently coarse particles both 
terms in the interaction energy will ( at those 
distances for which they are sizable ) be pro- 
portional to the radius; therefore the presence or 
absence of m energy barrier for the resultant 
interaction, which essentially determines the 
stability of the system, will not depend on the 
radius of the particles but only on the law of fall- 
off with gap width ofthe two terms in the inter- 
action energy. It is therefore obvious that for 
small thicknesses of the ion atmospheres ( i. e. 
for medium and high concentrations of electrolyte ) 
less than 10-© cm, the behavior of the molecular 
forces is important for distances where corrections 
for electromagnetic retardation are not necessary, 
so that the previously developed theory of the 
stability of sols, and in particular the sixth 
power law? for the coagulating effect of ions 
of opposite sign, (the Hardy— Schulze law ), 
remains valid. The limit of applicability of this 
law is therefore not determined by the particle 
radius** but by the concentration: for very low 


U 


*This conclusion was already drawn in Ref. 8. 

** Thus we cannot agree with the assertion of Verwey 
and Ovebeek ° that this law requires correction for 
retardation effects in the case of large particle size 
and only in that case. 


concentrations, because of the more rapid dropoff 
ofthe attractive force at large distances (because 
of the extra power of the gap width ), it is easy 
to show that the 6 th power law should go over 
into an 8 th power law. Since very small coagu- 
lant concentrations can be observed only for 
highly charged ( tri — or quadrivalent ) ions, such 
an effect is to be expected only for these cases. 


CONCLUSIONS 


l. A method is developed which enables one 
to measure the interaction between very smooth, 
solid, transparent bodies as a function of their 
separation. The force is measured by means of 
a special beam microbalance with photocell-magnet 
negative feedback. The separation of the bodies is 
computed from the diameters of Newton’s rings. 
The range of forces measured is ] — 2 x 107 
— 20 dynes, and the separations 10-5 — 1073cm. 

2). The molecular attraction of samples of 
quartz glass was detected and measured. The 
energy of attraction per cm? , U ( H ), between 
two plates vaies with separation H approximately 
as H -3 , and is approximately 1 x 10 ~® ergs for 
A= T75.< 10-5 cm. 

3.) It is shown experimentally that the attractive 
force between a spherical and a plane surface is 
proportional to theradius of the sphere, which is in 
accord with the molecular nature of these forces. 

4. ) The work described is the first direct ex- 
perimental test of the theory of molecular attractive 
forces between condensed bodies. 

5.) An analysis is made of the present state 
of the problem of molecular attraction. It is indi- 
cated that the usually accepted notion of additi- 
vity of molecular attractive forces in condensed 
media has no basis either theoretically or experi- 
mentally. 

6. ) We demonstrate experimentally that com- 
putations of the molecular attraction of macrosco- 
pic bodies by summing the interaction computed 
from London ’s formula over all pairs of molecules 
are inapplicable when the separation of surfaces 
is 1 x 10~5 cmor greater. Better results are 
gotten if the electromagnetic retardation is 
included. 

7. ) The experimental data are found to be in 
accord with Lifshitz’ theory. This agreement 
supports P. N. Lebedev ’ s hypothesis of the 
electromagnetic nature of molecular forces. 

8. ) Since the London— Hamaker H ~? law for 
U (H ) appears as the particular limiting case 
of Lifshitz ’ theory for small distances, for 
which there is no electromagnetic retardation, the 
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confirmation of this theory gives a basis for 
using the H ~* law at small distances. 

9, ) The observed deviation from the H ~? law, 
toward lower values, for large distances (10-5 cm) 
indicates ( as is easilyseen ) a small effect of 
molecular forces on the rate of coagulation of 
aerosols with particle diameters greater than 
3x10-° cm. : 

10. ) The daa obtained demonstrate the exis- 
tence of molecular forces of long range surface 
interaction, vhich is one of the corner stones of the 
contemporary theory of the stability and coagu- 
lation of colloids. 

11. ) The data show that deviations from the 
6th power law of the charge, which occurs in the 
Hardy — Schulze rule, are to be expected for very 
low concentrations of electrolyte and highly 
charged ions of opposite sign. 

12. ) It is pointed ou that the measured values 
of molecular attractive forces in the experiments 
of Overbeek and Sparnaay exceed both the theoreti- 
cal values as wellas our results by 3 — 4 orders 
of magnitude, apparenily because effects not 
related to molecular forces played a part in their 
measurements. 

We express our sincere thanks to Prof. E. M. 
Lifshitz for discussion of theoretical questions, 
to laboratory worker I. V. Zhadovska for help 
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with the measurements, and to N. I. Butuzov for 
polishing the samples. 
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Elastic Scattering of 310 Mev z * Mesons from Protons 


EK. L. GRIGORIEV AND N. A. MITIN 
(Submitted to JETP editor March 6, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 37-39 (1956) 


The angular distribution of 310 mev 7 * mesons elastically scattered by protons in 
photoemulsions has been measured. The differential scattering cross section based on 
427 observed cases has been obtained in the center-of-mass system. 

The phase analysis, taking into account only the S and P states, and assuming the Fermi 


solution, gave the following values for the phase shifts: « 


= -9 
S and P states. 


E XPERIMENTS conducted in recent years for 
studying the scattering of 7 mesons have 
made possible the development of a series of 
essential laws of interaction of 7 mesons with 
nucleons. These experiments have shown that the 
scattering cross section attans a maximum value 
for energies of 7 mesons near 200 mev -’ “Attempts 
have been made to associate this maximum with 
the existence of an excited state of the nucleon.? 
Theoretical estimates for such an assumption lead 
to a satisfactory agreement with experiment over 


= = 23° (39 = 192 05 cae 


- The D state, apparently, contributes little to scattering in comparison with the 


a significant range of meson energies. 

The combined availale evidence for total 
and differential cross sections for meson nucleon 
scattering gives reason to think that the experi- 
mental results for meson scattering down to an 
energy of 230 mev could be satisfactorily explained 
on the supposition tha only S and P states parti- 
cipate in the scattering. It might be expected that 
even at meson energies of 20-250 mev the D states 
likewise should take part in the scattering; how- 
ever, the poor accuracy of the measurements does 
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not permit evaluation of the role in the scattering 
played by the states withthe higher values of the 
orbital momentum. For 7 mesonswith energies 
greater than 230 mev there are no reliable measure- 
ments at all of the differential cross section for 
meson-nucleon scattering. * 

In the present work thedifferential cross 
section for elastic scattering of 310 mev 7 * mesons 
from hydrogen has been measured with the help 
of photoemulsions. Electron-sensitive photo- 
graphic plates with an emulsion layer thickness of 


400 . were exposed to abeam of 7 * mesons 


emerging from the meson magnetic spectrometer. ° 


The mesons originated from the paraffin target on 
bombarding it with a beam of 660 mev protons 
emerging from the synchrocyclotron-chamber; the 
m™ “ mesons, proceeding from the target at an 
angle of 7.3 ° , were deflected by the magnetic 
field after an initial collimation, and in the form 
of a narrow converging beam fell on the second 
collimator, to the rear of which were installed the 
photographic plates. The meson energy at the 
collimator was equal to 3388 mev. A copper ab- 
sorber having a thickness of 2 cm was placed to 
the rear of the collimator to protect the plates from 
protons falling onthem. The energy possessed 
by the mesons after passage through the absorber 
was estimated to be 310 +10 mev. 

The search for cases of scattering was carried 
out by examining the surface of the photographic 
plates using immersion objectives, the micro- 
scope having a total magnifying power of 450 x. 

A second survey was made of the entire surfaces of 
the photographic plates for the most complete 
recording of the scattering events. In order to 
determine the recording efficiency, which is some- 
what different for various scattering angles, a 
portion of the surface of the photographic plates 
was carefully examined under a higher magnification 
(~ 630 x ). The corrections which were introduced 
on the basis of the results obtained from such a 
survey decreased for angles greater than 110 © in 
the center-of-mass system, and did not exceed 
4—~5%. 

The elastically scattered events were identi- 
fied with the aid of the following criteria, derived 
from the laws of conservaion of energy and momen- 
tum: 

1. The angular correlation between the scattered 
meson and the proton recoil. Cases in which the 


*There exists a short communication regarding 
the scattering of mesons at energies of 260, 300, and 
400 mev. In this work, utilizing a diffusion chamber, 
100, 151, and 47 7 ° — p scattering events, respectively, 
are analyzed for mesons with the indicated higher 


energies. 


angular correlation differed from the calculated 
value by more than 1 °were discarded. 
2. Coplanarity. The condition for coplanarity 
is fulfilled for the case when 
cos §o cos 8; cos 85 
sin d 


sin ® = 


X [sin 9, tg 6; — sin 9, tg 8, + tg d sin (9,— %5)] 
== (0). 


where 6 ae 5, Oo 2 are the angles of inclination 


of the tracks of the incoming meson, the scattered 
meson, and the proton recoil with respect to the 
plane of the emulsion, respectively; 0, and 6, 


are the scattering angles of the meson and of the 
proton recoil, respectively, in the plane of the 
emulsion; 0 is the angle betweenthe scattered 
meson and the proton recoil in the plane of the 
emulsion; and ® is the angle between the track 
of the incident meson and the plane passing 
through the tracks of the scattered meson and the 
proton recoil. 

Cases for which ® > 1 ° were discarded, being 
regarded as not satisfying the condition for 
coplanarity. 

3. For cases of scattering through small angles 
for’which the proton recoil stopped in the emulsion, 
corresponding to a low energy, it was required that 
the energy be equal to the calculated value. 

Scattering events caused by mesons whose 
tracks in the photoemulsion were deflected from 
the primary direction of the meson beam through 
angles greater than 3 ° , corresponding to the 
average angle of multiple scattering in the copper 
absorber, were not counted. 

Altogether 427 scattering events were found in 
the angle interval 10° — 170 ° in the center-of- 
mass system. The differential scattering cross 
section, calculated on the basis of the observed 
results, is presented in the diagram. It was 
assumed that the total scattering cross section of 
mesons from hydrogen for an energy of 310 mev 
was equal to 70 x 10 -27 cm?.© The interval 
of summation is 20 ° 

The representation of the experimental results 
in the form of an analysis into a series of Legendre 
polynomials showed that the most important 
terms are those of the zeroth, first, and second 
orders. 

Noting this circumstance, and taking into 
account the fact that the curve, evaluated without 
the presence of the higher terms, agrees entirely 
satisfactorily with the experimental results, it 
then becomes possible to express the differential 
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cross section in the form of a decomposition 
involving only the first three polynomials. The 
final expression for the differential cross section 


then becomes 
ds/dQ= {(2.4 +0.2) + (4.9 + 0.4) cos? 
+ (9.3 + 0.7) cos? 3]: 10727 cm/ ster. 


The solid curve a on the drawing is obtained 
using this formula. 


2 1 


as - 
70 cm” ster. 
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Differential cross section for 310 mev 7 mesons 
elastically scattered from protons. a— experimental 


curve, b — curve calculated on the supposition of an 
excited nucleon state. 


Thus, the results of our experiments indicate 
that the scattering of 310 mev 7 * mesons can be 
satisfactorily explained in the first approximation 
if it is assumed that only S and P states participate 
in the scattering. An insufficiently high accuracy 
in the observed results does not afford an oppor- 
tunity of making definite conclusions concerning 
the magnitude of the D state contribution to the 
scattering. However, one can expect that the 
D state plays a comparatively smaller role in 
scattering than the S and the P states. 

The phase analysis for scattering was carried 
out for the Fermi solution’ using graphical 


methods. The phase shifts for the S, P 


3/2? 
and P |, states with an isotopic spin of 
r=3/% 


were found to be « 3 =—23°, Os = 132 a 
anda ,,=—9°. 

Experimental data show that the phase « 3, 
passes through 90 ° in the region of meson 
energies about 200 mev. This fact indicates the 
presence of resonance interactions of 7 mesons 
with nucleons in states wth total and isotopic 


spins equal to 3/2. The value a, = 132 ° 

for a meson energy of 310 mev does not contradict 
the supposition concerning the existence of such 
a resonance interaction. 

It is interesting to compare the observed 
results with the calculations based on the assump- 
tion of the existence of an excited nucleon state. 
Such calculations ( curve 6 in the drawing ) 
were carried out on the supposition that only S and 
P states take part in the scattering. The validity 
of neglecting the contributions of the higher 
states is confirmed by our measurements. As is 
seen from the drawng, the calculated curve repro- 
duces well the general character of the angular 
distribution of elastically scattered 7* mesons. 

In conclusion we would like to express our 
gratitude to Prof. M. G. Meshcheriakov for his 
guidance of the work, as well as to B. C. Neganov 
and V. P. Zrelov for assistance in conducting 
the experiment. 


Note added in proof: With the help of the high-speed 
electron calculating machine (BECM) a more rigorous 
analysis of the results was undertaken. Taking into 


account only the S$ and P waves, the fotos values 
for the phase shifts were obtained: 4, =—22.7 , 


% 5, = 130.9 ee % 3, =—7.0 ° . Taking into account 
the D wave also, the phase shifts have the values 

a ° r © af ° 
Cree One AOeg gin lareS 1%5,=-—2.0 7 
8 53 = 2.6 ,9 3, =—6.5 5 , , where 6 4, 


and 6 g, are the phase shifts corresponding, respectively, 
to the D 3 /g and the D, y2 States for an isotopic 


spin of T — 3/2. 
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On the Problem of Unquantized Relativistically Invariant 
Renormalized Equations for a Three-Dimensional 
Extended Particle 


Iu. M. SHIROKOV AND D. G. SANNIKOV 
Moscow State University 
(Submitted to JETP editor April 18, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 113-120 (January, 1956) 


A system ofrelativisticallyinvariant equations for a smeared-out particle interacting with 
a fieldhas been obtained by using the method previously proposed (see Ref. 1) for con- 
structing a three-dimensional extended particle. The conservation laws for the total energy- 
momentum four-vector are formulated. The particle is stable without the necessity for 
introducing additional forces (of the Poincare pressure type). An exact mass renormaliza- 
tion is carried out. For comparison with earlier equations, a rigorous limiting transition to 
the case of a point particle is made. Interaction with the electromagnetic field and with a 


scalar meson field are considered. 


1 THE theory of elementary particles is basic- 
*ally a quantum theory. However, many diffi- 
culties of the quantized theory have a classical 
origin, so that it appears worthwhile to consider 
some questions in classical theory, especially 
since it is simpler and more pictorial, and may sug- 
gest the way to construct a quantized theory. 
Among the fundamental questions which have been 
discussed in recent times from both points of view, 
the foremost are the problem of the intrinsic mass 
and the derivation of the equation of motion of the 
particle. 

Historically, the first elementary particle equa- 
tion was Lorentz’s equation for the three-dimen- 
sionally extended spherical electron. The decisive 
shortcoming of this equation is its noncovariance and 
the need for invoking forces of nonelectromagnetic 
origin (Poincare pressure ) to stabilize the elec- 
tron. The fundamental difficulty in constructing a 
theory of point particles on a classical basis is 
associated with the appearance of infinite intrinsic 
masses. One can avoid this difficulty in the classi- 
cal theory by taking the point of view that all the 
particle mass is mechanical in origin, and eliminat- 
ing all sources of electromagnetic mass. 

Dirac” obtained an equation for a point electron 
by calculating the flux of energy and momentum 
from a world tube and using an artifice for eliminat- 
ing the field-mass: the solution of the equation for 
the proper field of the electron was taken to be 
half the difference between the advanced and re- 
tarded potentials. Later other attempts were made 
to eliminate the infinite electromagnetic mass of 
the point particle and to derive an equation of 
motion for it. The electron, and also a nucleon 
interacting with meson fields, was considered (Cefs; 


for example, Refs. 3 and 4), but in all cases the 
use of half the difference between retarded and 
advanced potentials is a fixed requirement in de- 
riving the equation of motion. 

Attempts have been made?!’® to construct a 
theory of a three-dimensionally extended rela- 
tivistically invariant particle. The equation of 
motion of such a particle in an external field was 
obtained!, and it was shown that relativistic in- 
variance is achieved, and that the difficulties as- 
sociated with Laue’s theorem ( instability of the 
electron, nonuniqueness of the 4-momentum) are 
removed if a covariant form of the Poincare pressure 
is introduced. 

We make use of the method proposed in Ref. 1 for 
constructing a three-dimensional invariant “‘smear- 
ing’’. However, in contrast to Ref. 1, we shall 
smear the interaction and not the charge, as a re- 
sult of which the particle will be stable without 
the introduction of the Poincare pressure. 

2. We consider first the case of an electron inter- 
acting with the electromagnetic field. By analogy 
with ordinary electrodymanics, we choose the action 


S in the form 


SS? bss (1) 

gm is m\ de; (2) 

sa ploltrw+(Gy @ 
sit = (dQ Ai (x) ji(x), (4) 


my . 
where S and S/ refer to the free particle and the 
field, respectively, and $’”’ to the interaction. 
Here, in contrast to the usual electrodynamics 
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j,(*) is the current of a three-dimensional extended 
particle and not of a point particle. As shown in 
Ref. 1, the conserved current for such a particle 
has the form 


Ji (x) = \ dp (71) 8 (rp Un)(1 + 7j@;) uj. (5) 
The notation usedhere and inthe sequel is the same 
as in Ref. 1. 

Varying S with respect to the coordinates of parti- 
cle and field we obtain, respectively, the equations 
of motion and the field equations: 


mw; = (4029 (r) 8 (rattn)(] + 111) Fij (x) Yj (6) 


- 5, \ dp (r) 6 (rrp) {Aj (x) UjUjr iW 
+ A; (x) rw: — Aj (x) ri}; 


DAi (x) = — 4nji (x). (7) 


By direct substitution of A; + dp/ dx, for Ane 
one can verify that Eq. (6) is gauge invariant. 

The equation of motion (6) is not identical with 
Eq. (28) of Ref. 1, differing fromit by the term 


2 \ AQo (r) 6 (rpttx) {Aj (x) ujuiriw (8) 


ao A; (x)ri@,—A; (x) rjW;}. 
This term is connected with the Thomas preces- 


sion: a particle displaced relativistically along a 
closed contour will, when it returns to its initial 


position, turn out to have rotated through some angle 


about its axis. This is unimportant for a point 
particle, and in fact Eq. (8) goes to zerofor r, +0. 
For rectilinear motion, even if accelerated, this 
term again gives zero. It describes forces which 
appear only during curvilinear motion and are as- 
sociated with rotation of the particle about its 
axis. Thus, for a rigid relativistic particle in a 
field there appears, so to speak, an additional de- 
gree of freedom, so that initially we must assign 
not only the coordinates and velocities, but also 
the angular velocity of the Thomas precession, 
which is uniquely determined by the normal com- 
ponent of the acceleration. This is the reason why 
the term (8) contains Wy the third derivative with 
respect to 7. If the particle is initially free, then 
(8) vanishes and the assignment of the auxiliary 
initial condition is unnecessary. 
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3. To obtain the total conserved 4-momentum le 
we use a method developed by Pauli®. In this 
paper there was obtained for the first time an ex- 
plicit expression for the energy-momentum integral 
in a quantized nonlocal theory. It satisfies exact 
conservation laws, and not asymptotic ones as 
previously supposed. Thus one can at any stage of 
the computation make the transition to a local 
theory which coincides with the usual theory. 

Although we are not considering the interaction 
of fields, but rather of a field andparticle, we 
shall also use the method proposed in Ref. 6. Asa 
result of computations similar to those of Ref. 6, the 
total 4-momentum is obtained in the form 


P, (t) = PT (t) + Pi (t) + PE” (0); (9) 
pice (t) 
0A,(x’ 
= fanny 4 ee — 7) et 9p 


OA; (x! 
ee \\40"j, (x’) ae {l+e(¢—t')j} 
xy 


es aa’ lara (T — t) {A (x’) wjuiriw, (10) 


Aix) fo — Aj (x’) rjw;}; 


Poo m\ dT uit (T —2); (1) 
PL (t) = 7 \dara(t—v’) (12) 
ab renee wate Aye Ltrs 
aX’) Fay (6) — eax 
where 
e(t)=+1 for t>0 


and —1 for t<(0; T(t) = —iX,(t). 


One can verify by direct test that the 4-momentum 
defined by Eqs. (9)-(12) is conserved, i.e., 
dP; (t)/dt =0. (13) 
4, Using the expression for P(t), we get the 
completely renormalized particle mass M. For this 
purpose we solve the system of Eqs. (6) and (7) for 
an electron at rest in the absence of external 


fields and substitute the solution into the expres- 
sion —iP , = M; we get 
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4 
p= —iAy=\ Welt) 53 (14) 
uj = (0, 0,0, L): A=0; 
where 
vee eae 
m = z\ Wo (r)\ aor’) (15) 


is the finite electromagnetic mass of the electron. 
In the special case where the charge is distributed 
over the surface of a sphere of radius ro mf 


, 


= e774 2r,. while for a volume distribution, m 


= 3e7/51,. 
which enters explicitly into the equation of motion 
(6), M is the renormalized or experimental mass. In 
contrast to the quantum mechanical case, the re- 
normalization is exact. 

From consideration of the stationary case and 
using condition (13) it follows that the electron is 
stable without introducing any additional forces 
of the Poincare pressure type. 

We can introduce the completely renormalized 
mass M into the equation of motion (6) in place of 
the primitive mass m. The equation of motion with 
the renormalized mass takes the form: 


m is the primitive mechanical mass, 


Mw; = mo; (16) 


ex |, dQ¢ (r) 8 (rnttn) (1 + rw) Fiz (x) uj 
— F,\dQp (r) 8 (rata) 
x {Aj (x) ujuiriw: + A; (x) rem, — A; (x) riw;}, 


where m/ is to be taken from (15). 

But this does not complete the renormalization 
process. We must similarly renormalize the field, 
i.e., eliminate from the right side of the equation 
of motion that part of the proper field of the parti- 
cle which is already included in m’. 


In (16), A(x) is the sum A, + A®, where A, is 


the electromagnetic field external to the particle; 
A*is the field produced by the particle. The latter 
consists of two parts: the field A? radiated by 


the particle, and the field A> , ee attached 
to it. AS_ is just that part of the field which must 
ta 


be taken out to get complete renormalization. Ob- 
viously we must require that in the stationary case 


ae coincide with the field of the free particle. 


However, the choice of A*is not unique. 
We shall take for Ax a zoluion of Eq. (7) in the 

form of a retarded potentials which corresponds to 

the natural physical description: 

x’) fi (x’); 


A (x) = \dQ'4nG"™ (x (17) 


G’* (x —x')=(1/4n)6 (18) 


x ([x—x'|—(—P)} /[x—x'], 


where G"®? is the familiar Green’s function for the 
retarded solution of the d’Alembert equation. 


Substituting AS (x) into the right side of (6), we 
get the self-force 


Fi (2) = | dQp (r) 8 (rater) (19) 
X (1 + rw) \ dQ! 4nG" (x — x’) 
Ved (rita) {uj (wits; — wyut) 0 (7) 


Op(r’) Op (r’) Wm 
Gast (ui ax, a ax; ja okie } 


d > > 
— 5) dQo (7) 6 (relly) {ris (uit; + 9;;) — riw;} 


x | dorama” (x — x’) ( de’a (rs) 


«(1 + rn) 0 (r’ tj, 


where r°=%°—-X%3X’°=X(7’). 
The equation then takes the form 


My; = mw; + Fi + Fi, (20) 


where m/ is taken from (15), F* from (19), and ie 


fromthe right side of Eq. (6), where it is under- 
stood that now A(x) includes only external 
fields satisfying the free-field equation 
Ben ra (21) 

The system of equations (20 and (21) is a com- 
plete system of exactly renormalized equations de- 
scribing an extended electron in interaction with 
the electromagnetic field. The total 4-momentum 
of the system is conserved despite the presence of 
odd time derivatives in the equation of motion. 

5. The self-force F: can be integrated approxi- 
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mately under the condition on the smallness of 
the acceleration 


Wro <1, (22) 
where r, is the size of the particle. 

Multiplying (22) by M we get a simple interpre- 
tation: the change in energy (or momentum) along 
the path Rs must not exceed the self-energy of the 
particle. Forr, approaching zero and the point 
particle, the condition (22) drops out. 

We carry out the computation in the rest system. 
In the final result we transform to an arbitrary sys- 
tem. We integrate in turn with respect to ¢, Sei 
using the three 6-functions 

S (ratte), 8(fnttn), 8{|x—x']—(t—?)} 
and make use of the normalization condition 
fdVp(r) =]. The 7’ integration is approximate. 
Introducing the new integration variable s = T’— 7, 
we expand the integrand in series subject to the 
conditions 

ws < | (23) 
and (22). But because of the 6-function in the in- 
tegrand, s is of the same order of smallness as r). 
Therefore, conditions (22) and (23) are equivalent. 
As aresult of the integration we get a series in 


powers of r,. The first term of this series ( of 


0 
degree minus one inr,), 


+ ew; \ Vo (r) \aV'¢ (r’) (24) 


4 

2 |r—r’| 
corresponds to 4°, [ the Green’s function is taken 
in the form 4(Gret + G?2”)]. In the equation, it 
combines with miw, from (15). 

The second term of the series (of zero degree in 
Fs) is 

2/3€° (Wi + Wrllnlti) (25) 

and is the well-known term for the self-force or 
reaction of the radiation from a point electron inter- 
acting with the electromagnetic field. It corre- 
sponds to A*_ (here the Greeri’s function is 


ViCGiet Gadv), 


Ain + Alia = A’ (26) 


and correspondingly, 


1/, (Gi = Git) si 1, (Ge ae Gey as Gre. 

The remaining terms of the series (first and higher 
degree in r,) are small under the condition wr, 
<< 1, and can simply be dropped. For large accelera- 
tions they cease to be small, and the series ex- 
pansion and integration of the self-force lose their 
meaning. 

The final form of the renormalized equation of 
motion is 


Meo, = dQp (r) 8 (rat) (1 + ris) Fi (2) uj 2D 


+ +e (W: + Waunui) +... 


where terms of first and higher degree in r, have 
been dropped (they are expressed in the form of 
integrals ). Equation (27) reminds one of Lorentz’s 
equation but differs from it in being relativistically 
invariant. In addition, the electron is stable with- 
out the introduction of auxiliary forces ( Poincare 
pressure ). Together with Eq. (21) for the free 
external field, Eg. (27) gives a complete system of 
exactly renormalized equations for a three-dimen- 
sional extended particle interacting with the electro- 
magnetic field. Wehave already given the conserva- 
tion law (13) for the 4-momentum P , defined by Eqs. 
(9)-(12). 

For comparison with Dirac’s equation, we go to 
the limit of a point particle. Then the terms of 
first and higher degree in r, vanish. The condi- 
tion wr, << 1 no longer restricts the acceleration, 
and the equation of motion takes the form 


Mw; = e2F in (X) un + 2/3 e? (Wi + Wautnui). (28) 


In this form, the equation of motion coincides with 
Dirac’s equation. However, unlike Ref. 2, the 
physical interpretation of Eq. (28) is clear. Through- 
out the whole computation, we used finite quanti- 
ties, considered the physically understandable case 
of retarded potentials, achieved exact mass re- 
normalization, and also obtained rigorous conserva- 
tion laws (9)-(13). 

6. Let us now consider the case of a nucleon 
interacting with a scalar meson field. We proceed 
in complete analogy to the calculation for the elec- 
tromagnetic field, so that everything previously 
stated also applies here. Weshall only note the 
differences and peculiarities inthe present case, 
and give the final results. 
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We choose the action function S$ in the form 


: Mw; = mw; + Fi (9) + Fi, (35) 
oo —m\de; (29) 
ks eae < = da {92 (x) + 7292 (x)}; (30) where m/ is the finite field-mass of the nucleon, 
4 equal to 
(31) { —x\r—r’| 
mf = —se\ Wer )\avo(r)$ ) rele? 


int 
SS =— g\dz\ dp (r) 8 (rxtx) (1 + rim) 9 (x), F (9) is the right side of Eq. (32), where g(x) now 


includes only external fields, satisfying the free- 


where ¢~(x) is the potential of the meson field, field equation 


p, (x) = Af x)/Ix,, xX is a Constant numerically 


equal to 1/7, p is the meson mass, g is the scalar (O — x?) 9 (x) = 9. (37) 
coupling constant (the nuclear ‘‘charge’’ ), ‘ 
We then get the equation of motion ne , the self-force, is equal to 
(38) 


mw; = —g \ dQ4; (x) p (r) 8 (retx) (1 + rw) (32) Fi(t)=2 \ dQG (Tex) p(r) (1 + ror) 


— g\ dQ 5 f0(r) 3 (raun) 9 (x) ui} 


and the field equation 
(CO — x?) e(x) 
= 4ng \ dep (r) 8 (ratte) (1 + 711). 


x dQ": 4nG" (x — x’) 


x \\ae'0 (rntln)(1 + rinWm) 
(33) ; 
{EO (ain + uittn) + 9 (r')i0: (1 + raw) }. 
Xp 
In contrast tothe electron case, ts consists of 


two parts--a singular part Fs 
part FX 
U 


It is interesting to note that the equation of mo - 
tion (32) contains no derivatives with respect to T 
higher than the second. 

The action for vector coupling is 


a= — f dO 52 fa (x) =— fF dQ5> (in) 


because the divergence of the current vanishes 

identically, and is thus the integral of a divergence 

and therefore gives no contribution to the equation. 
The total conserved 4-momentum has the form 


; and a nonsingular 
arr ae bya (39) 
corresponding to two parts of the Green’s function 

(40) 


or a Go AD G* ret 7 


where the singular part G "®! jis given by (18) while 


, t 7 x ret: 
Pitt (t) = g \dQ’gi (x!) \ dep (r’) 3 (rata)(1 + rior) peered ies 
few: (41) 
x Fe(t— sh Gal a Lay ny (1 eh VEHFP= = #P) 
id chi ben bys: V(t—tP—(@—x? 
+ g\dQ’e(x')\ dT o( r’) 8 (ratte) uid (T — t); ; 
jhe m\ dTu;8(T —t); 
; pt || 
if ogee , Ser 
Pi (t) = pqj\aQ2 (t—¢’) AO wee 
/ , il / / 
~* {¢: (x') @4 (x’) — z Bia (i 55 Bom pe ape @,3 )) . (34) The singular part of the self-force Fs is inte- 


The renormalized equation of motion is 


grated, subject to the condition (22) just as in the 
case of the electron. The nonsingular part /’ can 
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be expanded in series with respect to ry and approxi- in this equation (although the equation would be 


mately integrated only if we impose on the accelera- different, if y = 0. 


tion the new condition 


w<y. (42) 
The integrand is expanded in series subject to 
conditions wr << 1 and ws << 1. Rowever, in con- 

~ 


trast to the case of F and that of the electron, 
here s is a variable taking on values from KR to ~ 
(the limits of the s integration). It proves to be 
sufficient to integrate, not to «, but to some s 
such that ys, >> l, while ws, << 1, so that the ex- 
pansion in series can be accomplished. These 
two conditions together give w <x: This new 


condition which did not occur for F * gives a 
stronger bound on the acceleration than the earlier 
wr. << 1(for the chosen values of the constants 
yah) p~ 1Ax« 10°!! cm) and is not eliminated 
when we gotothe limit of a point particle. 

The renormalized equation of motion (35) under 
the canditions w << yx, w << Vr, has the form 


(43) 


My; = Fi (¢) —3/3 g” (w; + WpUplli) perce 5 
where terms of first degree and higher in ar have 
been dropped and F (¢) is the same as in (35). 
For accelerations limited only by the one condi- 
tion w << UG the self-force Fx cannot be ex- 


u 
panded in series and integrated. In this case the 
equation of motion is expressible in the form 


Mw; = Fi (¢) + 3/5 @2 (wi + @runui) (44 


+ Fi —'/, g?ywit. 

Together with the Eq. (37) for the free external 
field, the equation of motion (35) [or, inthe special 
cases, Eqs. (43) and (44) ], gives the complete 
system of exactly renormalized equations for a 
three-dimensionally smeared nucleon interacting 
with a scalar meson field. 

From Eq. (43), we obtain by rigorous transition 
to the point charge: 


Mw, = — g t¢;(X) + (d/dz) (¢(X)u;)} (45) 


— "5 g? (w, + W,U,lt,). 


This is the equation for a point nucleon interacting 
with scalar meson fields, subject to the condition 
w << x. The constant y does not appear explicitly 


For arbitrary accelerations, by making the limit- 
ing transition we obtain from Eq. (44) 


d 
Ma; = — g {91 (X) + a (9(X) ui} 
= re (10; =r Wpllptli) oe + ey 


1 2.2 aye D r 
+ 5eeui— er \ Fde(Y) de 


—or 


~ gy {ui asi (x¥) de} ; 


where i ca — as Pay =( x, = Ve 

Comparison of Eq. (46) with earlier equations 
for a point nucleon interacting with a scalar meson 
field shows that for the case of w < y Eq. (46) 
leads tothe well-known form of the equation (cf., 
for example, Eq. (50c) in Ref. 7], which is ob- 
tained using GX in the form 4(GX "®’ ~ GX 24”), But 
in the general case, (46) differs from Eq. (50c) of 
Ref. 7. In addition, precisely for the case of w << x, 
Eq. (46) was obtained by us in the entirely new 
form (45) where its interesting feature ( opposite 
sign of the self-force ) is explicitly clear. 

Equation (46) differs from the equation obtained 
by using for GX the retarded solution GX "°* [ ef., 
for example, Eq. {21c) in Ref. 7] by having the 
additional term Ys" xw, on the right side of the 
equation. The effective mass correction — Mery 
obtained in Refs. 8 and 9 combined with our addi- 
tional term, so that the results of these papers con- 
cerning changes of effective mass are incorrect. 

7. The fundamental problem facing the present 
relativistic quantum theory is to obtain in closed 
form a system of renormalized equations not con- 
taining infinities. This problemis solved in the 
quantum theory of fields in the weak coupling 
approximation. The solutions (or the renormalized 
equations ) are obtained in the form of series in the 
fine structure constant. It is of interest to try to 
solve the problem in another way: by first renormal- 


izing the classical equations andthen quantizing 
them. In this paper the first step along this path 

is carried out: systems of completely renormalized 
classical equations are obtained for particles inter- 
acting nonlocally with electromagnetic fields (20,21), 
(27,21) and meson fields (35,37), (43,37) and (44,37). 
It is important to note that the exact renormalization 
was carried out for a smeared interaction and is 
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finite. The transition to the point particle is ac- 
complished after the renormalization so that infinite 
expressions are absent not only from the final 
equations (28,21) and (45,37), (46,37), but also from 


every stage of the calculation. The attempt to 
quantize the renormalized equation is a fascinating, 
but obviously not simple, problem. 
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Temperature Dependence of the Viscosity of Liquid Nitrogen 
At Constant Density 
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Khar’kov State University 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 14-17 (July, 1956) 


The results of measurements on the temperature dependence of the viscosity of liquid 
nitrogen at constant density are presented. These measurements were conducted over the 
density interval from p = 0.38 to p = 0.86 gm/cm* for temperatures ranging fr om the con- 
densation temperature at each density to 300°K. The gaé like character of the variation 


of viscosity with temperature in liquid nitrogen at low 


time. 


I N 1950 Verkin and Rudenko! first investigated 
the temperature dependence of the viscosity of 
liquefied nitrogen and argon for constant values of 
the density. These experiments, in which it proved 
possible to distinguish quite fully the effects of the 


two factors of temperature and variation in molar 
volume upon the coefficient of viscosity, were con- 


ducted over a narrow density range. 
The purpose of the present experiment has been 


to extend such an investigation to cover a wide 
range of densities--from a value of the density near 


that at the triple point to the value at the critical 
point. Pte e cen was selected as the subject 


of the experiment, inasmuch as it belongs to the 
class of simple liquids; i.e., nonpolar, nonassoci- 
ative liquids consisting of particles having spheri- 
cal or nearly spherical symmetry. The full and sys- 
tematic study of the properties of such substances 
is of great interest in connection with the problem 
of constructing a theory of the liquid state. 


ensities is revealed for the first 


APPARATUS AND METHOD OF MEASUREMENT 


In investigating the viscosity of this liquid use 
was made of the viscometer constructed by Verkin 
and Rudenko! and loaned for the present experi- 
ment by the Low-Temperature Laboratory of the 


Physico-Technical Institute, Academy of Sciences, 
Ukrainian SSR. The viscosity was determined from 


the time required for a cylindrical weight to fall 
along a tube of slightly greater diameter filled 
with the liquid to be investigated. Since pressures 
as high as 3000-4000 kg/cm” are developed as the 
temperature is increased with the density held con- 
stant, the tube and its contents were enclosed in 

a thick-walled bomb. Tube, weight and bomb were 
all made from the same material--beryllium bronze-- 
and were placed within a metal Dewar flask. A 
core of iron-nickel magnetic alloy was pressed into 
the weight. Two pairs of induction coils were 
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slipped onto the bomb, and their leads were con- 
nected in series either to a galvanometer or to an 
amplifier and oscillograph, with which it was possi- 
ble to follow the motion of the weight down the 
tube through the liquid being studied, and to re- 
cord the time of fall of the weight between two pre- 
determined sections of the coils. 

The experimental arrangement was such that the 


weight moved between the induction coils at a con- 
stant velocity, while no effect on the time of fall 
due to the ends of the bomb could be detected within 
the limits of accuracy of the measurement. 

The measurement of the coefficient of viscosity 
of liquid nitrogen was made by means of a relative 
method. The value ofthe viscosity coefficient at 
the experimental temperature was determined from 
the formula 


th, = yt, (0 — 2, /%(P — &), (1) 


where No and T, are, respectively, the viscosity 


of nitrogen and the time of fall at T = 18°C and 

P = 1 atm, 7, is the time of fall of the weight in 

the liquid being studied, p, is the density of the 

liquid, p, is the density of nitrogen at T = 18°C 

and P = 1] atm, and p is the density of the weight. 
Since p, <<p, we have 


Ne = NT (P — Oy) / TP 


The maximum error in the determination of 7, did 
not exceed 6%. 

Before being condensed into the viscometer, the 
liquid nitrogen was subjected to repeated distilla- 
tion to eliminate solidified contaminants. The 
density ofthe liquid was determined from tabular 
data on the dependence of p upon T under equilib- 


rium vapor pressure as it was condensed into the 
apparatus and sealed into the bomb. 


EXPERIMENTAL RESULTS 


The results of the measurements on the viscosity 
of liquid nitrogen are represented in Fig. 1; the 
fluidity ~ is measured in CGS units along the y- 
axis, and the temperature is measured along the 
x-axis. Curves ], 2, 3 and 4 are taken from the 
work of Verkin and Rudenko; the points along 
curve 4, which were obtained in the present experi- 
ment, agree well with the values found previously 
The remaining curves (5, 6, 7, 8, 9, 10, 11) have 
been determined here for the first time*. 

* A. Voronel’ took part in the measurements for curves 
4, 5, 6 and 7. 


On the basis of the character of their curves and 
their work on the viscosity of compressed nitro- 
gen”’*, Verkin and Rudenko suggested that “‘the 
temperature coefficient of fluidity (viscosity ) for 
A and N, changes sign asthe density region near 
the critical density is approached.’’ This pre- 
diction has received experimental verification in 
the present work; the change in the character of 
the temperature dependenceofthe viscosity of 
liquid nitrogen, however, does not take place in 
the vicinity of the critical density, but rather at a 
density having approximately twice the value at 
the critical point, as may be seen fromthe graph 
above. 

From consideration of Fig. 1 it is evident that 
there are two regions in liquid nitrogen, in 
which the temperature dependence of the viscosity 
(fluidity ) has different characteristics. 


2000 


1000 


ia I SP ind 
Fic. 1. Temperature dependence of viscosity in liquid 
nitrogen: a—under equilibrium vapor pressure; p equal 
to: 1—0.861, 2—0.832, 3—0.798, 4—0.746, 5— 
0.69, 6—0.63, 7—0.60, 8—0.50, 9—0.47, 10—0.43, 
11—0.38 gm/cm?, 


For liquid nitrogen of density p > 2p, where p, 
is the density at the critical point, the viscosity 
decreases with increasing temperature, as is usual 
for liquids. For densities p < 2p, the viscosity 
increases with temperature, as is characteristic of 
gases. 

In Fig. 1, curve 7 is distinguished by the fact 
that for the corresponding liquid nitrogen density 
P ~ 2p, the fluidity is independent of the tempera- 
ture. Fromthis same Figure it can be seen that 
the fluidity of liquid nitrogen under equilibrium 
vapor pressure does not yield a straight line in 
the coordinates y— 7, as was suggested by 
Rudenko*. For p < 0.6 gm/cm’, the experimental 
points diverge from a straight line, the fluidity 
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varying with temperature more rapidly than would 
be the case for a linear dependence. 

The family of viscosity isotherms is plotted in 
Fig. 2. Values of the density p are given along 
the x-axis, and those of 7, in CGS units, along the 
y-axis (these isotherms were obtained by rearrange- 
ment of the data of Fig. 1). It can be seen from 
the Figure that all of the isotherms intersect ap- 
proximately in a point which for liquid nitrogen cor- 
responds to a value for the density p ~ 2p,. 


Q6em/cm* 


ay QS 06 Q7 


Fic. 2. Isotherms of nitrogen viscosity against density. 


Density in gm/cm$ along the x-axis, viscosity, multi- 
plied by 10°, in CGS units along the y-axis, T equals: 
eta, 22002, 3 — 150, , 2-100 , 5-85 Kz 


a—a under equilibrium vapor pressure. 


Theoretical investigation of the viscous proper- 
ties of liquids in the neighborhood of the triple 


point? leads to the dependence 
= Aevinr, (2) 


where U, the activation energy, is a characteristic 
of the interaction between the liquid particles. U 
is usually taken to be independent of the tempera- 
ture. It appeared desirable to investigate the appli- 
cability of Eq. (2) as a description of the experi- 
mental data for liquid nitrogen in the range 2p, 
<p<p,,3 ie., in thé region over which 


dp/OT ioecenee x0; 

this being regarded as the fundamental feature of 
the viscous properties of liquids. From the given 
data it is possible to compute the magnitude of the 
activation energy U for various values of the liquid 


density. The values for U can be determined from 
the relation Inn = A + U/kT, which, generally 
speaking, is correct only for values of the viscosity 
determined under conditions of constant molar 
volume. 

In Fig. 3, Iny is plotted along the y-axis against 
1/T along the x-axis. It is evident from the Figure 
that within the region for which dg~/0T lo a 


=const 
linear dependence of Iny upon 1/T holds over the 
entire temperature range in which nitrogen exists 
in the liquid state. As they pass through the criti- 
cal temperature, these straight lines merge smoothly 
into curves bending towards the x-axis. It is im- 
possible to determine precisely the temperature at 
which the curvature begins, but it is clearly close 
to 7 .. Thus, the temperature dependence of the 
viscosity of liquid nitrogen for constant values of 
the density p > 0.6 gm/cem® ~ 2p, can be described 
by use of Eq. (2). 


FIG. 3. Dependence of In7 on 1/T for liquid nitrogen 
at constant density. 


The values obtained for the activation energy U 
show that it decreases with increasing molar volume 
for U = 140 cal/mol at V = 32.6 cm*/mol to U =60 
cal/mol at V = 40.6 cm? /mol. 

The results cited above for the measurement of 
the temperature dependence of the viscosity of 
liqiid nitrogen for constant values of the density 
permit the following conclusions to be drawn: 

1. The viscosity (fluidity ) of liquid nitrogen for 
constant values of the density depends very strongly 
upon the temperature. For p > 2p, the temperature 


dependence of the viscosity can be described by an 


exponential law, up to temperatures in the vicinity of 


(ee 
9, For liquid nitrogen 
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for p> 2p, (09/0T), > 0, 


for p<2p, (d0/0T), <0. 


It may be suggested that the change in the char- 
acter of the temperature dependence of the viscosity 
of nitrogen at a density near 2p _ is connected with 
a change inthe mechanism of ‘the viscosity. For 
p > 2p, the mechanism (liquid-like ) prevails, while 
a different (gas-like ) mechanism prevails for p 
< 2p.. 

In conclusion, I regard it as a pleasant duty to 
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thank B. I. Verkin and I. S. Rudenko for directing 


this work. 


1 B. I. Verkin and I. S. Rudenko, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 20, 523 (1950). 


2 A, Michels and R. O. Gibson, Proc. Roy. Soc. 
(London) A134, 288 (1931). 


3 N, F. Golubev and V. A. Petrov, Nitrogen Handbook, 
ONTIKhL, 1944. 


4 N.S. Rudenko, J. Exptl. Theoret. Phys. (U.S.S.R.) 
18, 1123 (1948). 


25 isa Frenkel, Kinetic Theory of Liquids. 


Translated by S. D. Elliott 
2 


FEBRUARY, 1957 


Production of Positive Pions in (p— p) Collisions at 660 Mev 


V. M. SipoROV 
Institute for Nuclear Problems, Academy of Sciences, USSR 
(Submitted to JETP editor, March 24, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 178-187 (August, 1956) 


Using nuclear emulsions the energy spectra of positive pions produced in the reaction 


Dae Deer eaten < 


at an energy of 657 + 8 mev have been measured at angles, 


0, equal to 60 Ss 75°, 90°, 105° and 120° in the laboratory system. The angular 
dependence of the cross section d of dw (@ ) in the center-of-mass et of the collid- 
P 


ing nucleons and the total cross section for the reactions: p+p ~m + 


Pepi Pyar S 


has been determined. 


a and 


The results are consistent withthe assumption 


that the mesons are produced chiefly in p-states. In addition to transitions to the S-state 
of the final (n — p ) system, it is found that an important contribution is made by transi- 


tions in which the final state is a P-state. 
1, INTRODUCTION 


| (p—p ) collisions at an incident energy of 
660 mev there is a strong probability for meson 
production in addition to elastic scattering. Ex- 
periments in which elastic proton-proton scattering 
has been studied 1 and measurements of the 

total cross section for ( p— p ) interactions ? 
indicate that in this energy region the probability 
for meson production is only slightly smaller than 
that for elastic scattering. Meson production can 
occur via the three following reactions: 


PGi inn Ae (1) 


Prp>+p+n+qn; (2) 


pt+pmp+otr, (3) 
Experimental studies in which (1) has been in- 
vestigated’ yield an angular dependence * of the 
cross section in the form A + B cos? @ *which 
remains substantially constant over the energy 
range £ p 460-660 mev*?4, Possible transitions 


to the 3 S, state of the final (n—p ) system are 


1D, > 3S\po; SP iS iSae 


( Here we are using the nomenclature given by 


Rosenfeld® in designating the final state of the 
system and it is assumed that the mesons are 


emitted only in s-states and p-states .) Analysis 


189 —> *S1 Po; 


* The asterisk denotes quantities measured in the 
center-of-mass system (c.m.) of the colliding nucleons, 
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of the angular distribution and the energy depen- 
dence of the meson yield shows that these are 
consistent with the assumption that in (1) the 
mesons are produced chiefly in the p-state and 
that the transition of most importance is ! D, 


SRE 


In (2), at an incident proton energy E = 660 mev, 
in addition to those indicated above, transitions 
to the P-state of the final nucleon system are 
energetically possible. The angular and energy 
distributions associated with the mesons will be 
determined to a considerable extent by the relative 
intensities of the corresponding transitions. 

It is well known that the probability for neutral 
pion production in (p— p ) collisions is small 
close to threshold; at 460 mev the cross section 
o(p+p-z7° ) is as much as 3— 4 times smaller 
than the cross sectiona (p+tp—-dta*). How- 
ever, as the energy of the incident proton is dec- 
creased ©)? 4 sharp rise is observed in the 
quantity o (p tp—m ° ). The extremely small 
cross section for the production of neutral pions 
close to threshold has been explained by the 
fact that the production of a pseudoscalar meson 
in an Sp-state is strictly forbidden. At the 
higher energies the Pp-state becomes available 
and this restriction no longer holds. 

Thus, in meson-production, processes in which 
the relative nucleon energy is small at the end 
of the reaction the nature of the reaction is deter- 
mined to a large extent by the nucleon final states. 
The present paper is devoted to an experimental 
investigation, using nuclear emulsions, in which 
the energy spectra and angular distributions for 
positive pions produced in reactions (1) and (2) 
were examined. 


2. EXPERIMENTAL METHOD 


This work on the production of mesons in 
hydrogen by protons was carried out at the synchro- 
cyclotron of the Institute for Nuclear Problems, 
Academy of Sciences, USSR. Because of the high 
intensity of the external proton beam it was possible 
to make the measurements behind a four-meter con- 
crete shield at a considerable distance from the 
machine; this arrangement resulted in extremely 
favorable background conditions. The proton beam 
was passed through a three-meter steel collimator 
by means of which a beam 120 mm in diameter was 
defined. The proton energy was 657 +8 mev. 5 
A container filled with liquid hydrogen was placed 
in the beam. The diameter of the liquid hydrogen 
container was 12 cm. The positive pions pro- 
duced in the ( p— p ) collisions were emitted from 
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the target through the glass walls of the container, 
which were 2 mm thick. Using a system of slit- 
collimators 20 cm long and 1 x 3 em in cross section 
cut into the copper block, it was possible to select 
mesons emitted from given points of the target at 
angles, es 5 60 7175 a 00 2105.2 candi 20 
with respect to the beam; these mesons were re- 
corded in photographic emulsions. The detector 
angular resolution was 1.5 ° . The experimental 
arrangement is shown in Fig. 1. The emulsions 
were disposed in a copper block at an angle of 

10° with respect to the incident mesons. The 
meson energy was determined by the range in the 
emulsion. The path length in the copper block was 
measured from the end of the meson track. The 
developed emulsions were scanned under a micro- 
scope with a magnification of 450 x. The positive 
pions stopped in the emulsion were identified by 
the character of the 7 > decay. The background 
was determined by exposing the plates under these 
same geometrical conditions. 


Fic. 1. Experimental set-up: J—proton beam, 2— 
container with liquid hydrogen, 3—monitor, 4 —photo- 
graphic emulsion, 5—copper absorber. 


In plotting the positive pion spectra approxi- 
mately 2000 (7 > ) decays were studied at each 
angle. 


3. DETERMINATION OF THE CROSS SECTION 


The differential cross section for pion pro- 
duction is given by the expression 


Pion Ay. fy feaghite 
dwdE ~~ nN,t(dE/dR\- S 45 ’ 
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where Ne is the number of protons which tra- 


verse the target, measured in the direction of the 
incident beam; N is the number of pions found in 
an area of the emulsion S ; r is the distance from 
the target to the emulsion surface; t is the thick- 
ness of the emulsion; [ dE/dR ] fg is the energy 
lost in the emulsion by mesons having an energy E ; 
7, is a factor which takes into account mesons 
which are deflected from the beams by nuclear 
reactions; No is a factor which denotes the 
mesons undergoing 7 ~p decay before stopping in 
the emulsion; 7, is the scanning efficiency for 
m- p decay. 

The proton number V , was determined within an 
accuracy of 3 percent by means of a calibrated 
ionization chamber. The meson energy loss was 
determined from the expression 


(dE /dR\-z = 0.067 RO 


which is derived from the range-energy relation 
for protons. The thickness of the emulsion 


ie 
> 
® 
= E 
ne | 2 bg 
8 SExy” 2 
) ZA © 
B 10 87 = 120 = 
nN “5 
5 O5 5 
S SIS 
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prior to development, t’, was determined within an 
accuracy of 6 percent. In calculating the factor 
71, the mean -path-length for mesons in copper 
was taken to be 104.4 gm / cm” and its value 
varied within the limits 1.02 to 2.35 for meson 
energies ranging from 30 mev to 175 mev. The 
correction for the decay of positive pions in flight 
was small; the factor 7, varied within the limits 
1.04 and 1.10. The scanning efficiency was esti- 
mated by repeated scannings and found to be 
AOD. 


4. EXPERIMENT AL RESULTS 


In Fig. 2 are shown the meson energy distri- 
butions at angles of 60° , 75° , 90°, 105°, 120° 
in the laboratory system (l.s.). For all angles, 
with the exception of 60° , the energy distributions 
have clearly defined maxima in the hard part of 
the spectrum. The locations of these maxima corre- 
spond to values obtained from kinematic consid- 
erations inthe reactionp tp —~dt7t , 


LF 3075 N00 105-5075 fimev 25 50 75 10 W5 180 175 E_,mev 


Fic. 2. Energy distributions for positive pions produced by 657 mev 


protons in hydrogen; 0. 
the c.m. system. 


refers to the laboratory system, 0@* refers to 
7 
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In these cases the spread about a monoenergetic line 


appears as aresult of the followi ng: a) limited 
angular resolution of the detector, b) energy spread 


in the proton beam, c) multiple scattering of mesons, 


d ) spread due to fluctuations in the ionization 


losses. The calculated values for the energy spread 


are in agreement with the experimental results. 
The smooth spectrum in the region of lower 


energy is attributed to mesons produced in the reaction 
ee 


pti serie ry + | It was found possible at 
angles of 75 ° , 90°, 105° and 120° ( in the 
laboratory system ) to separate out the contribution 
due to mesons produced in the reaction p +p 

~d +m * ; the remainder is taken to be the energy 
distribution for the mesons from the reaction 
ppp tn tr 


TABLE | 
eee 


d 5 
4028 in ees stared 


dw 
for the reaction 60 75 | 90 | 105 | 120 
ppont+f4@.- 14.641.6 | 8.9-+40.9 
ae 644. 9-40. G4EO) Tol, 3154-0155 1/53/24 0re 
ppodn ...., PaO 4740.4 |4. 83-0981) 84 24s Hh 4 oo 
pp—pnnt . 1... 13.241.6 | 7.24.3 |” 4,641.0 2 4£0'8 2010.6 
(do'dw),, pak 
9.4 2 
C5 ees 2.6 1.5 4.7 


* The value (do/da) or dnt = (1,4+0,1)-10-28 cm2/sterad is taken from Ref. 4. 


In Table 1 are shown the cross sections for 
positive pion production at the indicated angles in 
the laboratory system. At 60° , because of the 
excessive energy spread, it was not possible 
to distinguish the contribution due to the reaction 
p tp —~d +m” and in the present experiment 


it was possible to measure only the combined cross 


sectionda/dw(ptp-7t + { 4 1. 6) 
at this angle. Combining the magnitude of the 
cross sectionda /dw(ptp-7 +t{o,, ) 
at 60 ° with the results of Ref. 4 for reaction (1) 
we find that the magnitude of the cross section 
da/dw(pt+p-—d+m * ) is approximately 
10 percent of the cross section da/dw 

oF d H eC b 
x(ptprz J asian f ence, it may be 
assumed that the spectrum measured at 60 ais 
determined chiefly by mesons produced in reaction 


(2). 


5. TRANSFORMATION OF THE ENERGY DIS- 
TRIBUTIONS FROM THE LABORATORY 
SYSTEM TO THE CENTER-OF-MASS SYSTEM 


In order to make a theoretical interpretation 
of these results it is neccessary to find the meson 


energy distribution and the cross section in the 
center-of-mass system (c. m.s._ ) of the colliding 
nucleons. 

In converting the cross section from the labora- 
tory system to the cm system use is made of the 
relation 


dot Pt de 
do*dE* ~ Pl ‘dade’ 
where d 2 g* /daw* dE *;P* andd2o/dadE ? 
P are the differential cross sections and the meson 
momenta in the c. m. system and laboratory sys- 
tem respectively. The ratio P* / P is determined 
from the formula 


Le Ete a Piste cos 0°, 


where a ( 1-p,? )1/2 and cos 6 * are 


determined from the following relations !¢ 


1 


COsG, =e 
41 — 8? cos? @ 


{—‘2sin® + (1 —6%) 


2 


Dea 
nme Toh ae a) 
1— Bp? 


x} 


x (1— ‘cos 6h. 
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In Fig. 3a is shown the ratioD* /D asa function 


of meson anergy at angles. @ of 60° 75°, 90°55 
105° and 120 © for E,, = 657 mev. 


The expression given for cos 6* indicates that 
mesons emitted at a given angle, which have 


different energies, correspond to mesons emitted at 


different angles. In Fig. 3b is shown the depen- 
dence of the meson emission angle 6* on the 
kinetic energy E* for the experimental angles in 
the laboratory system. It is apparent from this 
curve that mesons with a kinetic energy E* in 

the region from 30 to 150 mev and emitted, for 
example, at an angle 0 = 90° , correspond to 
mesons emitted in the region 125° < 0* < 135° 
in the center-of-mass system. Thus the angular 
spread in the c. m. system will cause a sub- 
stantial distortion of the results in the conversion 
relation unless the mesons are concentrated in a 
narrow energy interval or the angular depen- 
dence of d2? go /dw*-dE * is close to iso- 
tropic. Since the mesons have a broad energy dis- 
tribution and the angular dependence at different 
energies is not known beforehand, the situation 


noted above had to be taken into account in trans- 
forming the energy distributions into the center- 


of-mass system. Forthis purpose the values 


d* ¢/dawdE multiplied by the appropriate 
factor P * / P are plotted in Fig. 3b. The 
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Fic. 3. a—the ratio P*/P as a function of meson 
energy for the following values of 0 1-—120°, 2- 
LOSee oi =90 d= 752 and 560% b — dependence of 
the meson emission angle oe on kinetic energy E* for 
the same angles in the laboratory system. 


points corresponding to the same value of meson 


kinetic energy E* are connected by the smooth 
curves over the entire range of 9*, In plotting 


the spectra in the center-of-mass system the 
values used were for da * /dw * dE * at 

angles 0\* of 5 °., 112°% 195° 5 137" and 
148°. These angles correspond to mesons produced 
in the reaction p +p ~d +7 * with kinetic 


energies £ * = 149 mev and emitted at corresponding 


angles 0 of 60° , 75°, 90° , 105° and 120° in 
the laboratory system. 


6. MESON ANGULAR DISTRIBUTIONS IN THE 
CENTER-OF-MASS SYSTEM 


In Figs. 2 and 4 are shown energy spectra for 
mesons produced in reactions (1) and (2) for in- 
cident proton energies FE, = 657 mev at the c.m. 
angles indicated above. In Table II are shown the 
cross sections for positive pion production, ob- 
tained by integrating the spectra, and the ratio for 
positive-pion yield produced in reactions (1) and 
(2). The total pion-production cross sections and 
the ratio of the total cross sections for reactions 
(1) and (2) are shown at the top. 


cm-/sterad mev 
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Fic. 4. Energy distributions for positive pions pro- 
duced in (p—p) collisions at proton energy E_ = 657 
mev. a—O* = 137°; 6-9" = 125°; c—@* =e 
Curve J] is a theoretical curve taken from Ref. 12; curve 
2 is a theoretical curve taken from Ref. 13; curve 3 is 
the experimental curve for the reaction p+p>d+ at’ 
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TABLE [I Pi 


ST 


a 102" in me fatered 6* in degrees 
for the reaction $5 | 2 125 137 | 148 
| 
by | fee Bs 
ppor sia’ pn 10.5+1.3 9.7+1.1 11.3--1.2 10.7+1.6 14.0-+1.3 
Dp are a a 1.0-+-0.07 1,.9+0.5 3.0+0.5 3.9-+0.7 4.2+0.6 
Dip tite a. =) ie oe) 9,541.3 7.841 .2 8.38+1.3 7,2+1.7 6.81.4 
(do*/dw*) ne 
ppm 9.5 4.1 2.8 oh 1.6 


CIS) ea 


The data obtained in the present work indicates 
that the angular distribution of positive pions pro- 
duced in (p-p) collisions at a proton energy E | 
= 657 mev is virtually isotropic in the angular 
region from 95° to 148° in the c.m. system. The 


dependence of da*/dw*(p ps we a te. on the 


+ 
function cos’ * is shown in Fig. 5. Expressing 
the experimental results in the form of an empiri- 
cal relation of the form A(1+ B cos? & ), using 
a least-squares fit, we find the angular distribu- 
tion is given by the expression 


(ds° / do’) (10.3 


ppont+f{ = 
+ 1.8) [1 + (0.1 + 0.2) cos? 6} 
10728 cm? / sterad. 


2 /sterad 


Mom 


a6 
dw 
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Fic. 5. Angular distributions for positive pions pro- 
duced in the following reactions: —pt+p>7 +{ 


O-ptp>ptntn;@-pt+prdtm. 


? 
n+p 


Using a least-squares fit for mesons produced in 
the reaction p + p> d +7‘, the following angular 
dependence is found: do*/dw*(p+p7+d+ at) 
= (4.7 +1.3)[(0.23 +0.13) +.cos7@* |< 10:7° 
cm? /sterad which is in agreement, within experi- 
mental errors, with the results in Ref. 4 (the 
dotted line in Fig. 5 indicates the angular distri- 
bution for mesons fromthe reactionp + p>2d+t+at, 
as measured in Ref. 4). 

Subtracting the mesons due to reaction (1) from 
the above quantity we obtain the meson angular 
distribution due to reaction (2) 


(ds* / do") 


pp>pnant 


= (9.2 + 1.8) [1 — (0.4 +.0.3) cos? 6*] 
x 10728 cm2 /sterad 


In interpreting the results we shall consider the 
reaction p+p>p+n+m- indetail. In the fol- 
lowing we will assume that the important role is 
played by s and p meson states with respect to the 
two-nucleon system. Moreover, we will assume 
that at the energies being considered here both S 
and P nucleon states are involved at the end of the 
reaction. In this case the following are possible 
as final states for the system consisting of the two 


nucleons and the pion: 


1) 4So3) Si (Ss); 
2) So Oi, "Say (Es); 
SPI Ero ae (Sp); 


4) Bra SPo ita ea 2,3 (Pp). 
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Here states 1) and 2) correspond to pions with 
orbital momentum / = 0, 3) and 4) orbital momentum 
l=1. The final nucleon and meson states (in the 


nomenclature of Ref. 5) are shown in brackets. 

According to Ref. 11, if a polarized proton beam 
is incident on an unpolarized target, the initial 
state of the system is described by the wave func- 
tions 


V1 = 41X11 (10 + $30 +: * ») 
+ (g2/V2) x10 (P10 + P30 +° =) 
+ (q./V 2) X00 (Yoo + $20 + °° “) 


0; = JoX1—-1 (10 + P30 +: °°) 


+ (q1 [V2 ) X10 (P10 + F30 + ° ->) 


where q, = cos( 0 /2)exp(—i6/ 2), qo 
= sin( 3 /2)exp(i5/2)( #,6 are the polarization 
angles): x si is the spin wave function and Pre 


is the spherical function. Combining the orbital 
and spin moments, we obtain the initial states 
for the system 


Pity lone (MeL); 
oP oars Fs (M = 0); 
S56; De (M = 0). 


Here we have given only those states of the initial 
system which can feed the final states being con- 
sidered. The possible transitions inthe reaction 
p+p2p+n+q- are shown in Table III. 

The amplitude of the final state is given by the 


expression 
— (91/ V2) X00 (P00 + $20 +: **)s f= DAbsja Lisi: 
TABLE III 
initial = er Projection 
nitial state inal state opts 
ype of the system | of the system (pausincd of total 
| momentum 

Sp *So Si Po iS > 226 0 
Sp ‘De 8S) pe LO ad 0) 
Ss oP 39181 3P, — 3S; +1 
Ss =P5 18 So *Pi > FS 0 
Ps Se GAS 1S» — 189 0 
Ps "Ds 3P So 1D, — ®So 0) 
Pp $Po | 5P1 po Pf ao IEF. 0 
Pp per aay oa ach det 
Pp We SP. pi 3P, = 1p +1 
Pp EX 3P.py 8P, > 5P, +1 
Pp ER 3P. De 3P, > 3P, +1;0 
Pp *P» 3P>Do 3P. — Pp», +1;0 
Pp 3F, 3P1 po 3Fy > 3P, +1,;0 
Pp 3F, 8P.po 3 Fy > 5P, +1:0 
Pp 5F3 Pops 3F'3 — 5D, +1 


where the summation is carried out over all final 


Lea : ‘ wet 
es being considered, ae is the transition 


1M 
probability, Des are the spherical functions ), 
The differential cross section do* /dw*(@*) 


is expressed in terms of the amplitude of the final 
state by 


ds* / da” = leds (I) 


A 


Substituting the expression for f in Eq. (1) we ob- 
tain the meson angular distribution 


ds" /do* = a’ + b’ cos? 6° -4. c’ sin? 6", 


I, 4 Ud 
where a‘, b’ and c’ are expressed in terms of 


lsjM or 


ds* /dw* = a + bcos? 6, 
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where a=a’+c%,b=b’—c’ 

We may note that terms containing sin? 6* in the 
angular distribution arise from transitions of the P 
class and frominterference between the transitions 
=. » 35 1P) and as > Hee The meson angular 
distribution in reaction (1) is almost the same as 
the theoretical distribution for the transition !D 


‘ ens 2 
aes Ps and indicates that the contribution of 


terms proportional to sin*@* due to interference of 
the indicated transitions, is small. It is also pos- 
sible that this applies in reaction (2) since at an 
energy E_ = 440 mev /? there was no noticeable 
change in the angular distribution with regard to 
an increase in the constant term for reactions (1) 
and (2) as compared with reaction (1). 

Thus we see that the angular distributions for 


the reactions p + p > d+ 7* (Sp and Ss transitions) 


and p+p>p+n+a°* (Sp; Ss; Pp and Ps transi- 
tions ) can be given in the form a + b cos”@; how- 
ever, if transitions of the Pp type participate in 
the meson production process and their contribu- 
tion cannot be neglected, the coefficient b = b’ 
—c’in reaction (2) may be smaller. Under these 
conditions the value of the coefficient a in the 
same reactions may become larger; this increase, 
however, may be due to other causes as well as 
Pp transitions. 

The angular distributions for positive pions pro- 
duced in reactions (1) and (2), measured in the 
present work, indicate that the coefficients b” and 
c’ are approximately equal; hence, it would seem 
that a considerable contribution is made by transi- 
tions of the Pp type in reaction (2) for proton 
energies of 657 mev. This effect is also found 
in the angular distributions in the reaction p + p 
+p+n+q- in which the coefficient b becomes 


negative. 


7. ANALYSIS OF THE POSITIVE PION POI ie 
IN THE REACTION p+p>pt+u+7 


From kinematic considerations it follows that 
mesons produced in the reactionp+p*p+n+7 
have a continuous distribution in energy over the 
range from zero to 150 mev in the center-of-mass 
system. The experimental energy spectra, how- 
ever (cf. Figs. 2 and 4) extend to an energy of 175 
mev; this may be explained by errors in the de- 
tector (some mesons may traverse only part of the 
path in the emulsion or in the wall). The energy 
distributions measured at angles of 95°, 112° and 


125° would seem to indicate the meson spectra 
associated with reaction (2) havemaxima in the region 
100-125 mev. An analysis of the energy distribu- 
tions in the measured regions of angle leads one 


to believe that mesons emitted an angles close to 
6* = 180° are concentrated in the higher energy 


region. Because of this deformation in the spectra 
the angular distributions for different energy in- 
tegrals have the form 


Ee = 753-1002 mev; 
Ex = 125-150 .mev, 


’ 


do*/dw* = 1 — cos?6*; 
ds*/dw* = 0.2 + cos? 6°. 


This result is in agreement with the assumption of 
important contributions due to transitions of the Pp 
type in the production of positive pions at high 
energies. As a matter of fact, it was indicated 


above that Pp transitions tend to reduce the co- 
efficient b in the expression for the angular de- 


pendence of the meson yield and to increase the 
constant term. This effect should be more notice- 
able for low meson energies which leave acon - 
siderable energy in the relative motion of the 
nucleons. In the region of high meson energy, Pp 
transitions should play a diminishing role andthe 
angular dependence in the meson yield should be 
determined chiefly by Sp transitions; hence, in this 
energy region we should have a more intense pro- 
duction of mesons at angles close to 180° as 
compared with angles around 90°. 

Thus the shape of the positive-pion energy dis- 
tributions at different angles inthe center-of-mass 
system as well as the angular distributions leads 
us to the conclusion that transitions of the Pp 
type make a large contribution to the cross sec- 
tion for meson production at E_ = 657 mev. 

For comparison with the experimental results, 
Fig. 4 shows theoretical curves which describe the 
meson spectrum in reaction (2). Curves / and 2 
are taken from Ref. 13 and correspond to the case 
H ~ const and H ~ P*, where H is the matrix ele- 
ment for the interaction. The statistical weight 
was computed for the case in which all particles 
appearing in the final state are relativistic. Com- 
parison with the experimental data indicates that 
a better approximation results if the assumption is 
made that the matrix element depends linearly on 
meson momentum (curve 2). The dependence indi- 
cated for the matrix element may indicate that in 
the reaction being considered mesons are produced 
with an angular momentum/=1. Better agreement 
for the theoretical curve 2, with the experimental 
data was observed at an angle 0* = 125°. At 
other angles there was a discrepancy which was 
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attributed to the deformation of the positive pion 
spectrum with changing angle. The change in the 
shape of the spectrum, as was indicated above, oc- 
curs because in the final state the nucleons can 
have an angular momentum / = 0 orl = q and the 
relative contributions of the associated transitions 


are different at different angles. Consequently, one 
expects that satisfactory agreement between theory 


and experimental results can be found at all 
angles only when account is taken of the nucleon 
interaction in the final states. 


8. TOTAL CROSS SECTION FOR POSITIVE-PION 
PRODUCTION IN (p — p) COLLISIONS 


The total cross section for positive pion pro- 
duction in (p — p) collisions at an energy of 675 
mev is 


Cpecmtfe (13-4 + 2,2). 1072? cm?, 


It is apparent that among the inelastic processes 
which occur in proton collisions at energies of 660 
mev, an important part (80 percent ) is played by 
the production of positive pions. Using the value 


G ahs = (41.4 +0.6) mb taken from Ref. 2 and 


o ©1485 _ (94.7 +1.2) mb from Ref. 14, we have for 


pp 
o inelas the value (16.7 +1.3)mb. Hence, it may 


Pp 
be considered that o(p +p > 7°) =(3.3 +2.5) mb 


which is in agreement with the value for this 
quantity as measured in Ref. 6. 


The value o(p+p>pt+n+7~)=(10.1 +2.3)mb 
is corroborated by Refs. 1 and 2. For the ration of 
the cross sections of these reactions we find 


* * 
Spp» pnntr / Sap -S dati Osl. 
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Proton angular distributions are determined for the P?1(d,p) P22 and the ee d,p) Cre 
reactions using thick nuclear photographic plates. The analysis of the observed experimental 


results permits a number of conclusions to be made regarding the excited states of the 


residual nuclei. 


T is well known that nuclear reactions of the 
(d,p) or the (d,n) types can proceed either with 


I 


or without the formation of an intermediate nucleus. 


In the latter event, it is not the entire deuteron 
which interacts with the target nucleus, but rather, 
only one of its nucleons. A distinguishing char- 
acteristic of such a reaction mechanism---usually 
referred to as a stripping process---appears to be 
the presence of narrowly shaped maxima in the 
angular distribution of the outgoing particles, the 
positions of these maxima being characterized by 
the orbital momentum / with which the nucleon (a 
neutron for the case of the (d,p) reaction) is cap- 
tured by the nucleus?. 
son of the experimental with the theoretical angu- 


Consequently, a compari- 


lar distributions makes possible the determination 
of a set of physical data for the various states of 
the residual nucleus. Of special importance is 
the circumstance that it is possible to investigate 
the excited states of the atomic nuclei using these 
methods, and, in particular, to verify the correct- 
ness of the shell model description of the proper- 
ties of the low-lying excited levels. 

The purpose of the present work, which was 
completed in 1954, was to determine the excited 
level characteristics of the P® and Cl?° nuclei 
by an investigation of the energy and angular 
distributions of the protons formed in reactions 
of the (d,p) type in phosphorous and in chlorine. 
Detailed studies of the angular distributions pro- 
duced in these proton reactions have not yet been 
published. Only angular distributions for the for- 
mation of residual nuclei in the ground states have 
been dealt with in several investigations” *, it 
being shown that the transferred orbital momentum 
in this case is equal to 2. In addition, a brief 
communication’ has appeared concerning an in- 
vestigation of the angular distribution of particles 
for a number of excited levels of p??, 


aL 


A cyclotron output, consisting of a focussed 
deuteron beam of energies near 4 mev, was used 
for studying the reactions. The energy spread in 
the beam did not exceed 1%, and the absolute 
value of the average energy was known with an 
accuracy of 3%. For the case of the P*(d,p) P®? 
reaction a thin layer (0.16 + 0.05 mg/cm”) of 
zine sulfide, deposited on tinsel by evaporation 
in a vacuum, served as a target. For investigat- 
ing the Ci (d,p ) C1?° reaction the target was a 
layer of barium chloride (0.51 +0.09 and 0.27 
+ 0.08 mg/cm”), prepared in the same way. The 
protons produced in the nuclear reactions were 
detected with the help of thick-layered photo- 
graphic plates of type Z-2 (having an emulsion 
thickness of 100) oriented at various angles to 
the direction of the incoming deuterons. An 
aluminum absorber of thickness 320 was in- 
serted between the target and the photographic 
plates to absorb the elastically scattered deuter- 
ons. 

The P?1(d,p) P32 Reaction. The distribution 
of the proton tracks is shown in Fig. 1 for protons 
emerging from the target at an angle of 20° to the 
direction of the deuteron beam. The energies of 
excitation for various states of P** obtained from 
the histogram are presented in the Table together 
with the data proceeding from a magnetic analy- 
sis of the products of the P31(d,p)P?? reaction. 
The results obtained by these two methods agree 
well among themselves considering, of course, the 
poor resolving power of the photographic plate 
method. In all, 18 photographic plates, exposed 
at various angles, were processed. Angular dis- 
tributions obtained from an analysis of all the 
histograms for four groups of protons are presented 
in Figs. 2-4, the statistical errors only being indi- 
cated. The angle of scattering in the center-of- 
mass system for the proton is indicated along the 
abscissa axis, while the differential cross section 
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in millibarns per steradian is along the ordinate 
axis (it is important to note that the accuracy of 
the determination of the absolute cross section is 
very poor---several tens of percent). The iso- 
tropic contributions of the angular distributions, 
obviously corresponding to the formation of the 
compound nucleus, are separated off by horizontal 
dashed lines. Curves on these same diagrams are 
presented which have been calculated using the 
theoretical formulas of Ref. 1, the values of the 
orbital momenta being selected so as to achieve 
optimum agreement between the experimental 


points and the calculated curves. 


(7)(6) (4) (3) 


| 


150- 


100- 


0 $0 100 160Scale divisions 
FIG. 1. Spectrum of protons emitted at an angle of 20° 
to the deuteron beam for the P? ld,p )P?? reaction. The 


divisions of the microscope ocular scale are indicated 
along the abscissa (1 division = 1.41). 


Comparison of the experimental with the theoreti- 
cal angular distributions indicates that it is pos- 
sible to explain satisfactorily the observed re- 
sults, provided that it is assumed that the trans- 
ferred orbital momentum is equal to 2 for the case 
in which P®? is formed in the ground state (in 
agreement with the results of Refs. 2 and 3), and 
0 for state (2). The angular distribution of the 
groups of protons corresponding to levels (3) and 
(4) can be explained by assuming that two orbital 
momenta, 0 and 3, contribute. Evidence in favor 
of the orbital momentum 0 corresponding to level 
(3) and the orbital momentum 3 to level (4) is 
given by the form of the peak of this group of 
protons on certain histograms, that of Fig. 1, for 
example. It is not possible to give any definite 
value at all for the orbital momentum of group (5), 
since the angular distribution of this group is 


practically isotropic (within limits of an average 
error of +7%). In the Table are listed all the 
values obtained for the orbital momenta together 
with the parities and possible spin values of the 
observed nuclear levels (| J, + 1+ soles eal 


Se Iii sw a %, where J, is the spin Pa ay Sitar equal 
to 4). 

It is known from other evidence that the spin of 
the ground level of P?? is 1. Comparing the rela- 
tive intensities obtained by the method of mag- 
netic analysis® for the proton groups correspond- 
ing to capture by levels (0) and (1), it can be con- 
cluded that the spin of level (1) is equal to 2”. 
From the point of view of the nuclear shell model 
both of these levels correspond to the state ld, /5 
of the last neutron. 


0 Oo 
0 JO? 60° 90° 120° 150° 
Fic. 2. Angular distribution of protons for the nuclear 
states (0—1) of P°*. The-solid curve te plotted for 
b= 2. 


The following discussion is based on the ob- 
servation that if the probability of capture of the 
neutron into some excited level is comparable with 
the probability of capture into the ground state, 
then this excited level is formed by one particle 
excitation. If the capture probability for some 
level is considerably less than for the ground 
level, then the excited level which is formed in- 
volves excitation of the initial nucleus. As 


theory shows’, the probability of neutron capture 
into a given state is proportional to o(6)f(E ,, E 


0)/(2J +1), where f is a known function of the 
angle and the deuteron and the proton energies, 
and o is the differential cross section for the 
process. The capture probability of the neutron 
(in relative units) obtained in this manner is 
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fe 30° 60° 40° 120° 150° 
Fic. 3. Angular distribution of protons for the nuclear 
state (2) of P°*, The solid curve is plotted for /=0. 


o° 30° 60° 90° 120° 

Fic. 4. Angular distribution of protons for the nuclear 
states (3—4) of Ep. Curves 1, 2 and 3 are plotted for 
1=0, 3 and 0 + 3, respectively. 


indicated in one of the columns of the Table, the 
calculation for the doublet (0) —(1), making use 
of the fact that the spin of the ground state is ] 
and the spin of state (1) is 2. The capture proba- 
bility for excited states is evaluated for each al- 
lowable value of J. As is seen from the Table, 
level (4) corresponds to one particle excitation, 
namely, to the state eae of the last neutron, 


while levels (2) and (3) are associated with ex- 
citation of the initial nucleus. If this interpreta- 
tion is correct, then the number of possible values 
for the spin of state (4) is limited, since the com- 


bination of the proton in the state 28) 19 and the 


neutron in the state lf, ,, can only lead to the 


U/ 2 
values 3 and 4 for the spin. The circumstance 

that several of the low-lying states of P®* can be 
described with the help of the shell model is 

quite understandable, since in this nucleus the 

last neutron alone occupies the new level. 

It should be notedthat the values of the orbital 
momenta for the excited nuclear states of P32 op- 
tained in the present work are different from those 
communicated in Ref. 5. In agreement with the 
data presented there, however, the angular dis- 
tributions of the proton groups for the formation of 
the nucleus in states (2), (3) and (4) are describ- 
able using a mixture of 1 =0 and/ = 2. No esti- 
mate of the degree of certainty of these results 
can be made at the present time, inasmuch as a 
detailed description of the experiments has not 
yet been published. 

The Cl?°(d,p) Cl°® Reaction. The nuclear level 
scheme of C1°° obtained as the result of analyz- 
ing the distribution of proton tracks in photo- 
graphic plates is presented in Fig. 5. In the 
same figure are indicated the level scheme de- 
termined from the y—ray energies for the (n,y) 
reactions’, as well as the levels found by 
Innis®, who investigated the Cit dpycl?® 
reaction (see also Ref. 9). 

Our measurements are found to be in satisfac- 
tory agreement with the results of these investiga- 
tions as a result of our success in resolving all 
groups of protons corresponding to the known 
nuclear levels. The only exception is the 5.57 
mev level, since in this case the protons corre- 
sponding to it are masked by the protons from the 
01(d,p)O*” reaction. Groups (1) and (12), which 
previously have been unobserved, have very weak 
intensities and, possibly, are associated with the 
existence of foreign admixtures in the target. 

Angular distributions were plotted for ten 
groups of protons, two of which are shown in Figs. 
6 and 7. The orbital angular momentum values ob- 
tained by the comparison of the experimental re- 
sults with the theoretical curves are indicated in 
Fig. 5 for all the levels for which angular distri- 
butions were plotted. In those cases in which the 
magnitude of the orbital momentum is not reliably 


Ie Bete eLOy, 


34 


TABLE. Excited nuclear levels of pee 


Characteristics of the residual states 


Energy of excitation 
Level Result of isotropic Probability 
No. magnetic | [ibation| / Parity J of neutron State 
analysis See ee capture 
in mev 
(0) 0 els 
ihe Re 3} (hee ae 
) Bars ‘ u Oued 08 
(2) ich es tee e0ret 3.8: 1.3 
(3) 1,4 1, = 0; 8.6; 6.7| 4 
(4) 4,316 g} as Poe Os 4 12 0; 8 } Fu, 
(5) 1,750 1,84 Present work 
(6) Det 
(7) D7 Byes 


determined--that is, whenever the agreement of the 
theoretical curve with the experimental points is 
not sufficiently good---a question mark has been 
placed opposite the dubious value. The parity and 


the allowed values of the spin J for the nuclear 
states of C136 observed in the reaction are indi- 


cated in the last two columns of Fig. 5. The re- 
1% 1% 


(a,2) (2,7) (d.0) 
Ref.7 Accordingto Present Work 
Refs. 
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Fic. 5. Nuclear level diagram for C1°°, 


sults obtained for the longest track group agree 
with the published data*. The analysis which can 
be carried out for the case of the CI? pycl?® 
reaction, using the probability of neutron Capture, 
does not lead to definite results, as is fully ap- 
parent, since the presence of levels with clearly 
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0 
(OF Ose? 50° 90° 120° 


Fic. 6. Angular distribution of protons, 
corresponding to state (4) of the nucleus C36, 
Solid curve: /=0. 
manifested one particle excitation is not to be ex- 
pected in C1?°, 

As an examination of the energy and angular 
distribution reveals, it is entirely probable that 
levels of C1°° which cannot be resolved by the 
photographic plate method exist between levels 
(7). and (8) and near states (5) and (6). In evidence 
of this there is, first, the shape of the peaks of 
these proton groups, second, the very large differ- 
ential cross section for the production of the pro- 
tons composing these groups, and, third, the 
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angular distributions for levels (5) and (7) —(8), 


which can be explained only if it isassumed that 


two values of the orbital momentum are transferred. 


i 
| ; 
| 


o° JO? 60° 0° 120° 150° 


Fic. 7. Angular distribution of protons, 
corresponding to states (7) - (8) of the nucleus 


C136, 1;7=1; 2:/=3,3: (d=1)+(l=3). 


It should be noted that in constructing the 
energy level diagram of Cl°° it has been assumed 
that all of the groups of protons déected belong 
to the C15 (d,p )C1?° reaction. Some of the 
groups, however, could result from a reaction in- 
volving the heavy isotope C1*? (25% in a natural 


mixture). The relative distribution of known’ 
energy levels of C1°® 
Of Pip. 5; 

In conclusion, I wish to express my gratitude to 
S. S. Vasiliev for his guidance, and to T. N. 


Markelov for assistance with the work. 


is shown in the left portion 


Note added in proof: After submitting this article for 
publication, the work of Paris, Buechner and Endt?° 
appeared in which the chlorine (d,p) reaction was in- 
vestigated with the help of a magnetic spectrometer. A 


series of new nuclear energy levels of C1°® in the range 
from 2.5 to 4 mev for the excitation energies (that is, 


in the region of levels (6) —(10) ) were discovered, con- 
firming the conclusions of the present article. The 


existence of level (1) with an energy of excitation 0.40 
mev, however, was not confirmed. 
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Measurements of the absorptio 
frequencies from 200 cycles to 4 


resonance curves in standing waves. 


n of second sound! have been extended to 0.83° K for 
ke by the method of the determination of the width ot 


Values of the coefficient of volume absorption o/ @ 


2 


and of viscosity 7 of the normal component of He II have been obtained by separation of the 
volume and surface losses. It is established that the losses due to thermal conduction 
predominate in the volume absorption. The analogue of the thermal conductivity in He II 
has been computed. The results of the experiment completely verify the theory of Landau 


and Khalatnikov for He II kinetic coefficients. 


INTRODUCTION 


T HE absorption of second sound increases 
rapidly with drop in temperature, as was 
shown in a previous paper! , and in other con- 
firmatory researches®*® ; in this case the surface 
absorption is due primarily to the viscosity, and 
the volume absorption to the thermal conductivity 
of He Il. 

The theoretical temperature dependence of the 
absorption coefficient has been computed by 
Khalatnikov®’* , who showed that the absorption 
effect increased in the direction of low tempera- 
ture; here the losses in second sound due to ther- 
mal conductivity are significantly greater than 
the losses determined by the first and second 
viscosity. 

For the total coefficient of volume absorption, 
Khalanikov obtained the expression 


4 


3 


ie =ill 4 { Ps 
2eus \ Pn 


(1) 


0 (51 +64) + o%Co} + =}, 
vhere 7) is the first viscosity coefficient, ¢,, ¢,, 
C5 Le are the coefficients of second viscosity, 

e the heat capacity and «the analogue of thermal 
conductivity in He II. Previous measurements of 
(1) did not permit a complete comparison of 
experiment with theory, since the experimental 
values of « / w” were obtained in a comparatively 
narrow temperature range (1.0 ~ 1.2 ° K.). 


qa+% 


a 


In the present work, we have carried out measure- 
ments down to 0.83° K, using methods previously 
developed. In an attempt to make more precise the 
values and the temperature dependence of the 
kinetic coefficients we have also carried out more 
accurate measurements from 1 to 1.3 ° K. 
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METHODS OF MEASUREMENT 


As in the previous work, the measurements were 
carried out in cylindrical glass resonators by 
the method of investigating the widths of the 
resonance curves for standing waves at fre- 
quencies from 200 cycles to 4 kc. We used three 
different resonators; two of them had internal diam- 
eters of 5.8 mm and lengths. 91.2 and 44.5 mm, 
the third had an internal diameter 5.35 mm and 
length 86.2 mm. The plates at the ends of the 
resonator were made of glass instead of the plexi- 
glass used previously, and were attached through 
a thin layer of oil to the polished faces of the 


tesonator by means of a spring. A heater of 


constantan wire (50  ) and a resistance thermome- 
ter of phosphor bronze (30 p ) were prepared in 
the form of flat, single-layered spools with 

bifilar windings, and were fastened to the disks. 
Replacement of theplexiglassreflectors by glass 
improved the frequency characteristics of the 
resonator in the region of the first transverse types 
of vibration, where earlier one had always ob- 
served an additional increase in the damping. The 
frequencies of the transverse resonances are 
given by ” 


(@ / Ug)? = (lm /U)® + (tam / a)? (2) 

where / = 1, 2, 3, .,r° = roots of the 
d . . nm . 

erlvatives of the Bessel functions, / o is the 
length and a the radius of the resonator. At the 
minimum velocity of second sound ( at T =1.1° K) 
two such transverse resonances exist up to 4 ke 
in the resonator of diameter 5.35 mm (v’ = 2000 
cycles and v= 3620 cycles), and in the resonator 
of diameter 5.8 mm, three ( »v’= 1800, v’’= 3010 
and v“’’ = 3840 cycles). (The frequencies of 
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transverse resonances increase with increase in 
the sound velocity.) Testing of the width of the 
resonance curves in regions close to transverse 
resonances showed that nonoteworthy increase in 
the absorption of second sound could be observed 
at the fundamental resonances. This permitted 
us to extend the range of measurement (at not too 
low temperatures) to 4 kc. As in the previous 
research, the second sound was excited by the 
passage of current from the generator through 

the heater, and was detected by a resistance ther- 
mometer. The circuit described in Ref. 1 was 
used as an amplifier and was capable of measuring 
signals of ~ 0.1 » V with ease. 

Temperatures below 1 ° K were obtained by 
removing the helium vapor through two diffusion 
pumps in series. The arrangement was similar 
to that described in Ref. 1. Temperatures of the 
helium inside the resonator above 1° K were 
measured with a resistance thermometer calibrated 
in terms of the helium vapor pressure. Below 
1° K (down to 0.85 ° K), the temperature was 
determined from the velocity of second sound as 


measured by Peshkov® with a high degree of 
accuracy. The lowest temperature of 0.83 ° K 


obtained in the present work corresponded to a 
second sound velocity of 22.9 m/ sec. 


RESULTS 


Measurements of the width of the resonance 
curves were carried out for minimum heat flow 
densities, usually not exceeding 3—5 x 10 ~? W/cm? 
since, for greater loading, a dependence of absorp- 
tion on amplitude was observed. The graph of 
this dependence at J = 1, 27° K is shown in Fig. 
1. As is evident from the drawing, the damping 
of second sound, relative to the damping at in- 
finitesimal amplitude, was proportional to the 
power for three different frequencies. We did not 
make any special investigation of this problem 
and limited the region of measurement to small 
amplitudes, where the nonlinear effects are small. 

To separate the volume and surface loss of 
second sound, proportional, respectively, to the 


05 


2 25 310° Whew? 


Fic. 1. Dependence of the absorption of second 


sound on power for T = 1.27 


K in the resonator 


d =5.35 mm and / = 86.2 mm; O—— 984, @ — 2750, 


x — 3960 cycles. 


square and square root of the frequency, the 
observed dependence on the frequency of the 
resonance width for different temperatures was 
plotted in coordinates A VIA pie EN 
where v is the frequency and A v is the resonance 
width in cycles. This dependence is plotted in 
Fig. 2 for the resonator d = 5. 8 mm, 1, = 44.5 mm, 
1, = 91.2 mm. The intercepts on the 
ordinate determine the surface absorption 

of second sound, while the slope of the lines 

is proportional to the volume absorption. Above 
1. 3° K, the accuracy of measurement was in- 


sufficient to determine the slope of the lines — 


they become virtually horizontal, which testifies 
to the predominant role of surface absorption at 
these frequencies. 

Boundary losses in the resonator, which 
amount to several per cent at high temperatures 
(1.6 — 2.0 ° K ) are negligible at low tempera- 
tures, in comparison with the true absorption. 
While the absorption was always higher (at high 
temperatures ) in the short resonator than in the 
long one (because of wall losses), at low tempera- 
tures, beginning about 7 ~~ 1.3 ° K, the absorption 
no longer depends on the length of the resonator. 

We note that below 0.95 ° K, measurements are 
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not possible in the longer resonator since the 
resonances for adjacent frequencies begin to 
overlap, due to the high damping. 


The viscosity 7 of the normal component of 
He Il can be computed from the magnitude of the 


surface absorption by the formula 
i 7 if Ay i mr°p?o2 


i> an ee (3) 


where r is the radius of the resonator, (A v / Vv), 


is the ordinate intercept in Fig. 2. The data for 
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FIG. 2. Dependence of the absorption of second 
sound on frequency, in the coordinates Av /V/yp , 
v/Vyv, O @ — resonator, / = 44.5 mm, d = 5.8 mm; 
< @ A -—— resonator, / =91.2 mm, d= 5.8 mm; T is equal 
to J — 0:86; 2 — 0.9, 3'— 0.95, 4— 1.01, 5 — 1.1 K. 
P , / p , computed by Peshkov on the basis of 
second sound velocity® and heat capacity® 
measurements, were employed in this formula. The 
values of 7 computed from Eq. (3) down to the 
temperature 7’ = 0.83 ° K, along with earlier 
measurements in the interval 1.4 —2.1° K,! are 
shown by the circles in Fig. 3. We note that, in 
comparison with the earlier data, the values of 
7 in the region 1.0 ~1.3 ° K are 20 to 30 per 
cent higher, which barely goes beyond the limits 
of error in the determination of n (~ 20 to 25 per 
cent). For comparison, the results of the 
measurement of viscosity by means of a rotating 
disk (Andronikashvili and others !9-1}2 ) and the 
data of Heikkila and Hollis-Hallet!3 , obtained by 
the rotating cylinder method, are plotted in the 
Figure. The solid line indicates the theoretical 
curve of Khalatnikov.* As is evident from the. 

Figure, the experimental values of the Viscosity 


agree quite satisfactorily, down to 0.83 ° K, with 
the theoretical values of Khalatnikov. At the 
lower temperature, the divergence can be ex- 
plained by the extraordinarily steep dependence 

of 7 on 7’. It is interesting to note that the 
viscosity according to the measurements of Heikkila 
and Hollis-Hallet by the method of the rotating 
cylinder, which does not require knowledge of 

P /p., agrees well with our measurements, while 
the method of the rotating disk!°-!? gives essen- 
tially different results in the low temperature 
region. One cannot supply the reason for the 
divergence, which follows from our experiments, 
by errors in the determination of p_ / p at low 
temperatures, as has been assumed earlier by 
several authors. Evidently, in the region of 

low temperatures, where the concentration of the 
normal component is small, the dissipation of 
energy by the method of the rotating disk can in- 
crease appreciably, becuuse of the nonideality 

of the suspension system, which leads to an 
entrainment of superfluid along with the normal. 
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FIG. 3. Viscosity of the normal component of He II 
from the data: O = present measurements; @ = Ref. 12; 
x = Ref. 11; A= Ref. 13; broken line = Ref. 10; 
solid line = Ref. 4., 


The coefficient of volume absorption a / w? 


was computed from the magnitude of the volume 
loss of second sound in the temperature range 


0.83 — 1.3 ° K. Computations were made according 
to the formula 


2 te Ay / v2 
O2 Aris 2 (4) 
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where Av /v” isthe slope in Fig. 2, Uy is the 
velocity of second sound. The temperature de- 
pendence of a /w 2? is represented in a semi- 
logarithmic plot in Fig. 4. Here we have plotted 
the mean results of Hanson and Pellam 5 and the 
data of Atkins and Hart,® along with the theoreti- 
cal curve of Khalatnikov* (solid line). It is 

easy to see that our experimental values of a /w?, 
determined to within 20 per cent, agree both with 
the theoretical values of Khalatnikov and with the 
values obtained by other authors at higher 
temperatures. 

An estimate of the viscous loss in volume ab- 
sorption of second sound according to values of 
the coefficient of first viscosity 7 , taken from 
our experiments (see Fig. 3 ),gives the broken 
curve in Fig. 4. As is evident from the Figure, 
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Fic. 4. Temperature dependence of the coefficient 
of volume absorption of second sound according to : 
O — present work, A —— Ref. 5; x — Ref. 6; solid 


line —- Ref. 4; @ —— computed value of volume absorptim 


tion of second sound, obtained from first viscosity. 
viscosity losses are smaller by an order of magni- 
tude than the total losses, and the relative contri- 
bution of the viscous loss decreases with 
decreasing temperature. Neglecting losses from 
second viscosity (in order of magnitude, they are 
comparable with losses from first viscosity), and 
attributing the remaining amount of absorption 
to the thermal conduction losses, we can estimate 
the coefficient of heat conductivity x of He II to 
within 25 to 30 per cent. In this estimate, the 
values of the heat capacity were taken from the 
recent measurements of Kramers, Wasscher and 
Gérter’* which agree well with those of Ref. 9. 
The temperature dependence of x is plotted in 
Fig. 5 on a semi-logarithmic scale. The solid 
line denotes the theoretical curve of Khalatnikov. 


The agreement of the experimental data witht he 
theoretical is excellent. The high values of x 
in the previous measurements! must evidently be 
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FIG. 5. Temperature dependence of the coefficient of 
thermal conductivity x in He II: O = data of present 
work; solid curve = Ret. 4. 
explained by the additional increase in damping at 
high frequencies because of the effect of trans- 
verse vibrations. 

The experimental values of « / w?, nandx, 
taken from several experiments on different resona- 
tors, together with the data on uw, , p ,/pand c 
used by us are given in the Table. (Values of 
n above 1.4 ° K are taken from the previous 
measurements.) From the values of x it is not 
difficult to estimate the mean free path length of the 
phonons, making use of the elassical formula in 
the quantum gas: ~=1/3/),¢ uv), - For the 
lowest temperature of our measurements, 0.83 ° K, 
the mean free path length of the phonons was 
~ 0.1 mm. 

CONCLUSIONS 


1. Experiments on the absorption of second 
sound down to 0.83 ° K entirely confirm the 
validity of the theory of kinetic coefficients of 
He II of Landau and Khalatnikov.2-4 

2. The volume absorption for second sound 
below 1 ° K increases rapidly with decreasing 
temperatures, in full agreement with the theory. 
The losses due to the thermal conductivity of 
He II exceed the viscous losses by an order of 
magnitude. 

3. The viscosity of the normal component of 
He II below 1 © K increases extremely rapidly 
with decrease in temperature. In absolute 
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Xx 10° cal cal 
ie Bee o./o?,Sec?/CM pclae X Tapreneeccue U,,m/sec Pn/e Creer ar 
45 @1-10 6.7 1.21-10-2 22.9 | 4.5 -10-3 | 8.0 -10-2 
0°88 cea 5.8 8.7 -10-3 22.0 | 1.95-10-8 | 8.2, 40:8 
0.85 2.17-10-10 5.26 5.2 -10-3 22.0 | 1,95-40-8 | 8.2 -10-% 
0.855 | 1,95-40-2° 5.6 5.05-40-3 21,95 | 2.08-10-8 | 9.0 -40-8 
0.86 2.62. 10-10 3.7 7,4 -10-3 24.6 | 2-2:-10-3 | 1,0°<40-3 
0.89 164-410-210 3.66 5.5 -10-3 20.6 | 3.0 -10-3 | 1,2 -10-3 
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0.9 1.08 - 10-10 3.55 3.0 -10-3 20.3 | 3,3 -10-% | 4.22-40-2 
0.94 6.5 -107i 72 2.2 -40-3 19.5 | 4.8 40-3 | 4,7 -40-2 
0.95 4. 8-0-1 3.38 463-1073 19.35 | 5.2 -40-3 | 4,78-10-2 
0.98 4.2 40-11 2.96 1.59-10-3 18.9 | 6.5 -40-3 | 24 -10-2 
1.0 3.2 -10-11 2.64 1,39-10-8 18.7 | 7.5 -10-? | 2.5 -10-2 
1.01 3.75-40-12 2.5 1.72-10-3 18.7 | 727 <10-% | 9.6°-40-2 
1.03 1.43-10-11 2.74 6.6 -10-4 18.5 | 9.2 -10-3 | 3:0 -40-2 
1.07 {09-10-11 2.49 6.6 -10-4 18.35 | 1.19-10-2 | 4.0 -10-2 
14 8.35- 10-22 2.45 5.7 -40-4 18.30 | 1.45-40-2 | 4.56,10- 
1.16 3.76-10-12 2.02 3.6 -10-4 18.4 | 2.3102 | 6.4 40=4 
1.21 3.2 10-22 1.72 4.1 10-4 18.55 | 2.9 -10-2 | 8.0 -40-? 
1.25 1.76 -10-2 1.8 2.6 -10-4 18.85 | 4.0 -40-? | 1.0 -410-4 
1.31 1,24-10-12 1.56 2.7 -10-4 t9.2° | 5,3 40-9 | 4 :28-40-3 
1.4 1.3 
1.64 1.25 
1.91 1.3 
2.0 1.55 
2.1 1.8 
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Hollis-Hallet!? , obtained by the rotating cylinder 
method, while a considerable divergence is 
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The theory of galvanomagnetic effects in metals in large magnetic fields is developed, 
without any restrictive assumptions concerning the dispersion law of electrons or the 


collision integral’. 


A LARGE number of experimental and theoretical 
studies have been devoted to the behavior of 
metals in electric and magnetic fields. After the 
discovery of Kapitza” of a linear increase of re- 
sistivity with field in a number of metals, it was 
shown by Justi® that all metals can be divided into 
two groups. In the first group (Cu, Na, In, Al,..) 
the resistivity in large magnetic field tends to a 
saturation value; in the second group (Bi, Be, Zn, 
Mg, ...) it grows without limit as the square of the 
magnetic field (p ~ H?). Borovik® moreover 
showed that there is a characteristic difference in 
the behavior of the Hall field between these two 
groups. He also showed? that the linear growth 

of resistivity (Kapitza law) is observed in the 
transition region between two regions of quadratic 
growth. 

In previous theories of the galvanomagnetic ef- 
fects, it has been usual to start with some specific 
assumption about the form of the electron energy 
spectrum and of the metal and about the electron- 
lattice interactions. In order to explain an un- 
limited growth of resistivity, it has been usual to 
introduce ‘‘holes’’ ( positively charged current 
carriers ) somewhat artificially as well as elec- 
trons (negatively charged current carriers ), and 
the precise physical meaning of the holes was ob- 
scure. 

In the present work, a theory of galvanomagnetic 
effects is developed which involves no special 
assumptions beyond the use of the Fermi distribu- 
tion for the electrons in the metal. 


1. CONDUCTION ELECTRONS IN A MAGNETIC FIELD 


The current carriers in a metal--the elementary 
excitations usually called metallic electrons or 
conduction electrons--are characterized by quasi- 
momentum p, energy €, charge e and spin ¥%. The 
periodicity of the crystalline lattice leads to a ; 
periodic dependence of the energy € on the quasi- 
momentum p with the period of the reciprocal lat- 
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tice’, ¢=e(p) is a many-valued function, so that 
more exactly we have « =¢, (p), where n denotes 
the number of the energy band ( ‘‘zone’’ ); in what 
follows we shall omit the subscript n. Close to 
points of minimum or maximum energy, the con- 
stant-energy surfaces are clearly closed, and more- 
over, in the immediate neighborhood of the extremal 
points they are ellipsoidal. Any (closed) constant- 
energy surface close to an energy minimum en- 
closes (in momentum space ) a region where the 
energy is smaller than its value on the surface 
(Ve directed out of the region), while any closed 
surface close to an energy maximum encloses a 
region wherethe energy is greater than its value on 
the surface (V « is directed into the region). 

Since «(p) is a periodic function, the surfaces 
described above will be repeated periodically 
throughout the reciprocal lattice. Between these 
surfaces, which are topologically simple, there 
must occur more complex ones--self-intersecting and 
open surfaces. We call open surfaces those which 
pass continuously through the whole reciprocal 


lattice. Thus Fig. 1 shows the energy surfaces in 
two dimensions given by the equation* 


¢= A, coskyay + Az, cos kydy. 


It will be seen that if A, = A,, a single open 


surface exists (Fig. la), but that if A; = Ay, there 


exists a whole family of them (Fig. 16). 

In the real three-dimensional case, a great 
variety of open surfaces may arise, which may be 
simply or niultiply connected (some examples of 
open surfaces are shown in Figs. 2-5). 

The energy levels of a solid, the structure of 
which we have described above, are filled by elec- 


* The corresponding equation in three dimensions 


gives the dependence of energy on momentum according 


to the tight-binding approximation’. 
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a b 
Fic. 1 
trons in a way which is determined ( at absolute each repeated periodically because of the periodi- 
zero ) by the number of electrons per atom and by city of the function e(p). 
the disposition of the zones (i.e., whether or not Consider now the motion of a conduction electron 
they overlap). In what follows, we shall be inter- in a constant and uniform magnetic field H directed 


ested only in the zones which are only partly filled along the z axis(H =H =0;H_=/H). We shall 
(clearly, such zones always exist in a metal’). In z 4 : 


the general case, there will be several such zones, ih ae nat ig ; 
so that the limiting Fermi surface, e(p) = & will neglect quantization of motion in the magnetic 
field. For magnetic fields satisfying pH << ¢ 


use the classical equations of motion, i.e., we 


in general consist of several separate surfaces, 


Figs? 
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Fig.5 


(which is perfectly well satisfied for al] attain- 
able fields), this is clearly permissible if we are 
not interested in the small quantum oscillations 
superposed on the monotonic rise of resistivity and 


Hall field with magnetic field*. 

When moving in a magnetic field H, the conduc- 
tion electrons conserve their energy ¢ and p,, the 
component of the momentum p along the z axis. Thus 
the trajectory of the electrons in momentum space is 
given by the curve 


p= const. (1) 


The character of the motion along the trajectory in 
momentum space depends essentially on whether 
the curve (1) is closed, i.e., breaks up into a 
number of closed curves each lying within a single 
cell of the reciprocal lattice**, or open, i.e., run- 


ning continuously through the whole reciprocal lat- 
tice. 


For closed energy surfaces, every trajectory in a 
magnetic field is a closed curve. For open energy 
surfaces, both open and closed trajectories may oc- 
cur. [Suppose, for instance, that the constant- 
energy surface is an ‘‘undulating cylinder’ (Fig. 
2a); then if the magnetic field is perpendicular to 
the axis of the cylinder, the trajectory is open, but 
for all other field directions it is closed.] In in- 
vestigating the properties of conduction electrons 
in a magnetic field, it is convenient to classify 
open surfaces as follows: 

1) Surfaces which contain open orbits only for 
unique directions of the magnetic field (or for 
none at all); 

2) Those for which there is a one-dimensional 
infinity (two-dimensional angle) of directions of 
magnetic field leading to open trajectories; 

3) Those for which there is a two-dimensional 
infinity (solid angle ) of directions of magnetic 
field leading to open trajectories. 

The simplest example of the first class of surface 
is that shown in Fig. 2b; of the second class, the 


~* More exactly, in order for the classical equations of 
motion, and in particular, the concept of a trajectory in 
phase space, to be valid, two conditions must be satis- 
fied: 

A=h/ Pp <r=cp, jel, a<r; 
where a is the lattice constant. It is easy to see that 
the first condition is identical with that given above 
(assuming €) = Pad 2m) and the secon couduion is 


then evidently satisfied, since ®/ Po ip , where n 
is the density of electrons, of the order of, or less than, 
one electron per atom (i.e., 7/p) > @.), 

** Note that if the (x, y) plane does not coincide with 
one of the crystallographic planes, these closed curves 


will not all be identical. 
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“‘undulating cylinder’ (Fig. 2a; the two-dimensional 
angle is here 27); of the third class, the “‘undulat- 
ing plane’ (Fig. 3; the solid angle is here 47, ex- 
cluding only the direction perpendicular to the 
‘‘plane’’). A variety of multiply-connected surfaces 
can occur, all of which can be classified in this 
way. It should be noted that for surfaces of more 
complicated topology (as illustrated in Figs. 4 and 
5) open trajectories are only encountered extremely 
rarely. 

In the present work we shall examine in more 
detail the properties of conduction electrons in a 
magnetic field in those cases where the basic role 
(see below) is played by closed trajectories. The 
investigation of other cases involving more compli- 
cated topologies of the energy surfaces will be the 
subject of a separate communication. 

The position of an electron on the curve (1) is 
determined by the time of rotation ¢, reckoned from 
some (arbitrary ) point on the trajectory. From the 
equations of motion 


dp/dt =(e/c)[vH]; v= Vpe (2) 


we obtain, noting that v, (with components v, and 
v,) is normal to curve (1), 


di/dt =—(eH/c)o,; 1=Voi tor 


Here di is the element arc of the curve (1), taken 
in the direction of motion along the trajectory in 
momentum space. Integrating the above equation, 
we obtain 

t= —(c/eH)\dl/v,. (3) 


If the curve (1) is closed, then the period of rotation 
around the curve is 


dl 
jae ae b = 
eH Uy 


Here S = S(«,p,) is the area of the plane P, 


eo oS 
eH Os 


(4) 


= constant intersected by the surface e( p) = con- 


stant. The last equation is easily obtained, noticing 
ing that 


S=\\dpxdpy =\de O dt jo. 


It is natural to call the quantity m* = (1/27) 
x OS/de the effective mass of the electron in a mag- 
metic field. For free electrons, 
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e=p?/2m, 


so that 0S/de = 27m): We note that m* = m* («, 

p,) is a function of ¢ and p ,--quantities which are 
conserved in a magnetic field. The usual definition 
of the effective mass tensor-- 


(1/m)in = Oe /Opi Opn 


is inconvenient in a magnetic field, since onthis 
definition the mass varies around the trajectory. The 
connection between period and effective mass, 

T = — 2ncm* /eH (5). 
is the same as for free electrons. 

The sign of the effective mass m* (6, p,) is de- 
termined by whether the energy inside the surface 
e(p) =e is greater or less thane. In the first case 
m* is positive for all values of p,> in the second 
case, negative. 

If the curve (1) is self-intersecting, it is not 
possible to establish such a simple criterion for the 
sign of the effective mass. 

It should be emphasized that for open trajectories 


the concept of effective mass, naturally connected 
with the period of rotation around the orbit, cannot 
be introduced. 


2. KINETIC EQUATION FOR CONDUCTION ELECTRON 
IN A MAGNETIC FIELD 


So far, we have investigated the motion of a 
single conduction electron in a magnetic field. We 
now consider the electron gas in a metal in con- 
stant and uniform electric and magnetic fields. To 
describe the states of the electrons it is now 
natural to use as variables e, Ps and the dimension- 
less quantity 


c=t/T)=(1/2nm)\ dl/o,, 


specifying the position of the electron along the 
trajectory in momentum space (cf. Eq. (3) ]. Here 


T) = — 2nem,/-eH, , (5a) 


where mg is a characteristic mass introduced only 
for convenience; since in the final formulas m 


disappears, we need not specify it more precisely. 
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The kinetic equation for the distribution func- 
tion f= f(¢, p,, T) in the variables chosen has 
the form: 


or? Of : i of 
Bet Gp Pet ore + (Sr) =0. 


cr 


(6) 


We consider the stationary case; the values of 7, 


P, and ¢ are obtained from the equations of motion 


dp/dt = (e/c)[vH] + eE, (7) 


where EF is the electric field strength. (Of/ot) oy 


= Wi f} is the collision integral, the form of 
which will not concern us except in Sec. 6; ¢, is 
a characteristic relaxation time. Using Eqs. (2) 


and (7), we find 


Les apn (8) 
iy (! BH vsEI.). 

In what follows we shall, as is customary, assume 
that the energy acquired by an electron between col- 
lisions is not only very small compared with the 
Fermi energy ¢, but that it is also small compared 
with k@(@ = temperature of the electron gas). This 
permits linearization of the kinetic equation with 
respect to the ekectric field E. Thus we suppose 
that 


= fom [eles Re IY, (9) 


| 
ho —ety,E;, 
where i is the equilibrium Fermi function. For wy, 
we easily get a linear equation, on neglecting terms 
quadratic in the electric field, 


OY, /Ot + toW {0,3 == tole (2) 2,- (10) 


Here y, = H/H, where H, is the magnetic field 


for which the period of the Larmor precession 7’) 
is equal to the relaxation time t, [ cf. (5a)]. The 
role of boundary condition for Eq. (10) is played 
for closed orbits by the periodicity condition (with 
period LT) on the function v;, and for open 
trajectories by the requirement that y, shall remain 
finite. 

Averaging Eq. (10) over 7, we obtain 


WH} =f ©% ay 
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The bar denotes an average with respect to the 
> tine?! 73 7 


mae 
l = oa \ udt.. 
0 


In the case of open curves the average must be 
taken in the limit as T > 0. 
For the closed curves (1) 


0, =0, (=X, y). (12) 


Indeed, the dependence of v on T in the linearized 
equation is given by the equations of motion (2): 
{ Op, 1 


é 5 vy, = = 
2nm, OT” y 2rily 


0 Py 
OT 


Oi (13) 
The averaging of the derivatives with respect to T 
for closed trajectories leads naturally to the result 
(12). The mean value of the z-component of 
velocity v, is always different from zero, because 
in the direction of the magnetic field the motion is 
unbounded. 

As remarked above, a detailed study of the vari- 
ous types of open trajectory will be published 
separately. To show that a change in the topology 
of the energy surfaces leads to new results, we 
consider briefly here the simplest case*, in which 
the curves (1) are sections of the ‘‘undulating 
cylinder’’ by the planes p, = constant. Suppose 
the magnetic field to be perpendicular to the cylin- 
der axis. Choosing the x direction to be along the 
cylinder axis, we find, on averaging (13), 
U2 0. 


(14) 


V,=0; vy# 0; 


In the case of arbitrary open curves, V, + 0. 


3. SOLUTIONS OF THE KINETIC EQUATIONS. 
TRONG MAGNETIC FIELD 


In what follows we shall be interested in mag- 
netic fields large compared with H ), 1.e., yy << 1. 
We look for a solution.of Eq. (10), satisfying condi- 
tion (11), in the form of a power series in yp: 


v= Sty 


k=0 


(15) 


* The major problem in treating surfaces of the second 
and third type (cf. Sec. 1) is to determine the variation 
of physically interesting quantities with field direction. 
In the present communication this problem is not solved. 
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Substituting (15) in (10), we obtain a set of equa- 
tions for the functions yw; 


ay ay) 
an 0; SEL WH} =H) 0, 
(Rk) 
ae ve-v} = 0; (k= 2, 3,...). (16) 
real ey: 
y= cP— oP, oP =0; (17) 


= \ {W (Ci) — fo (2) 0;} de; 


0 
of) — (7 (0%) ds (eT 
0 


Here the Cc, (*) are functions only of ¢ and Pi found 
from kiq. (11): 
0 (Ci) = fo (2) v1; (18) 


Cy (p= (beat 2 erry, 
Taft olay ig 
WV = 2 \ \ W (ce, Part &s P,, t)drde’ 
0 0 


The expressions (17) and (18) grave us in princi- 
ple to calculate the functions yi* . For explicit 
calculations, it is necessary to noite form of 
the operator W. However, many important resulis 
(on the variation of conductivity, Hall field, etc. 
with H in strong magnetic fields) can be obtained 
without explicit calculation. We shall see that it 
is possible to deduce the asymptotic behavior of 
the experimentally measurable quantities simply 
from a knowledge of the topology of the constant- 
energy surfaces inthe neighborhood of the limiting 
Fermi energy C 

Two cases may be distinguished (noting that 
because of the factor fj («) on the right-hand side 
of Eq. (10), only energies close to the Fermi energy 
are important | : 

1) In the interval Se ~ k@ where the Fermi func- 
tion is changing, there are no open trajectories for 
the field direction considered; 

2) In the interval Se ~ 6 where the Fermi func- 
tion is changing, open trajectories exist (in particu- 
lar, the trajectories on the Fermi surface itself are 


open)*. 
In the first case, we may use the fact that in the 
whole of the relevant energy interval, v= 0( wr 


=x, y). We then have Cc) - 0** so that [ cf (17) 
and (13) ]: 
ee — Py le / 25m, AG ) ey ‘ote Wee o} 


Palo 2 http ely, stall ig aime 
"co 4 Gee; oe 


The important result emerges that yy, and wy have 
different asymptotic behaviors in high fields, i.e., 
for y, tending to zero. 

In the second case (where open trajectories ex- 
ist in the interval de ~ k@) zero-order terms appear 
in the expansion for all yw : 

b= CO + HP Es (20 
For the particular case of a magnetic field perpen- 
dicular to the axis of the ‘‘undulating cylinder’, 


we obtain from (14) and (18): 


oe ae ies (— Dyfi, / 2H, + Co) sei yap) -- aes (21) 
t ss teow (I) 
on 2a Cy an Go are 


4. THE CONDUCTIVITY TENSOR 


To construct the conductivity tensor we use the 

expression for the current density: 

: ae . 

— (6), ea (dp). (22) 

Here the integral should be understood in the follow- 
ing sense: 


\---(4p) = him 


Gs oc 


1 

@ \ --(4), (22% 
(GV) 

where G is the number of cells inthe reciprocal 
lattice and V 


cal lattice. 


‘ the volume of one cell of the recipro- 
In the case where only closed trajectories are 
present, the range of integration in (22) must be 


* Various cases can then be distinguished, as was 
discussed above. 


** The first of Eqs. (18) has in this case only the 
trivial solution C ‘ (0)=0, This may be easily deduced 
from the fact that cothermies all the remaining equations 


for the ep would have no solution. 
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chosen so that each orbit lies wholly within it. In 
particular, if these trajectories belong only to 
closed surfaces (more exactly, if only such trajec- 
tories are of importance ), the integration over all 
p-space can be reduced to a sum of integrations 
over separate cells of the reciprocal lattice (sunmed 
over the different zones), where in each integral 
(i.e., in each zone) the cell must be chosen so that 
the whole closed surface lies within it. 

Substituting for f in terms of the functions Ww, 
and comparing the expression obtained with Chmn’s 
law j,=0,,E,, we obtain 


Sin = — 2e7th™8 \ vin (dp). (23) 


We note that a, cH) =o, 


principle of symmetry of kinetic coefficients (Ref. 
7, Sec. 118). These relations are easily obtained 
by making direct use of the kinetic equations for 


;(-H) in virtue of the 


the function f and the Hermitian property of the 
collision operator. 

Substituting the value of y, from (19) into (23), 
we obtain in the first case (no open trajectories in 
the interval where the Fermi function is changing ) 
a conductivity tensor of the form: 


72 vv ero! 

ifcee (07x xy lo “xz (24) 
Gik (H) = Tot yx G2yy Tot yz 

\oAzx Yoazy Azz 


The expansion of the matrix elements a,, in powers 
of y, in general begins with the zero order term. It 
etoula be noted that in special cases some terms 
may be zero from symmetry requirements (for in- 

= 0 in the isotropic 


— TDF = 2 


stance, ae oe ie 


=a 
zy 
case )*. 

All the matrix elements a. 
a and consequently depend on the collision in- 
tegral (cf. below, Sec. 5). An exception is 

aw (=- =a): the zero-order term inthe expan- 


are functionals of 


sion of a, in powers of sane Indeed, from (23) and 
(19), a 
( 2e7t Die 3 
Oy =a 3 : \ Ux Qriny aie Cy i (2 ) (d p) 
changingthe variables €, p, and 7, and noting that 


the Jacobian of the transformation is 


* The first terms in the expansion ofa, . ando in 


powers of yy vanish because of the particular form of 


yp? and yD in (19) [ cf. below, calculation of ay ou 


47 
oe Ds Py DO (s, 6 p,) = 2rMg, 
that v= —( 1/2am,)dp,/d7, and that C'? is 
y 
independent of 7[ cf. (17) ], we obtain 
(0) e*t 
1 es 7 mts ee a dp, d-d= 
Ie Roe 
<7 TIM mmyhi* i\fo ( We \ dp, Px apy ; 


The inner integral Pd, =+5(~ De: where 


S(¢, p,) is the area of the plane p, = constant 


intersected by the surface ¢( p) =e, and the sign 
is determined by the sense of rotation around the 
orbit, i.e., by the sign of the effective mass m* 

(cf. Sec. 1), Since Cay gt 


totically in large fields: 


_e 2 | Ofo 4. 
hoe 


xy? We have asymp- 


Sry = 


ap. 


Here the first integral is taken over those parts of 
the zone where m* > 0, and the second over those 
parts where m* <0O. 


x [\ Si p,) dp, —§ Sale P, 


If we put —f5(«) = 5(e- ¢), we get 
Sry 
ec 2 


Sars ar \\ Si (3, p,) dp, — \ S2 (6, 2,) dp,} *i(25) 
Thus finally, if the closed trajectories under con- 
sideration are situated on closed surfaces, we ob- 
tain 


Fry = (2ec / Hh®) (V, (6) —Vo(5)). 


Here V ,(€) is the volume enclosed by the surfaces 
e(p) = , within which the energy is less than ¢ 
(i.e., m* >0), and V ¢) the volume enclosed by 
the surfaces «(p) = ¢, within which the energy is 
greater than € (i.e., m* <0). Noting that states 
with energy less than ¢ are occupied by elec- 
trons, we obtain 


Ee) Jal (26) 


Oxy = €C (Ny 


Here n, is the number of states occupied by elec- 
trons with positive effective mass, and No the 
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number of unoccupied states with negative effec- 
tive mass. It is natural to call n, the number of 
‘electrons’, and n, the number of ‘‘holes’’. 

It should be emphasized that it is only possible 
to introduce these concepts if in the energy inter- 
val de there exist only closed, nonintersecting 
energy surfaces. Thus, if in the interval de there 
exist only closed surfaces, the asymptotic value 
of a__ is given by Eq. (26). In this case we note 

xy 


that o . does not depend on the direction of the 
x 


magnetic field. If, however, the closed trajectories 
have arisen as sections of open surfaces, then the 
transition from (25) to (26) cannot be made. In 

this case a, is as before proportional to 1/H, 


but is now strongly dependent on the direction of 
the magnetic field. 
The casen, =n, 
(here, of course, we are still considering closed 
energy surfaces). In this case ai?) =.0, t.€.,, 2en- 


needs special consideration 


erally speaking*, 


ve — 2 : (27 
04) ~ ti = H2/ H?. ) 


It should be noted thatequality of the numbers of 
electrons and “‘holes’’ is not something except- 
tional; all metals with an even number of electrons 
possess conduction electrons only because the 
energy bands in the metal overlap. It is natural 
that the number of vacant states (number of 
“‘holes’’ ) in the lower zone should be equal to the 
number of oceupied states (number of electrons in 
the upper zone [ cf. Fig. 6). We recall that it is 


m*<Q 


No masses 


Fic: 6. Shading indicates occupation of states at 0= 0. 


* I h . l . . . A 
n the special case of isotropic dispersion and W 


=e bave nes 
x 


3 
sf Yo for n Ts: 


1 


only possible to speak of ‘‘holes”’ and “‘elec- 
trons’? when the empty and occupied states corre- 
spond to closedenergy surfaces. This will al- 
ways be the case if the overlap of energy zones is 
not too great (Fig. 6). Strictly speaking, exact 
compensation (n, = no), leading to the result (27), 


is possible only at the absolute zero. Thermal ex- 
citation will cause the removal of electrons from 
deeper states in the zone, not equivalent to closed 


surfaces and therefore not contributing to the 
‘number of holes’’. Thus, although the number 


of electrons in the upper zone is equal to the 
number of vacant states in the lower zone, the 


— 0 is violated in this case. Evi- 


equation n, — ns 


1 
dently, 


Ny — Ny ~ ne-Ae/ho (28) 


where n is the number of electrons in the zone and 
Ae is the energy gap between the Fermi surface 
and the néarest open surface. 

Thus, if there exist no open orbits in the interval 
de, all Op (except Ong) ten to zero as // tends to 


infinity (H >> Hy); but the nature of the asymptotic 
approach to zero is different for the different co- 
efficients [ cf. Eq. (24) ]. 

This statement is valid only at the absolute zero 
of temperature (0 = 0). At finite temperatures, 
i.e., if fave) + —~8(e-—¢), we cannot in general 


put v= 0 everywhere, since among all trajectories 
there may be open ones. This leads to the appear- 
ance of zero-order terms in the expansion of all 


the o, with respect to y). However, owing tothe 


k 
factor fj (¢), the zero-order terms oy are of order 


exp (— Ae /k6), where Ac, is a quantity of the 


order of the energy gap from the Fermi surface to 
the nearest surface containing open trajectories. 
The appearance of zero-order terms in the expan- 
sion of y, leads tothe appearance of zero-order 
terms in the expansion with respect to Yo of all the 
matrix elements Op: However, in all the elements 


Oe (except o.,) these terms are neglibly small 
up to fields of order H ) exp(Ae,/k@), which are at 


present unattainable*. 


* Moreover, the quantization of orbits in a magnetic 
field® must be taken into account at a much earlier 


stage. 
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In the second case (when open Beleciorics do 
exist in the interval de ~ £@) all yi? are different 
from zero (20). In consequence of this, all the 
matrix elements or, tend to saturation for H >> H 


Moreover, all the o, now depend on temperature 


even at low temperatures, where normally (in the 
absence of a magnetic field) the kinetic coeffi- 
cients depend only feebly on temperature. 

When the energy surfaces are of the second or 
third type (cf. Sec. 1), an extremely strong aniso- 
tropy should be observed in the dependence of a, , 


on magnetic field. In fact, as the direction of the 
magnetic field approaches that in which there exist 
open normal sections, the size of the tensor com- 
ponents a, changes considerably [ because of the 


change in character of the solutions of (16)]. For 


‘‘undulating 


instance, in the simplest case of the 
cylinder’’ (see above ), as long as the magnetic 
field H is not perpendicular to the cylinder axis, 


the asymptotic dependence of o,, on magnetic 


field is given by (24), while if H is perpendicular 
to the axis, 


i 


2 , 
To aes To es y Yo ae, 
an a= s , / , 
Sig (i) — Goy< Byy ay, 
© , , , 929 
10 2x ay a, (29) 


[ cf. (23) and (21)]. As before, expansion of the 


matrix elements a;, in powers of y, begins with 


the zero-order term. 
Thus, an experimental determination of the 
asymptotic behavior of a, in strong magnetic 


fields for various orientations in principle makes 
possible a clarification of the topology of the 
constant-energy surfaces in the region of the 
Fermi energy. 

It should be noted that the usual experimental 
arrangement, in which the electric field is measured 
for only one current direction, does not permit a 
determination of the dependence of all o;, on mag- 
netic field. It is essential to compare the results 
of measurements for three noncoplanar directions 
of current flow. There ate at present no experi- 
mental results which can be used for this purpose. 


5. FOURIER METHOD 


In cases where only electrons moving along 
closed trajectories are important (no open tra- 


jectories in the interval de ~ £0), the Fourier 
method can be used to analyze the solution of Eq. 
(10). For convenience, the position of the electron 
in its orbit in momentum space will be specified 

in this section by the phase 4, varying from0 to 


Qi: 
ome mel 1G dl 
Uy v, 


[ cf. (3) and (4)]. 
Expressing Eq. (10) in terms of the new variable 
~, we obtain 


(Op / Oz) + 7W fh} = fo (2) v. 


Here y = ( T/2nT .)y =T/ 2rt, and is a function 


of « and P, in distinction to the constant Yo intro- 


(30) 


(31) 


duced in Sec. 2. We now expand v and w in Fourier 
series: 


V(2, Po) = Dd v, (2, pe (32) 
k=—oo 
ep = 2 oe per 
h+=—oo 
Expressed in Fourier components, Eq. (31) be- 
comes: 
RY, + Wi Pee = of, (¢) V,5 (33) 


A 
here tae -is the Fourier component of the operator 
A 


W and is an operator with respect to the variables 
€ and P,3 summation over doubly occurring indices 
is understood. Note that the equations of motion 
(2) (connecting the quantities p and v entering 
into the linearized equations), when applied to the 
Fourier components of p and v assume the form 


ikp,=m'[v,n); H=Hn. (34) 
The vector w& can be represented as follows: 
b= [ng] + on; g=[dn]; %=($n). (35) 
From (33), (34) and (35) we have 
ik Pp + We, aa ikif (s) P;, i Me (36) 


ik, av sale a 1 (¢) Uj 
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In expanding $, and 0, in powers of y it is con- 


venient first to elinmate Py and 4). Substituting 
k =0 in Eqs. (36),we have 
iS Woo W on Pres BP) 
0, = Woo" {Ff (2) 23 — Wy 8, (#0) 
from which 
@, — Linn Py ah (€) p, m 
oe at ; h (kb, bv 40) (38) 
By Lae = ih: 
Here 
Baw = (Wan — WroWeo' Wow), 
Ua 5 {fo(e ) Un — W na 60 0 , (s )vo}2 <9) 


The solution of Eq. (38) may be expressed as 
follows: 


Pp a cr Pre 
/ A re et 
a a + (LaniS oe lage 


Om 


8, =e (1 ats “Lay ne 1hp aa “Lene(lne + Aaa (40) 
From this and (37) it can be seen that the expan- 
sion of ¢, and @, in powers of y begins with the 
first power (~ 1/H). An exception is Oo for which 
the expansion begins with the term of zero order 
a — Wo nhs =) — W onthe: +, o- (41) 

The same results might, of course, have been ob- 
tained by the method of successive approximations, 
starting from Eqs. (16) and (18). 

We note that the linear term in the expression for 
¢p, does not depend on the ‘collision integral [ cf. 


Eq. (21)]. Using Eqs. (22), (9) and (35), we find 
j= — 55 | (@IEn}) + 9 (nE)} v (dp) 

from which 

eg = — “Gx! |, ing] (dp) (42) 


(He, (HD). 


Substituting the Fourier expansions of and 0 


(Comp any nn We recall that or, 


in these formulas, we obtain 


26%) \ 
eS = oa 2) (0: — pF [n¢,]° (dp); 


loo) 
ZO Loe) 
iz . ye 4 k 


k=—oo 


0, (dp), 


Os Oct a 
or, since v, y and @ are real quantities and v5 = 0, 


4e°t NI ; 
0B) == —aR ye , Lay, 1° (dp); 


202 ; 1 ; 
3,,=— = i vil, (dp) + 2Re 2\ vi 6, (dp) | . 
Using the expressions (40 and (31), and the equa- 
tions of motion (34), we obtain the components of 
the conductivity matrix in powers of the reciprocal 
of the magnetic field: 


x \ Pl Saw LL" Le ) PEt. (e )(d P) a eae 


loo) 
4c? \ 


Syy— —~ ABA 
R=] 


x | 08 (Lr Lao keo Low) Piaf 2) (dp) +. 3 


Sry= (ny —Ng)ec/H +. 


2e7 ¢ a —1 
Pa al fF, (2) 0 2(dp)+.. 


4ec 
a a h3H Re s 


R=. 


—£,,£,, ik (2) ust (d P) + I a 


4ec 3; 
“yaaa ite Oe y 


k=1 


Rae le 


x |p th, (2) 7-2) Fl) 08 dp) +. 


a 
(Os t,W is the collision integral). From these 
expressions it is simple to derive expressions for 
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the matrix elements a,,, but the explicit form of 


these will not be required in what follows. 

The solutions of Eqs. (33) are particularly 
simple in cases where a time of relaxation exists, 
i.e., when* 


L=! i Ue (Zi == (1 / to) Snr’) 


ve ge ++ ik). (43) 
We then have 
fos) ike 
Vpe 
> =rfo (2) )2 ikt+y> = 
ee ei ay eh (45) 
© (H) ae . ‘fe (s) P), 
hs Oss. Fy ee ou 
or 
3°" (H) = = = {loro o¥ fy(e) (dp) + 2Re 


we (ur) 
Sa ‘fale 


h=1 


\(d pt. (46) 


In the case of a quadratic isotropic dispersion 
law, only one term remains in the sum, and we 
easily obtain the well-known formulas: 


Syy = 9/ (1 + Oot); (47) 


Szz = 9; 


Qa) = ae GQoty / (1 = OSt6); 


(where o is the conductivity of the metal in the 
absence of a magnetic field, and Q, = 27/T', is 
the frequency of Larmor precession). It should be 
noted that such a dependence of the conductivity 
tensor on the magnetic field is obtained in all 
cases where an isotropic dispersion lawis under 
consideration (independent of the detailed form of 
the collision integral). This is connected with 
the fact that in all such cases the action of the 
collision operator on a function of the form 

x, («)v, reduces to a multiplication of the latter by 


a quantity depending on energy but not on angle*. 
This leads to the identical vanishing of all w, 
except y, and w,,. This can be seen from Eq. 


(41), if we notice that in the isotropic case V 
=0(k = +2, +3,...), and we obtain Eq. (47). 


cs t) may here depend on € and P, 


OO Vice 0 


6. ARBITRARY MAGNETIC FIELD (y ~ 1) 


The Fourier method is applicable only if the 
trajectories in momentum space are closed. If they 
are open, the expressions obtained in Sec. 5 have 
no meaning. 

In the present section compact formulas are ob- 
tained for the conductivity in a magnetic field for 
those cases where the collision integral may be 
written in the form (f — aa C16.) = 10a in 


such a case Eq. (10) becomes a differential equa- 
tion instead of an integro-differential equation*: 


Ov; / Oe + ot = tofo(e) 0 


The solution of this equation, satisfying (11), has 
the form 
¥1 =o | em 8: (@—e) defo (6) 
0 
Substituting this expression for wy, into formula 
(23) for o,,, changing the order of integration and 
Peeremnce we obtain 


- 2e*ty( 
Bidar. \ Pin 


(48) 


p.)f, (2) ( (49) 


in (2s Pp) = Yo \ 0-780; (2), (BF EIME. 
0 


These expressions are convenient for investigating 
explicit laws of dispersion. 


7. RESISTIVITY AND HALL FIELD 


For the investigation of galvanomagnetic phen- 
omena, it is usual to let a current of a given mag- 
nitude flow through the crystal in a given direction, 
and to measure the components of electric field in 
three noncoplanar directions (as far as possible, 
three orthogonal directions; cf, for example, Ref. 
3). What is then studied is the resistivity tensor 
in a magnetic field. 


p;, (H) = 97," (H). 


Using the expressions obtained earlier for the 


asymptotic behavior of o,,(H), it is easy to find 


the asymptotic behavior in high magnetic fields 
(gl SS Hs) of the resistivity tensor oa (H). 


* We revert now to the notation of Secs. 1-4. 


U oF | 
LIBRARY 
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1) When only closed trajectories are important. 
a) According to (24), 


The expansion of the matrix elements b,, in powers 
of y, begins with the zero-order terms, which are 
determined by the zero-order terms of the matrix 


Dre gle O22 follows: 
° (50 a. as follows: 
pi (H) =| 2 ovr yy Oye ae 
bzx bey Ozz | 
2 oS ee ee 
Dxx = (Ayy Azz + yz) | Qzz ary; Deh corm Uy? 2 
Ow = — life = Azy | Azz Qxyy, byy = (Qex Qzz =f Az) | Azz xy); 
by; = — bzy = Azx | Azz Ayx} bzz = 1/Gzz. 


Thus if in the interval de there are only closed 
surfaces, then p’ Ap -2 
Pies: ples (n, -7,) , and 


x 


pry/H =1/(m—na)ect+... (51) 
If, however, the closed trajectories are formed by 
sections of open surfaces (cf. Sec. 4), then 


(52) 
Ory /H = hh? /2 {J S, (6, Pz) dpz — 5 Sy (©, Pz) dpz} 


and depends markedly on the direction of the mag- 
netic fields. 

Generally in experimental work the current j is 
perpendicular to the magnetic field. Let us take 
the x axis parallel as to the direction of current. 
Then the resistivity p (the ratio of electric field 
strength parallel to the current to the current 
density) isp,,*, and Py y/Hl coincides with the 


Hall ‘‘constant’’ R = Ef Hj. Thus, in this case 
the resistivity tends to a saturation value, and p 
depends markedly onthe direction of magnetic 
field independently of whether the closed trajec- 
tories arise as sections of closed surfaces or not. 

The asymptotic behavior of the Hall ‘‘constant’’ 
is different in these two cases. If the surfaces 
are closed, then from (51) R is a constant determin— 
ing the difference between electrons and “‘holes’’. 
If, however, the surfaces are open (though the 
sections are closed), then R is a complicated 
function of angle [ cf. (52)]. Thus a study of the 
Hall field in large magnetic fields is particularly 
important in studying the topology of the Fermi 
surface. 

We should note the following fact: Generally, by 


* For arbit urrent directi = 
Co) itrary current direction (n,), P=P,,PN,- 


Hall field we mean the electric field, prependicular 
to the current, arising when a current passes 
through the metal in a magnetic field and changing 
sign when the magnetic field changes sign, i.e., 
with our choice of coordinates, 


Eee [£, (H)— Ey (i). (53) 


On such a definition, the even powers of H naturally, 
vanish. We should note that inthe case considered 
the leading term inthe asymptotic behavior of 
ES (H) contains the first (odd) power of magnetic 
field. 

b)n, =n,. In this case, as has been pointed 


out, 0, ~ (ie Kull Consequently, 


2,~H/ Hy 


va 


2 2: Ly 
Cement / Hs; ( 


0,, ~ const 


(%, B= x, y) 
From this we see that in this case the resistivity 
grows quadratically with magnetic field. The sig- 
nificant difference of this case, moreover, lies in 
the presence of quadratic terms (in magnetic field) 
in the expression for E(B), i.e., 


Ey (H) = (AH? + BH) j, 


where A and B are constants depending on the 
explicit form of the collision integral and the dis- 
persion law. Because of this the Hall field (53) 
in the present case does not characterize the lead- 
ing term in the asymptotic behavior of the electric 
field perpendicular to the current. Note that A is 
connected with the anisotropy of the crystal. In 
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the isotropic case A =0*, 

This discussion shows that the experimentally 
well-known existence of a group of metals (Be, Zn, 
Cd, Mg, Ga, Sn, Pb, C, Bi, Sb, As, Mo, W, Ba) 
with anomalous group of resistance follows from 
the most general considerations of the modern 
theory of metals. Previously these results have 
been obtained only under extremely special assump- 
tions®, : 

The linear growth of resistivity with magnetic 
field observed by Kapitza” in many metals corre- 
sponds to a transition from a quadratic dependence 
in small fields to a quadratic dependence with a 
different coefficient in high fields. The same con- 
clusion was reached by Borovik®, fromanalysis of 
the data in the literature and also from experimental 
obsérvation of boththe quadratic dependencies and 
the transition region between them ,which approxi- 
mates well to a linear dependence. 

The influence of temperature, i.e., the effect of 
the exponentially small terms (of order exp (—Ac/ 
k@)--cf. (28)] leads to a satuartion of all com- 
ponents of the resistivity tensor. However, this 
saturation is reached only in extremely high fields, 
or order H ~ H) exp (Ac/k@). 

2) When open orbits do exist in the range de 
~ ké. 

Generally speaking, in this case all] the matrix 
elements p ,, tend to stauration, which naturally 


* Note that in the presence of two overlapping zones 
with quadratically anisotropic dispersion laws (n, =Ny 
=n) and with proportional mobility tensors Cy 
ee) 
me sous 


2 jn2 
Ras a + 6, sin ipa) 


0109 
pofHell_ 1 1-2 
fee Mansetoe p 
y 27 
5 +a H? 
‘si sin @ COS « (62 — 04) 14-5). 
C192 Ay | 


Here He = e/ev/ul}) ut) ; O12 are the principal values 

of the conductivity tensor 0, = ne*u _ ( 1+). The mag- 
netic field is chosen to lie along one of the principal 
axes (the third ), the current is perpendicular to the mag- 
netic field and u is the angle between the axis / and 


the current, 


leads to saturation of the resistivity. The Hall 
“‘constant’’, however, decreases quadratically with 
increasing magnetic field. However, the symmetry 
of the open surface may substantially change these 
results. For instance, in the special case of the 
“undulating cylinder’’ ( with magnetic field per- 
pendicular to cylinder axis), according to (29) the 
matrix p,, has the form 


a7—2h,’ pW eee ye 

fo Vxx To Oy ( Pe 
inci ily ay , , 

Pin (H) pal To Ove VY Oz 
—1p/ , , 

To by Zy by 


The elements of the matrix be are determined by 
It should be re- 


membered that in the present case the x axis is 


the values of the elements ar 


along the axis of the cylinder. 

Thus, if the current flows in the (yz) plane, the 
resistivity tends to saturation; in other cases it 
grows quadratically. 

The Hall field always grows linearly with mag- 
netic field. The Hall ‘‘constant’’ has no simple 
physical meaning. 

At the present time, apparently, there are still 
no experimental data on the asymptotic behavior of 
the tensor p,, in high fields which can be used to 


draw conclusions about the topology of the Fermi 
surface. 
In conclusion, the authors would like to thank 


L. D. Landau and E. S. Borovik for helpful dis- 
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Structure of the Intermediate State of Superconductors 
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The structure of the intermediate state was studied by application of fine ferromagnetic 
powder to the surface of a tin specimen. Two-dimensional pictures of structures of various 
types were obtained for various contents of normal phase in the specimen. The influence 
of a number of other factors (method of transition, temperaure, specimen size and others ) on 


the character of the picture was also studied. 


INTRODUCTION 


A S is well known, a superconductor in the 
intermediate state is broken up into regions 
or ‘‘domains ”’ of superconducting and normal 
phases ( s— and n— phases ). The magnetic field 
is concentrated almost entirely in the n— domains. 
Thus the field outside the specimen and very close 
to its surface is also nonuniform. The dimen- 
sions of the s— and n—domains in thermodynamic 
equilibrium must be determined by two basic 
factors which act in opposing directions. The 
field energy close to the specimen will be reduced 
by reduction of thefield inhomogeniety and from 
this point of view it is energetically favorable to 
increase the degree of disperseness of the state. 
On the other hand the presence of a positive 
surface tension at the phase boundaries tends 
to increase the dimensions of the domains. 

Agreement between experimental and theoretical 
investigation of the geometry of the intermediate 
state would therefore permit the development of 
amethod of finding the magnitude of the surface 
tension from observation of the equilibrium dimen- 
sions of the structure. A knowledge of this 
quantity and its dependence on various factors 
(temperature, crystallographic orientation of the 
phase boundary and others Jwould be very useful 
for the development of the theory of supercon- 
ductivity. 

This problem however is a long way from being 


solved. Mathematical difficulties prevent consi- 
deration in a general form of the problem of the 
shape of the phase boundaries. Landau succeeded, 
however, in giving exact calculaion of the shapes 
and sizes of the domains under certain simplifying 
conditions. In one calculation nealy plane 

parellel s— and n— layers were considered, 


while inanother 2 a model was considered in which 
the n— layers repeacedly branched as they 
approached the external surface so that the 
structure was homogeneous or ‘‘mixed ”’ at the 
surface. Subsequent work by other authors oes 
is based on the methods used by Landau. In 
particular it was shown‘ that a model with layers 
branching a limited number of times and coming 
out to the surface without formation of the mixed 
phase (i.e., in a certain sense a combination of 
the models of Refs. 1 and 2 ) is energetically 
more favorable than the original methods. In one 
way or another all the formulas proposed for 
connecting the surface tension with the dimensions 
of the domains, have been obtained only under 
various simplifying assumptions, still requiring 
experimental verification, about the shapes of the 
domains. 

The experiments of Shal’nikov, Meshkovskii and 
Tumanov ’-?! on the pattern of the field distri- 
bution in a gap between two tin hemispheres by the 
methods of a bismuth micro-probe and ferromagnetic 
powder have shown that the real structures of the 
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intermediate state have not a regular or simple 
form and are not reproducible for various modes of 
transition to the given point in the intermediade 
state (for various procedures of changing the 
field and temperature ). The s— ad n— domains 
in these experiments have a rage of sizes down to 
very small sizes. From other considerations Mesh- 
kovskii deduced the existence of a “‘fine structure” 
withinthe n— layers observed by him (which were of 
width of order 1 mm and predominantly radial in 
direction ), i.e., the existence of alarge number 
of fine unresolved inclusions of s— phase. The 
size of the domains was not determined in these 
experiments both because of the irregularity of the 
patterns and because of insufficient resolving 
power of the methods used. It should be noted 
that in spite of the irregularity of the general 
patern of distribution ofthe domains, an averaged 
characteristic of the state such as the relative 
content of normal phase in the specimen 
(denoted in what follows by 7 ) is practically 
a single valued function of H and T (at least 
for pure macroscopic spherical specimens of ‘‘soft’’ 
superconductors, such as tin ). It was also shown?? 
that the average domain size in a monocrystalline 
tin specimen is well reproducible for different 
modes of transition to the given point in the 
intermediate state. 

In the present work, we investigated the topog- 
raphy of the s— and n— domains a the surface 
of tin specimens for various values of 7 . Our 
main aim was to sort out which qualitative features 
of the real structure were associated with an 
equilibrium and stable character, having in mind 
apossible comparison of the results with the 
above-mentioned theoretical studies, where only 
the case of thermodynamic equilibrium was 
considered. 


METHOD OF OBSERVATION 


The form of the n— domains was investigated by 
depositing a fine ferromagnetic powder on the 
surface of the specimen. Nickel powder, consisting 
of rounded particles of average size about 1 p 
was deposited by sprinkling on the open surface 
during the actual experiment. In order to do this 
a glass tube B was introduced into the cap of the 
liquid helium Dewar (Fig. 1 ), and connected to it 
was a coarse-pored filter F into which some well 
dried nickel powder was sprinkled. 

The experiment was carried out as follows. The 
specimen A was brought into the desired point of 
the intermediate state by suitable variation of 
field and temperature and then by means of the. 


pump H helium was blown through the filter F ; 
some of the smallest particles of the powder were 
then carried by the current of helium into the 
Dewar and on to the surface of A . Observation 


pump and 
circuit 


Fic. 1. Scheme of apparatus. 


and photography of the patterns produced was 
carried out through the telescope 7 . In order that 
boiling of the helium should not disturb the 
photography, the pressure in the Dewar was 
increased during the time of exposure. After 
exposure, the powder could be removed from the 
surface by means of the brush K, and the experi- 
ment could then be repeated. Before each experi- 
ment the specimen was heated above the transi- 
tion temperature. The powder clung rather firmly 
to the specimen surface and this made it possible 
to photograph patterns evenafter the specimen 
was taken out of the apparatus. 

The resolving power of the method was checked 
by means of a special model prepared from 
alternating layers of copper and lead of various 
thicknesses in the range from 1] to 0.05 mm, and 
put into the apparatus in place of the specimen. 


The pattern obtained at 4.2 ° K ina field of 100 


Oe reproduced the structure of the model very 
well. 

For studying the distribution of domains in the 
gap between two hemispheres we used a method 
of Shal’nikov? ’!!. Nickel powder was introduced 
into the gap before the experiment and during 
the experiment it redistributed itself when the 
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specimen was shaken, being drawn into the regions 
of maximum field. 


RESULTS 


The structure of the intermediate state observed 
in our experiments proved to be very complicated 
and varied, and it is possible here only to de- 
scribe the most clear-cut qualitative characteris- 
tics of these structures. 

Figures 2 to 4 show the patterns obtained on the 
surface of a monocrystalline tin sphere of diameter 
30 mm and of purity 99.998% for 7 = 0.15. It can 


be seen that the n-domains issue fromthe surface 


fen NL es Ed) 
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in the form of narrow wrinkled strips. For still Fic. 4. Part of the surface of a sphere of diameter 
smaller 7, slose ve 0, He are as ate ates 30 mm close to a pole; photographed through the tele- 
aoe oh surface - the peteg Repeat’ ar scope; 7 = 0.15, T= 2.85°K, Transition s > n, T 
regions of similar wrinkled strips. ah sy 


With increase of 7 the wrinkled n-domains cover 
an even larger fraction of the specimen surface and 
their form gradually changes in such a way that 
completely closed little islands of s-phase are 
formed between them (Fig. 5). The type of 
structure for 7 close to 1 is shown in Fig. 6. No 
fine structure in the n-phase surrounding the 
rounded islands of s-phase visible inthe picture is 
observed, and does not apparently exist. An in- 
direct proof of this comes from a rough estimate of 
the relative area occupied by the n-phase inthe 


photograph, and this agrees within an accuracy of 
| Ege l 10% with the value of 7 determined from the dia- 


gram of state. 
FIG. 2. General view of sphere of diameter 30 mm for 


7 = 0.15, T= 2.85°K, Transition n> s. H = const. 


Fc. 5. General view of sphere of diameter 30 mm for 
n = 0.72, T = 2.85°K, Transition s > n, T =const. 


FIG. 3. Part of Fig. 2, greatly enlarged, 
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Fic. 6. Part of the surface of a sphere of diameter 30 
mm Close to a pole, photographed through the tele- 
scope; 7 = 0.8, T = Sane ke Transition n > s, H=const. 


These qualitative characteristics (wrinkling of 
the n-domains for small 7 and ‘‘island-like”’ s- 
domains for 7 approaching 1) were observed what- 


ever the mode of transition to the intermediate state, 


on monocrystalline specimens with electropolished 
or etched surfaces and on polycrystalline speci- 
mens with mechanically polished surfaces. In the 
latter case, however, the domains were somewhat 
more markedly wrinkled for small 7, while for 

~ 1 they were somewhat less rounded than for the 
monocrystalline specimens. 

We also varied the size and shape of the speci- 
mens. We investigated tin spheres of diameter 40, 
30 and 12.6 mm diameter, and tin toruses and 
cylinders of diameters from 10 to 4 mm in trans- 
verse fields. Experiments were also made with a 
lead sphere of 40 mm. The specimen temperature 
was varied from 2.2 to 3.4°K. 

In all these experiments the above-mentioned 
features were observed, and this supports the 
view that these features are characteristic of the 
equilibrium structure of the intermediate state. 

In order to study the distribution of domains in- 
side a superconductor we made experiments in the 
gap between two monocrystalline tin hemispheres 
of diameter 40 mm and of purity 99.9%. Gaps of 
width 0.3 and 0.1 mm gave no new qualitative re- 
sults as compared with the external surface, both 


for large and small 7 (Fig. 7). 


Fic. 7. Pattern in a gap of width 0.3 mm between 
hemispheres of diameter 40 mm. 7 = 0.145, T = 2.36°K, 


Transition n> s, T = const. 


There is every reason for supposing that the 
wrinkled structure of the domains observed at the 
surface for small n is not preserved in the interior 
of the specimen, but that the domains tend to 
thicken, thus reducing the total surface area of the 
boundaries between s- and n-phases and conse- 
quently, also reducing the free energy. Thus the 
n-layer must have the form schematically illus- 
trated in Fig. 8. In this connection a gap of 0.1 
mm for a sphere of diameter 40 mm must be con- 
sidered as insufficiently narrow for properly show- 
ing the character of the distribution within the 
specimen, i.e., the question of the critical gap 
width raised in Refs. 2 and 7 is once again rele- 
vant. In one experiment with a very narrow gap 
(0.05 mm) we did succeed in getting a pattern of 
nonwrinkled , comparatively broad layers (not suf- 
ficiently perfect, however, for photographic repro- 
duction ), and this apparently confirms the hypoth- 
esis proposed. The reason for the occurrence of 
wrinkling of domains at the surface, must presum- 
ably be analogous to the reason for the branching 
of the layers as they approach the surface in the 


model*. In both cases the disperseness of the 
structure grows towards the surface, and the field 
close to the surface becomes more uniform, which 
is favorable because of the accompanying reduction 
of the free energy of the state. 


58 


JX 


Fic. 8. Proposed form of an n-layer for small 7. 


The patterns obtained for various modes of 
transition to the given point of the intermediate 
state have besides the above-mentioned common 
features also certain marked differences. Wehave 
tried the following modes of transition: (a) cooling 
in a constant field (n > s, H = const), (b) increase 
of field at constant temperature (s > 7, T = const); 
and (c) reduction of field at constant temperature (n 
+s, T= const). 

The influence of the mode of transition shows 
itself appreciably only in the general disposition 
and form of the coarser details of the structure 
(regions of fine structure as a whole and large s- 
domains ), which for transition of type (b) were 
disposed in meridional directions over the whole 
surface right up to the ‘‘magnetic poles”’ (see 
Figs. 4 and5). An analogous pattern, i.e., radial 
disposition of the domains, was observed in the 
gap (see Fig. 7). For the cylinders (and toruses ) 
in transverse fields the coarse details of the 
structure were arranged perpendicular to the 
cylinder axis. For transitions of types (a) and (c), 
no such oriented distribution of the domains was 
observed (see, for instance, Figs. 2, 3 and 6). 

It may be supposed that this difference is con- 
nected with the fact that in one case the transition 
starts from the completely superconducting state 
and in the other from the normal state. The general 
picture is apparently determined by the kinetics of 
the transition and the conditions of growth of the 
s- and n-domains. It is possible that the character 
of the patterns is influenced by the orienting ac- 
tion of the currents induced inthe specimen at the 
moment of transition*. The clarification of the in- 
fluences of these factors demands, however, a 
more detailed investigation. 

Over a small part of the surface of the sphere 
close to its “‘magnetic equator’’ (in the lower part 


* We compared the patterns obtained on a torus and on 
the same specimen after transformation into a ‘‘horse- 
shoe’’ after cutting a gap in it. In the second case, 
with other conditions remaining the same, the pattern 
seemed less ordered. 
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of the photographs of the sphere in Figs. 2 and 3) 
the pattern has a character different from that over 
the remaining larger part of the surface. Here the 
n-domains, independently of the mode of transition, 
always have the form of relatively broad unwrinkled 
strips of a meridional direction. Similar observa- 
tions were made on the toruses and cylinders. Ap- 
parently this form of the layers at the equator is 
a peculiarity characteristic of the equilibrium 
state and connected with the smallness of the 
angle between the surface of the specimen and the 
magnetic field at these points. As was shown by 
Dzialoshinskii® for layer-like structures of the 
type of Ref. 1, in the case of a plate at a small 
angle to the field, the planes of the layers must be 
erpendicular to the external surface. For a 
sphere this condition is evidently satisfied by a 
meridional disposition of the layers. The thickness 
of the layers must grow at small angles, since in 
this case the inhomogeneity of the external field, 
connected with the existence of layers must also 
diminish (for plates or cylinders parallel to the 
field, the inhomogeneity evidently disappears al- 
together). Thus in this case the factor leading to 
wrinkling of the layers is weakened. 


CONCLUSION 


From our observations the conclusion can be 
drawn that the real structure of the intermediate 
state is considerably more complicated and varied 
than that of the theoretical models constructed up 
to now. This comes about not only because the 
structures achieved in practice are insufficiently 
completely equilibrium ones, but mainly because 
the equilibrium structures with least free energy 
are really highly complicated and varied in type for 
various forms of specimen and various 7. 

The theoretical calculation of the structure for 
all values of 7 would seem to be a very difficult problem 
as is the problem of quantitative treatment of the experi- 
mental results in the general case. The case of a 
specimen whose surface makes a small angle with 
the field, and the cases 7 > 1 and 7 > 0 are rela- 
tively much simpler and more suitable for quanti- 
tative investigation. 

Undoubtedly other possibilities also exist for 
investigating the intermediate state apart fromthe 
direct observation of the shapes and sizes of the s- 
and n-domains (see, in particular, Refs. 13, 14 and 
15). It should be noted, however, that inthese cases also, 
an exact quantitative interpretation of the results 
requires a knowledge of the geometry of the struc- 
ture of the intermediate state. 
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The 7* spectrum for the reaction pp > npt was studied at bombarding energies of 556 and 
657 mev. By magnetic analysis at an angle of 24° to the proton beam. The ratio of the dif- 


ferential cross section at 45° (measured in the center-of-mass system) for the two energies 


: (da* / dw*) 


proved to be (do* / dw* es? 


556 


= 2,2: 1. For both bombardment energies, ap- 


: ‘ + : , 
proximately 80% of the available energy is spent in the formation of the 7' —meson in a single 


elementary act. A comparison of the measured spectrum with the energy distribution corre- 


sponding to the statistical weights of the final states computed under the assumption that 


the meson is formed directly indicated that in the low energy part of the spectrum the matrix 


element associated with the initial and final state for the reaction varies linearly with 


meson momentum and has approximately the same value at identical momenta for both 


bombarding energies. 


1, INTRODUCTION 


A LL the present experimental results dealing 

with p-on-p collisions indicate that the basic 
inelastic process in the energy range of 560—660 
mev is the production of 7*—mesons by the reaction 
pp > npr. 

The total cross section for this reaction can be 
obtained from the total pp interaction cross section 
at 560 and 660 mev’, (4.04 0.5) x 10°?” cm? and 
(41.4 +0.6) x 10°?’ cm?, respectively, by sub- 
tracting the total cross sections for elastic scat- 
tering”, pp > dz* reaction® and pp > ppr° reac- 
tion’. The results of this subtraction are listed in 
the Table together with the total cross sections of 
the listed processes. It appears that the total 
cross section for pp » npz is somewhat higher at 
660 mev, a consequence of the omission of the con- 
tribution due to the formation of two 7—mesons in 
a single pp collision. The pp > npa reaction, for 
which the final state is specified by the interaction 
of two nucleons and a nucleon and 7’ —meson, 
should be characterized by an energy spectrum for 
both mesons and nucleons. The existing data on the 
spectrum of mesons produced in p-on-p collisions 
are known only for bombarding energies of 340 mev, 
380 mev® and 440 mev’. The data (see cited 
references ) were obtained by passing the mesons 
through a filter and identifying the remaining mesons 
in a nuclear emulsion through 7* > p* decay. This 
method is applicable only for low energies and 
can give only approximate information about the 
form of the meson spectrum. In addition, consider- 
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able time must be spent in gathering necessary 
statistical material. 


TABLE 


Total cross section in units of 
Spee 
10 cm 
Process 


560 mev 660 mev 


pp — pp 25,2+0,8 | 24.7+1.0 
pp > nprt 5,04+1,0 | 10.2+1,.2 
pp — ant 2,6-+0,2 3.10.2 
pp >ppr° 1.2+0,3 3,4+0,4 


In the present study, the 7* —meson spectrum for 
proton energies of 556 and 657 mev has been studied 
by means of a magnetic analyzer. The same method 
was used to study the parallel problem of the 
secondary proton spectrum produced in the reac- 
tions pp > npm’ and pp > pp7°. The results of this 
experiment are presented in another paper (see 
following article ). 


2, EXPERIMENTAL PROCEDURE 


The location of the magnetic spectrometer and 
concrete shield relative to the proton beam of the 
6 — meter synchrocyclotron (of the Institute for 
Nuclear Problems of the Academy of Sciences, 
USSR ) is indicated in Fig. 1. The proton bean was 
brought out by perturbing the radial motion of the 
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Fic. 1. Experimental layout. 


accelerated protons in their final orbit by means 
of a local .nonhomogeneous magnetic field of the 
synchrocyclotron’. At the target location the 
proton flux was about 2 x 10° protons/cm” sec. 
The mean proton energy proved to be 660 mev” 
and was measured by using the Cerenkov radia- 
tion of the beam. The mean dispersion in the 
primary beam was not greater than +5 mev. 

An electromagnet with a circular pole piece 
100 cm in diameter was used in the spectrometer. 
The maximum attainable magnetic field for an 
air gap of 10 cm was 19,000 oersteds. In order 
to compute the trajectory of a particle in the 
spectrometer one must include the leakage of the 


field. The field was held constant to 0.2% by 
means of an electron stabilizer. The field 
strength was measured to an accuracy of 0.2% by 
an instrument which utilized the proton nuclear 
resonance method. 

The mesons which emerge at an angle of 24° to 
the proton beam pass in a vacuum through a slit- 


ted wedge-shaped collimator C and have an angular 


spread of +]° in the magnetic field. The angle 
of deflection in the field was selected so that 
the particles were focused in a horizontal plane 
at the detector which was located behind a thick 
(3.6 meter) steel-concrete cyclotron shield. F'or 
an angular deflection of 62.5°, the radius of 
curvature for the average trajectory was 96.5 cm. 
A telescope, composed of three scintillation 
counters, served as the detector of the particles 
emerging from the spectrometer. F'or the range 


of energies studied the detector efficiency was 
independent of energy and was close to 100%. The 
second crystal of the telescope with a cross 
section 2.5 cm x 2.5 cm acted as the exit slit 
for the spectrometer. The particles leaving the 
spectrometer were identified by their momentum 
and range. Thus, slow protons with the same 
momentum as 7—mesons are separated fromthe 
latter by means of a 2 cm thick copper filter in- 
serted in front of the third counter in the tele- 
scope. 

The proton beam falls on a hydrogen target R 
after passing through the collimators A and B and 
the monitor M which is a thin-walled ionization 
chamber filled with helium. In the first series 
of measurements the target was made of a glass 
dewar (with an overall wall thickness of 0.5 
grams/cm”) filled with liquid hydrogen. The ef- 
fect of the liquid state was studied by utilizing 
the difference in measurements obtained with the 


dewar filled with liquid and then with gaseous 
hydrogen. In these measurements the background 


level which is produced by the scattered radiation 
from the synchrocyclotron amounted to about 10% 
for the low energy portion of the spectrum and de- 
creased to 1% as the meson energy approached 
300 mev. The mean proton energy at the center 
of the hydrogen target in measurements with the 
maximum attainable proton energy was equal to 
657 mev. To reduce this mean energy to 556 mev 
a carbon filter, 42.7 grams/cm” thick, was in- 
serted in collimator A. 

The use of a collimator to define the meson 
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beam for the spectrometer may introduce distor- 
tions into the form of the spectrum through the 
scattering and slowing-down action of the colli- 
mator walls. Since this effect depends upon the 
dimensions of the target which, in this case, acts 
as the entrance slit for the spectrometer, a second 
series of measurements were made with a poly- 
ethylene target 5 mm wide by 25 mm high having 
a thickness of 1.0 eram/cm’. The effect of the 
carbon was subtracted out by measurements on a 
pure carbon target. The two series of measure- 
ments gave results which were identical within 
the errors of measurement (+5%). This fact, to- 
gether with the agreement of the measured and 
calculated width of the line which is produced by 
m7’ —mesons from the reaction pp > dz’, indicates 
the absence of any gross distortions of the meson 
spectrum. Further definite proof that the spectro- 
meter with the slitted collimator preserves, inall 
cases, the correct form of the meson distribution 
was demonstrated by experiments which measured 
the form of the diffracted proton peak produced by 
scattering in carbon. In these experiments it was 
found that the constant disturbance produced by 
protons being scattered and slowed down inthe 


walls of the entrance collimator amounted to no 
more than 2% of the peak signal produced by the 
diffraction scattered protons. 

These difficulties can be avoided for sufficiently 
high meson energies if the discrimination of the 
meson beam is performed upon its entrance into 
the spectrometer by a system of high speed 
counters in coincidence with the detector which 
then registers the mesons which pass through 
the spectrometer. At the present, such a method 
is in use in our laboratory and was used in the 
measurement of the 7’ —meson spectrum. 

Corrections which allow for the presence of an 
admixture of .' —mesons and positrons in the ae 
meson beam as well as for the absorption and de- 
cay of the 7’ —mesons during flight must be ap- 
plied to the measurements. The contamination of 
.* —meson and positrons in the emergent beam was 
determined by measuring the absorption of parti- 
cles in a copper filter. For these measurements a 
fourth counter, 10 cm in diameter, with a liquid 
scintillator was put in coincidence with the tele- 
scope which consisted of three counters ( di- 
phenyl acetylene scintillator) with dimensions 3 
x 3, 2.5 x 2.5 and 4.5 x 4.5 cm. In front of the 
fourth counter copper filters were inserted. The 
spectrum was not measured below 60 mev because 
of the difficulty in determining the admixture of 


yu.’ —mesons and positrons. 

To include the corrections which are necessary 
because of the decay of the 7+ —meson during 
flight, a mean lifetime of (2.54 +0.11) x 10°’ sec! 
was adopted. With the known cross sections for = 
meson interaction with nuclei one can determine 
the probability of absorption in the first two scin- 
tillators, in the copper filter and inthe liquid hy- 
drogen and dewar walis or in the polyethylene and 
carbon targets. Corrections were also introduced 
which allow for the small distortion in the spec- 
trum because of changes in the meson energy 
through losses in the targets. Distortions pro- 
duced by accidental coincidences and miscounts 


in the registering apparatus were negligibly small. 
The errors indicated in the graphs which represent 


the measured spectra included all uncertainties 
introduced with the corrections enumerated above 
in addition to the statistical errors of measurement. 


In practice, the relative momentum spectrum of 
the mesons was determined by changing the 


strength of the magnetic field. Calibration of the 
spectrometer was accomplished by the location of 
the peak of the line from the pp > dz’ reaction. In 
the measurements with a bombarding energy of 657 
mev, the spectrometer resolving power was about 
3.5% for mesons with an energy of 300 mev. In 
this case the most essential factors which pro- 
duce an increase in the half-width of the peak are: 
a) nonmonochromatic primary proton energy; b) 
finite dispersion of the spectrometer; c) angular 
spread of the mesons, selection by the collimator 
and, in a much smaller degree, multiple scattering 
in the target; d) energy spread of the protons 
and mesons because of the finite target thickness. 
The total energy spread of the mesons amounted to 
about +5 mev. 


3. EXPERIMENTAL RESULTS 


Measurements at 657 mev. The resultant 7* 
spectrum for equal energy intervals is represented 


in Fig. 2 and shows a distinct peak near 304 mev, 
produced by mesons from the pp > dz’ reaction. 
The half-width of the peak (width at half maxi- 
mum ) is about 10 mev, which agrees with the cal- 
culated value. The continuous spectrum produced 
by the pp > npz’ reaction borders the peak quite 
closely. If one considersthe kinematics of the re- 
actions pp > dm and pp > npm’ one can show that 
for the conditions of this experiment the upper 
boundary of the continuous 7* spectrum should 
lie 2.9 mev below the peak. The resolving power 
of the spectrometer was not sufficient to see this 
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Fic. 2. The energy spectrum of 7’ —mesons for the 
reaction pp > np at an angle of 24° in the laboratory 
system. Bombarding energy ts 657 mev. 


From the form of the continuous spectrum one 
can definitely conclude that at 657 mev there ap- 
pears, together with a strong dispersion in meson 
energy, a clearly indicated tendency for the emis- 
sion of mesons with energies near the upper limit. 
The average meson energy for the continuous 
spectrum is 220 mev. 


The value of the differential cross section 
do/dw (pp > np ) for the formation of mesons with 


energies greater than 60 mev at an angle of 24° 
can be determined fromthe ratio of the area under 
the continuous spectrum to the area under the 
peak and the known cross section for the reaction 
pp dm’ 3. In this fashion it was found that 
da/dw( pp > mpm’ sox 4.7 x 10°27 cm*/steradian 
with do/da( pp > dr"), , o= 0.95 £0.05 x Wee 
em2/steradian. It is clear that such an evaluation 
of the magnitude of do/dw( pp > npt), 40 is 
very approximate in view of the uncertain struc- 
ture of the line on the low energy side. 

The invariant expression (1/p )d*a/dadE, where 
p is the 7—meson momentum in the system of co- 
ordinates in which d’o/dawdE is measured, was 
used to transform the measured meson spectrum 


into the center-of-mass system. As is seen from 
Fig. 3, the spectrum obtained at an angle of 24° 
to the beam in the laboratory system corresponds 
to the spectrum for angles from 60° to 43° in the 
center-of-mass system. The limits of the continu- 
ous spectrum fall at 15 and 148 mev. The average 
meson energy for this spectrum is 110 mev whereas 
the energy available from the collision of the pro- 
tons amounts to 305 mev. Consequently, inthe 
formation of a! —meson in a single elementary 
act, 83% of the available energy is spent on the 
average. About 90% of the mesons are emitted 
with energies from 50 to 148 mev within the 
angles 43° to 48°. Hence, in the first approxima- 
tion one can assume that the measured spectrum 
represents, basically, the energy distribution of 
mesons emitted at an angle of 45° in the center- 
of-mass system. The corresponding differential 
cross section do*/da* ( pp > np”). is about 


14551077 cm2 /steradian. 


angle in 
43? center of mass 


G0° BPs YPPYBP 5° yy” 


in relative units 


ao" 
dw" df“ 


0 30 100 150 E*, mev 
Fic. 3. The energy spectrum of 7 —mesons in the 
center-of-mass system from the reaction pp > npa at 


657 mev. 


Measurements at 556 mev. The measured spec- 
trum is given in Fig. 4. The peak, which corre- 
sponds to mesons from the reaction pp > dr’, falls 
at 227 mev. Because of the energy dispersion in 
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the Prcton. beam after passing through a filter 42.7 
grams/cm” thick, the peak is more washed out 
than in the preceding measurements. As is evi- 
dent the continuous 7 spectrum is distorted in 
the high energy range. The average meson energy 
is 165 mev. The estimated differential cross sec- 
tion do/dw(pp > npz aa is 1.5 x 1077? ae 


steradian, whereas do/dw (pp > di* De = (0.7 
+0.07) x 10°?” cm?/steradian. 
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FIG. 4. Energy spectrum of 7* —mesons from the 
reaction pp > npm* at 24° (in the laboratory system) to 
the beam of 556 mev protons, 


The transformation to the center-of-mass sys- 
tem is shown in Fig. 5. It is apparent that, under 
the conditions of this experiment, the observed 
mesons are emitted from 42° to 57°, i.e., approxi- 
mately in the same direction as at 657 mev. The 
average meson energy in this spectrum equals 82 
mev, whereas the available energy is 260 mev. 
for a bombarding energy of 556 mev the formation 
of a meson in a single elementary act requires on 
the average about 85 %of the available energy. 
About 90% of the mesons with energies from 40 
mev to the upper limit of 112 mev are emitted 
within 47° to 42°. This permits one to consider 
the measured spectrum as approximately repre- 
senting the energy spectrum of mesons emitted 
at 45°. Evaluation of the absolute differential 
cross section indicates that do*/da* , pp aha 


~ 0.6 x 10°27 cm 2 /steradian. 
Comparison of the values of do */da* ( pp 
+ np’) obtained in this experiment indicates a 


Hence, 


factor 2.2 increase in the cross section when the 
energy is increased from 556 to 657 mev. The 
total cross section for this reaction also increases 
by the same factor for the indicated energy inter- 
val (compare Table). If this result is confirmed 
by further precise measurements, it will mean that 
the angular distribution of mesons from the pp 

+ np’ reaction changes slowly from 556 to 657 
mev. 


4. DISCUSSION OF RESULTS 


Knowledge of the behavior of the matrix ele- 
ment for the formation of mesons as a function of 
meson momentum will permit a comparison of the 
measured 7* spectrum with the energy distribution 
predicted by the statistical weights of the final 
states. For this purpose one must eye ae the 
dependence of [(d?a+*/da* dq) / pe q)\? ? on the 
meson momentum. Here d2a0*/dw*dq is the differ- 
ential cross section for the formation of 7 — 
meson in the center-of-mass system; p.(q) is the 
density of final states under the condition that 
the meson is emitted with a momentum between 
q and q + dq, where « is the total energy of the 
two colliding nucleons. For the assumption that 
the formation of the meson occurs directly, with- 
out the participation of any intermediate state, the 


density of final states is given by (compare M. I. 
Podgoretskii and I. L. Rozental’11) 


B'l2 / 4 A2 
0: (q) ~ (A? — @?p {(1 a po 


2 


x B+6A2[A®— (g2 + 2M4)]} q?, 


where A =€-—y/q?24 p?, B =(q? + 2M? — A)? 
~4M*, «= 2M(E + 2M), E is the kinetic energy 


of the incident proton and M and yp are the rest 
energies of the nucleon and 7— meson (c = 1). 

The transformation from the energy representa- 
tion to momentum representation was performed with 
the use of the relation 


d*a° | dw’ dq = B’ da" / dw dE’, 


where (* is the velocity of the 7—meson in the 
center-of-mass system. If absolute values from 
the independent measurements at 556 and 657 

mev bombardment energies, which were determined 
byus with an accuracy of 20% are used for d’a */ 


dw*dE* then the values derived for [ (d2o + / 
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angle in 
G0? 30° «47° «Yge yy? ge #2°center of inass 


in relative units 


% 


do" 
dw*ae* 
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Fic. 5. Energy spectrum in the center-of-mass of aes 
mesons from the reaction pp > npr’ at 556 mev bombard- 


ing energy. 


do*dq)/p,( q) 14 should represent the actual re- er } 
lation between the values of the matrix element du*dg Pe) 


for the indicated energies. 

Figure 6 represents the results of the calcula- i 
tions. It is necessary to note two most essential 
characteristics of the results: a) the obtained 


values for [(d2a */da*dq)/p,( q)]” are found to 


be approximately identical for the same value of q 
within the region of momentum overlap and _ b) the 
low energy part of the 7° spectrum does not fol- 
low the statistical distribution. As is evident, 
the matrix element varies like a linear function 

of the momentum in the range from 60 to 160 mev/c 0 50 00 60 ono ja 
for both 556 and 657 mev energies. For the lat- ‘ 
ter bombardment energy the linear behavior for the FIG. 6. Dependence of [( d’a *( q) / da* dq)/p lk 
matrix element continues up to 200 mev/c. The Onunbecnemonentwienihe ocnter tates sree 
behavior at higher momenta was impossible to Ons B =556 mev = £ =i657amev: 

study because of the inability of accurately sepa- : i 

rating the spectrum at the upper limit into line and 
continuum. The resultant information regarding 
the dependence of the matrix element on the 
momentum would have been more reliable if spec- 
tra were obtained at other angles in the laboratory 


X 


in relative units 
&. 


The more rapid increase of the number of 7 — 
mesons with momentum in comparison to the 
statistical distribution can be explained by two 
factors: a) the emission of mesons in states with 


system. non-zero orbital momentum; b) the presence of an 
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interaction between the nucleons in their final 
states which leads to the emission of mesons with 
predominantly high energies. The influence of 
this last factor will be that much weaker, the 
larger the energy carried away by the secondary 
proton or neutron. It can easily be shown that for 
the range of the meson momentum under considera- 
tion, 60 mev or more is shared by the secondary 
nucleons, principally as internal energy of motion 
of a two-nucleon system. With this circumstance 
in mind it is reasonable to expect that, in the 
region of low energies where 7/q is greater than 


the characteristic distance R (the distance from 
the center of the colliding nucleons where meson 
formation occurs ), the character of the change in 


[(d2o0 +*/dw*dq)/p,( q)]? will reflect fundament- 


ally the dependence of the matrix element on the 
meson momentum. In Rosenfeld’s review’ of the 
experimental data dealing with meson formation in 
nucleon-nucleon collision one finds that R 


< ’tr/pc*. To the degree to which t/q 
>> 4 /pc is almost fulfilled for the entire ana- 


lyzed 7” spectral region, the linear dependence of 
the matrix element on the meson momentum will 
approximately mean that at the given bombarding 
energies the low energy mesons are emitted in a 
p-state relative to the two-nucleonsystem. If 

this conclusion is correct, then for those cases in 
which the isotopic spin of the final (n —p) sys- 
tem is unity (i.e., processes where T =1 > T = 1) 
one may have the following transitions Pe ae. 
°P > Je es eS abe Wee Es ope °P,> oP 
eee ee Ps. Oh °P 3k. > °Pe x The 
intensity of these trasitions can be strengthened 
because of meson-nucleon interaction in states 
with isotopic spin 3/2 and total momentum 3/2. As 
is apparent from the table, the contribution of the 


process J = 1+ T = 1 to the total cross section 
for the reaction pp > npm is about 30%. For the 


]? 


case of T= 1+ T = 0, the emission of a 7—meson 


in the p-state is possible by transitions such as 
1p: 3 1 3 3 1 3 1 3 
D5 24 lige toe arpa te ad a 
1 3 1 

aries HP. 


We note that the linear dependence of 


2 


* This quantity also represents the radius of the 


region of meson-nucleon interaction! 


° 


[(d?o +/do*dq)/p,( q)1* on q which is repre- 
sented equally well by the experimental points of 
both spectra does not extrapolate through the ori- 
gin. This fact can be explained if one allows for 
the possibility of some emission of mesons in the 
s-state relative to the final two-nucleon system’ *. 
For the transition 7 = 1> T = 1, the s-state is 
permitted for the transitions’P - aS "Sy? ee 
and *D, = °P 5; for I= We, fa 0 Even one 
allowed. 

In the present experiment sufficient energy was 
available (particularly at 657 mev) for the excita- 
tion of one of the colliding protons into the state 
with angular momentum 3/2 and isotopic spin 3/2 
(the P 5/5 3/2 


in the scattering of 7 —mesons by nucleons ). 


state whose existence is indicated 


Consequently.(in another attempt to explain the 

q We p p 

peculiarity of the measured spectrum), the formation 
+ reaction as 


occurring through the intermediate excited P,,. 4/5 


of the 7*—meson in the pp > npz 


state of a nucleon can be considered*. Such a 
model for the formation of mesons in nucleon- 
nucleon collisions, which had been proposed 
earlier by a number of authors /47!7, was used by 
Iappa’® to calculate the form of the 7* energy 
spectrum for the present energies. In these cal- 
cilations it was assumed that: a) the formation and 


decay of the ia PY: state occur independent of 


one another; b) the probability of exciting the 
Pa ira state is given by the dispersion formula 


with parameters obtained from 7* —meson-proton 
scattering!®; c) the scattering of the colliding 
particles was isotropic in the center-of-mass 
system, as was also the decay of the excited 
nucleon. It was found that the calculated spectra 
were similar in form to the experimental. The 
mean calculated energy was 112 mev for the 657 
mev case, whereas the experimental value was 110 
mev. The corresponding value at 556 mev was 76 
mev in comparison to the observed 82 mev. 


* In experiments with the Birmingham proton accelera- 
tor, an angular correlation was found between the pro- 
tons and the 7 —mesons for the pp > npa* reaction at 
650 mev (L. Riddiford, personal communication ). This 
fact may indicate that the formation of 7+ —mesons in 
the pp > npm* reaction occurs at least partly through 
the intermediate state. 
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The above comparison indicates that the as- 
sumption of the existence of an intermediate 


+ 
es state for the reaction pp > npz* does 


not contradict the experimental results. However, 
the obtained agreement is hardly to be overrated 
in view of the rough initial assumptions and, as 
may be seen from the calculations, the slight dif- 
ference in the form of the 7* spectra obtained with 


this model ( with the intermediate P state) 
SUA? 


and with the model using the direct formation of a 
meson in the p-state. It is clear that, in order to 
resolve the question of the relative roles of the 
processes considered above in the pp > npm’ re- 
action, one needs more rigorous inclusion of the 


interme diate P 5/2.3/2 state in the theory of in- 


elastic nucleon-nucleon collisions as well as 
further careful experimental studies of such col- 
lisions. 


The authors are grateful to Iu. A. lappa and L.M. 


Soroko for discussion of the results. 
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New variational princi 


auxiliary constants. This makes possible the solution of 


by direct methods. 


S EVERAL attempts have been made recently to 
formulate a general variational principle for 
hydrodynamics. 

Bateman! established a variational principle for 
isentropic gas flows. Lin and Rubinov” general- 
ized Bateman’s principle to plane isoenergetic flow. 
In the work of Ito®, Bateman’s principle was further 
generalized and appliedto the construction of a 
quantum hydrodynamics and the study of the flow of 
liquid He II, which had been treated earlier by 
Landau‘ and London?®. 

In these papers, the variational functional con- 
tained several field parameters which were varied 
independently (density, velocity, pressure and 
other parameters in Refs. | and 3; janet and 
stream function in Ref. 2). However, such a set of 
parameters is not minimal, and as we shall show 
later, in the general case of three-dimensional 
flow, two quantities determining the flow are suffi- 
cient. 


1. THE PRINCIPLE OF LEAST STREAMING 
POTENTIAL® 


Let &, 3 be parameters defining a particular 
stream line of the hydrodynamic field. yw and J 
remain constant along this line. The surfaces w 
= const and J= const are surfaces of flow. At 
each point of the stream line w, 3 we set up an 
orthogonal axis system x . so that one axis, say Xa, 
is along (wv, 9 ). To each such axis system we 
associate an energy-momentum tensor ie in the 
particular coordinate system determined by the 
axes. We denote the component T’, , of the energy- 
momentum tensor with respect to such a system by 


ie so that is, = [kee We define the field in 


terms of the quantities w(x,)s o(x), satisfying 


the relations: 
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ples are formulated, characterized by a special variation subject to 


boundary problems of hydrodynamics 


y, = 29) _ D9). 

aa Dixsy xs)n a Ae ED Nese wy © (1) 
wV, DW.) 
Vs >: Dixy aes 


With this choice of the defining quantities, the 
equation of continuity is satisfied identically both 
for actual as well as the varied field. For a plane 
flow, the defining quantity is w, where 


Relation (2) follows from (1) if we set ? = X 5 which 
characterizes plane-parallel fields. The function 
w in (2) is the stream function, and physically 
speaking determines the flux of matter through a 


stream tube. The difference ~, ~— w, gives the 


flux of liquid through the region bounded by the 
stream lines wy, and w,. The pair of functions 


(w, 3) should be regarded as the generalized stream 
functions for three-dimensional flow. In this case 
the product (W,-Y,)(9,—- Jd,) gives the value 


of the flux of material through the region bounded 
by the flow surfaces y,, w.and J), Vy. 
Let o be the surface which bounds a certain 
closed volume Q of the field which contains no 
strong or weak discontinuities, and on which the 
distribution of y and ¥ is known, i.e., we know the 
distribution of the matter flux through o. We shall 
also assume that the distribution of the total 
mechanical energy per unit mass of liquid, E(xb, 9) 
is known on the surface of o. For the actual field — 
along the stream line (Ww, _) within Q, we can 


write the equation of change of mechanical energy 
in the form: 
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OT 2 
(Stas = 2 a 
+ (S+R 9,9) = £ (4,9), 


where RX is the work of the frictional forces per 
unit mass of liquid. The quantity R is that part 
of the mechanical energy which is converted into 
heat. We demand that Eq. (3) be satisfied for the 
varied as well as the actual field. 

In addition, the law of conservation of energy 
(first law of thermodynamics) should be satisfied 
for both the real and the varied field: 

dQ = dU + Pd(1/p), (4) 
where Q is the heat and U the internal energy per 
unit mass of material, expressed in mechanical 
units. Under the conditions (3) and (4), the La- 
grangian is L = 7 ,,, and the integral 


1=\ Todo 
2 
is an extremum for the actually established field. 
The integral (5) represents the work of the total 
flux of momentum of the directed motion of the gas 
molecules and is called the stream potential. The 
condition for an extremal of / gives equations of 


the form: 
OT. a. OTS ZG (6) 
db. dx,0(0b/ox,) ” 

i a Gg, C815, an 


09 Ox, 0 (09 /0x;) 


(5) 


The equations (6) give the components of the vor- 
ticity which lie along the normals to the flow 
surfaces W = const and J = const. Without loss of 
generality, we shall give the proof of the principle 
of minimum streaming potential formulated above, 
for the case of plane flow of an-ideal gas which is 
barotropic with respect to a given particle. In this 
case 


L=Ts=P+pv?; R=090; 
eV» = Ov/dy; 


We introduce the geometrical characteristic of the 


flux 


8 = (Ap/dx)? + (04/dy)” = e°V®. 


Then P, defined by the first law of thermodynamics, 
can be regarded as a function of p and y, and p as 
a function of © and w. We have 


1=\[P ©) + 2} do. 


In general we can find p from Eq. ( i 

q. (3) as a function 
of © and w. Regarding p = p(©, w) as the result 
of elimination of Fg. (3), we write the equation de- 
termining wW from the condition for minimum /: 


sella — 3) ao + 512 3 


tay ila a) 36+ 2] 2 3} = 0 


Differentiating (3) with respect to © for w = const, 
i.e., along a stream line: 


(7) 


— 1/2p = (@P/dp — O/p) afd. 8) 


Again differentiating (3) with respect to w for © 
= const: 


(9) 


8 de +95 (eo, Be 


Substituting (8) and (9) in (7) we get 


curl V — 


Pe) , 0 POY . prt) 
Mpa loan 
Equation (10) gives the expression forthe vorticity 
in a plane flow, and is equivalent to the field 
equation 07 ,,9%, =0 

If the variation of & upon a certain surface oa is 
arbitrary, then fromthe equation 6/ = 0 we get (10) 
and the natural boundary condition V = V * n, where 
n is the normal to the surface o. 

For adiabatic flow, for which P = C*(w) p*, Eq. 
(10) becomes 
We. k 
abi k=4 
If E and C do not depend on W and J, then L=L 
x(Q), where 

gy _ ( D(y,®) \? ( D (9,9) i no i\ 

oie gacey es D (X3%1) a D (X1X2) 
is the geometrical characteristic of the flux for 
the case of three-dimensional flow. The equation 
5 {Ldw leads to the condition of irrotational flow, 
curl V = 0. 


2, RELATIVISTIC GENERALIZATION OF THE 


PRINCIPLE OF LEAST STREAMING POTENTIAL 
FOR A STATIONARY FIELD 


curl V = —p ( Pe eae *) es ule) 
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In relativistic hydrodynamics’, the energy- 

momentum tensor of an ideal gas is 
Tin = (P + 0c?) uit, + Poin, (12) 


where w, is the four-velocity of the flow of the gas. 
In this case 


L =Ts5 = 82 (P +007) V? + P. (13) 
The equation of continuity has the form: 
(14) 


P Vo : ee 
divn—-%=0; 8= Ee 


where n is the density of the gas inthe reference 
frame in which the particular element of the gas is 


at rest. As before, we set 
Ve Q D (Y 9) 
He 1 Py, z) (15) 
Vy 9 _ D(,9) . 
nuy = ere = Dz, x) ? 
me D(y,9) 
nu; =n — ei yEe ae 
Under the conditions (15), the equation (14) is 
satisfied identically. The first law of thermody- 
namics has the form? : 
d(1/n) + d (pc?/n) = 0. (16) 


For an ideal gas, the energy integral along a stream 
line takes the form: 


on a o 
Rie =, PANS go __ dP 
\atdisa et le P= Fv, 9), 


In relativistic hydrodynamics, the adiabatic flow 


(17) 


of an ideal gas possesses vorticity, except in the 
case of one-dimensional flow. Weshall assume 


that E = const, P = P(n), p =p(n), and limit our- 


selves tothe case of plane flow. Then 


L = [P/c? + 0] On? + P 


In classical hydrodynamics the condition for mini- 


mum / would lead in this case to vanishing vorticity: 


curl V = 0. In relativistic hydrodynamics, because 
of the relativistic change of mass, the minimum / 
occurs for a vorticity different from zero. To 


simplify the computations, we shall actually carry 
out the calculation for the limiting case when V is 
close toc. Then p> an", where k is the rela- 
tivistic pee one tt of an adiabat and is equal to 
4/3, P =1/3ak?n 
L, we get 


. Substituting these values in 
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Si (ah =30 ox cent) dxdy. (18) 
The Euler equation for (18) is: 
ad {[aent-2 (19) 
bie d ou 
as (xk (k — 2) n'-30 + —— Ea" gh 1) “| 2 a 


+- —— vals — {[aden'-2 


+ (ak ( —2) nh 36 4 Fee an 4 


We differentiate (17) 
termine dn/d©: 


with respect to © and de- 


dn/d0 = n/2(9 —1/, 8?n?). 
Substituting this value of dn/dO in (19), we find 


after simple transformations, 

akn*—1BeurlV + k(k — 1) ank8VoVn = 0, (20) 
from which, if we assume that curl V = 0, it follows 
that Vw * Vn = 0, but this is possible only for the 
case of one-dimensional flow. From (20) we obtain, 
in particular, the expression for the vorticity inthe 
limiting case: 


curl V = (1/3nc) (VVn). (21) 


3. NONSTATIONARY FIELD. THE PRINCIPLE OF 
LEAST ACTION 


We introduce three ‘‘stream functions” Wy, 0, 0 
in four-dimensional space-time, and define the four- 


velocity u; by the following formulas: 


nu, = D(%, 9, ¢)/D (x2%3X,4); (22) 
hus = D (», a, 3)/D Ce vake ie 
Ny = D (2, 9, 3)/D (X%3%4%)); 
Nuy — D (?, 9, 3)/D (ras) 


Under these conditions the continuity equation 


(9/Ax;) (nui) = 0 (23) 


is satisfied identically. As before, the geometrical 
characteristic of the flux is 
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D(y, 9, 9) 
D (X;,.%,X1) 


Ss) == Ss ( ) ? 
where the density n is related to © by the equation 


8 = — n?. (24) 
In the four-dimensional space, the ‘‘stream world 
line’’ is defined by a triple of numbers (W, J, c) 
constant along the whole ‘‘streamworld line’”’. The 
physical meaning ofthe stream function is that the 
product dydvdo determines the ‘‘flux’’ of liquid 
through the region bounded by the stream hyper- 
surfaces ¥, Widw,y, %¥+d¥;0,04dao, or 

the flux through the region W, W+ dy; 0, J+dd 
of three-dimensional space during the time interval 
dt. For fixed t, the line (Ww, 9 ) = const is the 
field line s tangent to the velocity vector V in 
three-dimensional space. 

To construct the Lagrangian L we construct at 
any given time, at each point of the actual stream 
line s, an orthogonal set of four axes X. so that 
one of the real axes, say x ,, is always directed 
along the stream line 5. To each such axis sys- 
tem we associate an energy-momentum tensor 7 _, 
defined in the system of coordinates determined by 
the particular axes. We denote the tensor compon- 
ent 7’, , for such an axis system by T'--, so that 


eee Then L = T--. For an ideal gas, 


12 2 
(4 4 p) ue. 


The integral of the energy along the stream line s 
has the form: 


(25) 


Ve 
(| #8 ds = E (s, 1). 


ev Xp 


(26) 


The relation (26) can be regarded as the general- 
ized Hamilton- Jacobi equation for the field. In 
particular, for c > «0, Eq. (26) goes over into the 
classical equation: 


eee a a es, t).) 2(27 
Again we write the first law of thermodynamics: 


Pd(1/n) + dU = Tait. (28) 
where U is the internal energy of the gas, and H is 
the entropy of the gasper molecule. If U = upc", 
where v = 1/n is the volume per molecule, then as 
is shown in relativistic hydrodynamics’, H =const 


and (28) takes the form Pd(1/n)+dU =0. The 


variational principle for the hydrodynamic field 
when the conditions (24), (26) and (28) are satis- 
fied consists in the statement that the integral 

ei aye ee eee 

\ llr (v, uy ak Ox; > Ox; Ox; dQ (29) 

has a stationary value for the actual field. The 
quantities defining the field are w, J, anda, 
which are related by (24). 


For c > «, 
L=P+ V2; W,=D(¥, 3, 9)/D(y, 2, 1); 
Wy = D(¥,9, 9)/D (2, t, xX); 
WV, = D(», 9, s)/D(t, x, y); 
n=p=D(v,9, 3)/D(x, y, 2); 
dQ = TdH = dU + Pd(1j). 


t 
In this case the integral S ay dt { (P+pV2)da 
t @ 


takes on a stationary value for the actual field. 
The quantity S has, for a nonstationary field, the 
dimensions of action, so that the principle thus 
established for a non-stationary field in relativistic 
hydrodynamics may be regarded as a principle of 


least action. 


4, THE EXISTENCE OF ASTRONG MINIMUM FOR THE 
STREAMING POTENTIAL 


We shall prove the existence of a strong mini- 
mum for the actual subsonic, adiabatic flow of a 
gas. To simplify the computations we shall, 
without loss of generality, limit ourselves to con- 
sidering plane flow of the gas. Let be the solu- 
tion, subject to the given boundary conditions, of 
the equation 


3 | Ldxdy = 3\ F (@) dxdy = 0, 


where L = F(@) is the Lagrangian for the hydro- 
dynamic field of an ideal gas, and © has the same 
meaning as earlier. 

The stream function W gives a strong minimun. 
for the functional J = [Ldw. In proving this, we 
shall make use of the theory of the Weierstrass 
function in the calculus of variations’, For the 


(30) 


construction of the Weierstrass function, it is suf- 
ficient to satisfy the following two conditions: 
1) Every solution of (30) satisfies the self-ad- 
joint Butler equation 
BE. 0, OL, 1g On me 0 amet 
ap dx A(Ap/dx) dy A(Y/Ay) — 
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2) If w is a solution of (31), then there exists 
at least one system ¢ of Lagrange surfaces which 
covers the extremal surface w, which depends on 
a single parameter €, and for which the Jacobi 
condition 


P = do/dx = dv/dx = p; Q = 09/dy = O¥/dy = 4. 


is satisfied on the extremal surface. 

Conditions 1) and 2) are sufficient for the con- 
struction of a field consisting of Lagrange surfaces 
covering the surface-extremals w, which guaran- 
tees the possibility of constructing the Weierstrass 
function of the variational problem. Conditions 1) 
and 2) are satisfied for the continuous hydrodynamic 
field of an ideal gas. In particular, we can take 
y + € for yg. The Figure shows the dependence of 
L =F(@)*. The branch 7 which is concave up- 
wards corresponds to subsonic flow, the curve 2 
which is concave downwards, to supersonic flow 
of the gas. At the turning point © the critical 
condition is reached where the flow velocity is 
equal to the local sound velocity. 


0 200 400 600 600 28 


Corresponding to the Lagrangian L, we con- 
struct the phase surface 


Z=L=F(®)=F(pP?+q@) =Z(p, 9) (32) 


in the space p = dW/dx, q = Ow/dy. Let the 
aggregate of three numbers p, 7, joa Zp, gy) 
represent a point of phase surface. The equation of 


the tangent plane at the point (Pgs Le) othe 
surface Z has the form: 


* The curve was drawn for the initial conditions Po 
= | atm, Po 0.125 kgm-sec2/ m*; k=c /c =1.41 
; Pie, ; 
Vo =a) / 2, where aq, is the sound velocity. 


Z =L + (6L/op) (p — p) + (AL /9) (9 —9)> (33) 


where Z, P, qg are running coordinates in the plane. 
We denote by G(p, q, Peou)ethe difference in the 
values of Z on the surface (32) and on the tangent 
plane (33) to the point L, p, 7, taken for the same 
point (p, q), and call it the deviation of the surface 
(32) fromthe plane (33) at that point. If this differ- 


ence is positive, the deviation is positive, Thus 


G (p,q, B. 9) =L(p, 9) —L(P, 9) ce 
aL OL -- 
ewan. arent 


Expression (34) coincides exactly with the Weier- 


strass function® of the variational problem which 
provides a sufficient condition for the existence 


of a strong minimum. If G > 0 everywhere within 
the domain of definition of L, the solution of Eq. 
(30) guarantees a strong minimum forthe functional 
I. From the Figure we see that the phase surface 
Z=L(p, q) for subsonic flow is a convex surface, 
and G > 0. For supersonic flow the phase surface 
hasa saddle at every point. In this case the actual 


field %, produces a minimax of /. If /(y,) = Le 


then it is easily shown that W, gives a strong mini- 
mum, equal to I): for the functional /* =% LAS | 


+1/1,). Therefore, the actual field y,, determined 


fromthe equation 6/ = 0, satisfies the equation 

61* =Q. In this way the minimax property of the 
streaming potential for supersonic flow is elimin- 
ated, and one can apply the direct method of Ritz 
to it just as for the streaming potential of subsonic 
flow. For subsonic, adiabatic gas flows, the 
Weierstrass function is essentially positive and 
goes to zero if, andonly if, p=p, gq=q. From this 
we get the uniqueness theorem: there cannot ex- 

ist two solutions satisfying the same conditions for 
y on the boundary surfaces of the region of the 
flow. 
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The dynamical magnetic moment of the deuteron is considered on the basis of the pseudo- 
scalar meson theory with the pseudoscalar type of coupling , in the fifth order of perturbation 
theory. Exchange currents in the deuteron make an essential contribution to the dynamical 


magnetic moment. 


INTRODUCTION 
4 hae well-known experimental result that the 


constant magnetic moment of the deuteron dif- 

fers from the sum of the magnetic moments of the 
neutron and proton is commonly explained phenome- 
nonologically by the existence of a tensor interac- 
tion between nucleons. Because of this the ground 
state of the deuteron consists of an S-state with an 
admixture of a D-wave, which on one hand leads to 
the existence of the quadrupole moment of the deu- 
teron, and on the other to the nonadditivity of the 
magnetic moments in the deuteron’. 

Although such an interpretation is not in quali- 


tative contradiction with experiment, it still does 
not correspond exactly to the effect, since it does 


not take into account the existence of meson ex- 
change currents in the deuteron, which are shown 
by experiment to have an essential effect onthe 
electromagnetic properties of the deuteron, par- 
ticularly on radiative effects in the neighborhood of 
the energy threshold for production of 7-mesons. 

Unfortunately there is at present no consistent 
phenomenological theory of exchange currents. Of 
the attempts in this direction most deserving of 
attention, mention must be made of the work of 
Sachs”, and a paper of Villars’ is devoted tothe 
meson-field treatment of this effect. 


An essential difficulty in the treatment of the 
magnetic moment of the deuteron on the basis of the 


meson theory of nuclear forces arises fromthe cir- 
cumstance that within the framework of this theory 


the relativistic problem of two nucleons is at the 
present time unsolved, and the magnetic moments 
of the separate nucleons are explained only 
qualitatively by the theory with weak interaction 
between the nucleon and meson fields, so that any 
theoretical investigations in this subject are as 


yet only of a qualitative nature. Nevertheless, it 
can turn out that the perturbation theory to a cer- 
tain extent gives a correct indication of the general 


tendencies in the behavior of the two-nucleon sys- 
tem in interaction with high-energy y-ray quanta. 


The present paper is devoted to a consideration 
of the dynamical magnetic moment of the deuteron 
on the basis of the pseudoscalar meson theory with 
the pseudoscalar type of coupling. In interaction 
with the meson field of the vacuum the nucleons 
making up the deuteron can emit and then absorb 
virtual mesons, so that the real nucleon can be 
thought of as surrounded by a certain stationary 
cloud. If the charged meson clouds ofthe neutron 
and proton overlap,exchange meson currents arise, 
flowing from one nucleon to the other. The interac- 
tion of the meson field surrounding the deuteron 
with the electromagnetic field can be interpreted as 
a supplementary direct electromagnetic interaction 
of the deuteron itself. 

In the expression obtained for this supplementary 
interaction one can single out the terms that repre- 
sent the energy of a certain additional magnetic 
moment in the electromagnetic field. The size of 
this magnetic moment will depend on the frequency 
of the electromagnetic field. Thus the energy of 
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the supplementary electromagnetic interaction will 
have the form 


(eh/2Mc) (3,yF vp) [ee + f (ADI, 


where Py is the electromagnetic field tensor, uy 


is the spin operator, p., is the static magnetic 
moment of the deuteron, and f(/) isa certain func- 
tion of & that goes to zero fork + 0. The quantity 
in square brackets represents the dynamical mag- 
netic moment of the deuteron. 

We shall consider the supplementary interaction 
of the deuteron with the electromagnetic field, in- 
cluding effects of exchange currents, on the basis 
of the symmetric pseudoscalar meson theory with 
pseudoscalar coupling, by the use of the rela- 
tivistically invariant method of Feynman and 
Dyson. 


In the case of the bound state we cannot apply 
directly the relativistically invariant method, 
which has been systematically developed only for 
the free states of two nucleons. Therefore, follow- 
ing the method of Brueckner®, we develop the space 
factor of the initial state wave function into a 
Fourier integral, and in finding the matrix element 
we operate with one component of the expression, 
which, we may suppose, describes a ‘*quasi-free 
state’’, and afterwards carry out the integration 
over the entire momentum space. The use of this 
method leads to the possibility of writing the 
matrix element for a radiative transition in the 


simple form 


Hiy=a(0)Mi(0); (1) 


M,, is the matrix element, which is constructed by 
the method given in Refs. 4 and 5, and in which the 
momentum in the initial state is taken equal to 


zero*, 
Figures 1 — 3 show the Feynman diagrams re- 


lating to the process under consideration. 


pe Mo} My Dy 
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aSeSCOsoS or) en Sacceaal 
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Fie=3 


In the expressions obtained for the supplementary 


interaction energy of the deuteron with the electro- 
magnetic field we single out the terms having the 


form iy Yk Awe) in the momentum representa- 
tion (y,, are the Dirac matrices, A), the vector 


potential of the electromagnetic field, and & the 
energy-momentum vector of the y-quantum). In the 


* The form of the expression (1) is due to the circum- 
stance that in the absorption of a short-wavelength y- 


quantuni by the deuteron the nucleons in the deuteron 
must be separated only by small distances of the order 


A~ h/py ~ (k/Mc) (Mc2/2F, )'!2. 


This means that we must take the wave function of the 


deuteron for some effective value of r, smaller than ), 
but since Wal r) is weakly dependent on r at small dis- 


tances r < h/Mc, we may taker _,,~ 0 8 
= eff z 


DYNAMICAL MAGNETIC MOMENT 


coordinate representation this termhas the form 


(oF) HE), i.€., it represents the energy of 


the magnetic moment of the system in the electro- 
magnetic field’. 

It can be shown thatin the case in which the 
nucleons exchange an odd number of mesons the 
magnetic terms add up to zero. We first consider 
the case of the exchange of one meson. This 
corresponds to a process of third order in perturba- 
tion theory (exchange meson currents ), and of the 
fifth order (the effect of the meson cloud surround- 
ing the deuteron)®. 

In this case the terms in the magnetic interaction 
energy will have the form 


Tete Ap (2) + srk 


n . 


A pt. (A). (2) 
The primes “ and “’ indicate whether the Dirac 
matrices y; and Bs refer to the first or the second 
particle. 

If we denote the matrix-vectors for the initial , 
and final states of the proton and neutron by P, N 


and Ps N,> respectively, then on the basis of the 


Dirac equation we can write: 


(P — M)u(P)=0; (N—M)u(N)=0; (3) 


i (Po) (Pp — M) =0; W(No) (No — M) = 9. 


Moreover, the four-dimensional matrix-vectors 
satisfy the following relations 


ab + ba = 2 (ab), (4) 
(ab) => Ayb,4 — a,b, = Ayb, =r A303, (5) 
(sd = — Os. (6) 


Thereupon, taking into account the law of con- 
servation of energy in the initial and final states 
of the system, k = P. + Ne — P — WN, the trans- 


versality condition for free y-quanta, which gives 
(AP) =(AN) =(Ak) =0, and the relations (1); 6) 
and (4), we find that the matrix element of the 
operator (2) becomes zero. In the case of inter- 
change of (2n + 1) mesons by the nucleons, we 
can use Eq. (6) to bring all of the matrices y, to- 
gether, and since We = —1, the expression for the 
magnetic interaction energy again takes the form 
(2), and consequently is equal to zero. 

This result is due to the specific form of meson 
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theory used (pseudoscalar meson theory with 
pseudoscalar and pseudovector couplings). For 
other types of coupling these magnetic terms can 
be different from zero. When the nucleons exchange 
an even number of mesons the magnetic moment 
does not reduce to zero, and thus we begin our 
consideration with the next, the fifth, order of per- 
turbation theory (case of exchange of two mesons). 
In the approximation in question all diagrams can 
be divided into two types: diagrams relating to the 
internal motion of the nucleons, and exchange 
nucleon and meson currents. 


INTERNAL MOTION OF THE NUCLEONS 


To the first type belong the diagrams (cf. Fig. 
1) describing the absorption of the y-quantum by a 
nucleon. Diagrams / and 2 relate to the case in 
which the emission and absorption of the first 
meson precede the emission and absorption of the 
second meson (nonintersecting meson lines). Dia- 
grams 3 and 4 represent the case of intersecting 
meson lines, when the meson first emitted by a 
nucleon is absorbed after the emission and sub- 
sequent absorption of the second meson. 

The exchange of the two mesons brings about a 
change of the internal motion of the nucleons in 
such a way that to the ground S-state of the 
deuteron there are also added states with other 
orbital angular momenta. When all approximations 
of the perturbationtheory are taken into account, 
this should in principle give the experimentally ob- 
served combination of the S- and D-waves in the 
ground state of the deuteron. 

To obtain the matrix elements corresponding to 
diagrams 1-4, we choose a coordinate system con- 
nected to the center-of-mass of the system deuteron 


+ y-quantum. Then, according to Eq. (1), the 
initial four-vector momenta of the proton and neu- 


tron are equal to each other and have the compon- 
ents ay = M, P = -k/2, and the final momenta No 
and P.. of neutron and proton have the components 
Sy EN ere 

Peis oa Po 0 

If the second meson emitted is absorbed before 
the first (intersecting meson lines of diagrams 3 
and 4), then there also exist two possibilities of 
realization of the process in question: absorption 
of the y-quantum by the proton before and after the 
exchange of the two mesons between the two nuclei 
(matrix elements M, and M, ). 


For the symmetric meson theory of nuclear forces 
there are four matrix elements corresponding to 
diagrams / and 2, differing from each other in that 
the exchange between the two nucleons is made by 
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two charged mesons, two neutral mesons, or one if we restrict ourselves just to terms of order h?/M?, 
charged and one neutral meson. These matrix the result can be obtained in analytical form. 
elements either are equal to M, (or M ), or else Taking into account all matrix elements character- 
they differ from M, (or M,) by the interchange of izing the internal motion of the nucleons, and using 
the indices of the particles. The same can be the method of parametric integration’, we obtain 
said with regard to diagrams 3 and 4, for each of the following expression for the radiative transition 
which there exist three matrix elements. matrix element , characterizing the internal mo- 


The calculation of the integrals occurring in the tion of the nucleons in the deuteron*. 
matrix elements M, to M, is rather cumbersome. But 
ene 2! ee ee 


Awan Aiea: (RA’ RA ry ota 
My = a ke — (Yee) Gil > +2 Ee EF, — (tt)G a] > @) 
AL gl anne i » rat R'A apa? 


Br A" = pale rae 
+< a [Fs3 —Gs3 ({niy)] SS , 


where 
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F, = “eens ae wigineres URL E 2e2 (M? — 8) | 282? ~d 
oP — 28) | 20P—e4) 2 (Meee dd (PE) LB 
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= V4MP —9 (Pk), d= 2V My — Bt, 3 = (Mk—Pok); 
(Pok) — (ES + P5cos 6) k. 


* In the expression (7) terms in the electric interac- 
tion V (AP) are not included, since an estimate 
showed them to be small. 
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In Eq. (7), i, Gr. differ from ie, aG ‘fi by the 
interchange of P ) and \, in the scalar products 
(Pk) and (N*) on which these functions depend; 


in other words, they differ by the sign of the 
spatial momentum of the nucleon. 


NUCLEON AND MESON EXCHANGE CURRENTS IN 
THE DEUTERON 


Diagrams 5-8 describe the absorption of the y- 
quantum by the deuteron by nucleon (diagrmas 5 
and 6) and meson (diagrams 7 and 8) exchange 
currents in the deuteron, which arise inthe exchange 
between the nucleons of two mesons, of which at 
least one must be charged. 

We have calculatedthe anomalous dynamic mag- 
netic moment due to meson exchange currents in 
the deuteron (non-intersecting meson lines ) when 
the second meson emitted by the nucleon absorbs 
the y-quantum in the intermediate state. There 
exist, however, still other matrix elements that 


Ue 


characterize the absorption of y-quanta by meson 
exchange currents, but do not contribute to the 
effect. These are the matrix elements that are due 
to the absorption of the y-quantum by the first 
meson exchanged, and also to the matrix elements 
corresponding to the diagrams with intersecting 
meson lines. To this case there correspond two 
matrix elements: a) with the second meson neutral 
(cf. Fig. 3), and b) with the secon meson charged, 
Then the absorption of the y-quantum occurs in 
case a) by am*, and in case b) by az” meson, for 


the given direction of motion of the mesons from 
the final state neutron to the proton. Thus we have 
for these matrix elements / = M, [ P =N onthe 
basis of (1)], and their suis zero. 

Similarly it can be shown that matrix elements of 
the type M. make a small contribution to the effect, 
and we neglect them. The matrix element for the 
electromagnetic transition arising fromthe existence 
of nucleon and meson exchange currents finally 
takes the form: 


M, = —egt/4nMt < (kA +A) [(Fs — oF x) — (Yor,) Gs] > 
ot AEA = , @ = ot a, nm" yon 5 
+ a <BA (Fo — (it G5) > + << RA (FE — (tute) GE) >, (8) 
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ee IVE Jm2+5+|z ie + WB 
3 °R 3) (Ve 2) M2 B2+V 64+ 482p2 
ta 3 8 eae] pores 
4 p2\ M M B2 SS 
Ces L+ $e)“ arcte — (1+ ap) in — SF Inah ; 
(M2-4+82)In4 , 3m (Nok) , MM? M242 (Nok), _ MP 
Fr =| M? —2 (NA) 8 2 + 3(M—(N ky) M®—2(Nok) (Nok) 
M fy CE ar | + VES are M 
— “g |'" “(owe — 2+ 2M) |p? + 2MB[ | * 4(MP—2 (Nok) VNR) 
fee Meera V (NSE) IB 2M V (Nok) | aie 
[2M? + 6? + 2M V (Nok) | 82 —2M V (MR) | u hos 
Soe Fa M2 -+ 262 M —— 
cM?» M—V (Nor), (Pot) fg, 4 3 jy MG eee ee 
(Nok)? MV (Ak) ail Te aiaie eee al +6 
ages pies ie). C5 = 0.93; c; = 0.65. 
M+ V (Nok) 


V (Noe) 


It must be noted that the functions F’, appear in 
the matrix elements M | and M. in an unsymmetrical 
way, so that the angular dependence for the radia- 
tive transitions must have an asymmetry in the di- 


nn eee 


rection of small angles (when cos0~ 1). 
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The additional interaction energy of the deuteron 
with the electromagnetic field, which appears be- 
cause of the existence of nucleon and meson ex- 
change currents in the deuteron and the change of 
the internal motion of the nucleons owing to them, 


can be written by (1), (7) and (8) in the following 


form: 


gt YW, (0) sey ee SIN 9 
Hip = ag (<P A (8 — (rete) 8) Sir (9) 


eee AS — i) © le 
+c RA LEA) (SB — (tutu) B) Diy}. 


Here the new functions $$ and @ are connected 
with the old functions F, and G, [cf. Eqs. (7a) and 
(8) ] in the following way: 


Wa (Fi + Fs +a Fa); (9a) 
g’=(2Fi +> ia 
=(Fl— Fr —Fot SFr); 
O'= (GF + G5 +767); 
il 


@" = (263 + 5 Gs—G,); 


@=(G, —G; —G,). 
Let us consider the form of the operators appe ar- 


ing in Eq. (9) in the x-representation. Since by the 
law of conservation of energy and momentum 


we Can write the operator ZA in the following form: 
kA = TuivepAy = SyyBvus 
where Puy = (i/2) (YYy Sr Vy? is the four-dimen- 


sional spin vector and 5 py is the electromagnetic 


field tensor. If we introduce the total spin of the 
system, ae = ey + ov» Eq. (9) takes the form: 


Hig = (eh/2Mc) (g?/he)? a (0)/2M? 9) 
<5, Sou) (B — (7,7;,)8) 
+ (5), vu) (&” — (7,17,) 8’) 
+ (SyvBou) (B — (ry7,) G)} Sip. 


Now H ,, has the form of the energy of the dynamical 


magnetic moment in the electromagnetic field. 
By means of the expression just obtained one 
can consider various radiative processes for the 
system neutron-proton, for example, the photodis- 
integration of the deuteron, the production of y- 
quanta in collisions of high-energy neutrons with 
protons, and the,Compton effect with the deuteron. 
Let us consider as an illustration the photodis- 
integration of the deuteron. In the Pauli approxima- 
tion, H takes the form 


Hy =—(su) — (11) 


x <{(SH)[F+ =" 


—(1+ ga)(6+ 3") 
+ (cH) [S>¥ —(1 +55 )(FS=)] Sy, 


5 (ee aye cael are 


The first termin Eq. (11) describes the triplet- 
triplet transitions, and the second, the triplet- 
singlet transitions. For the triplet-triplet transi- 
tions the differential cross section for the photodis- 
integration of the deuteron can be written in the 


following form: 
doo = 35 (He) (E) Gar Gis) an, 
D(k) = (%+ y+e) 
—(1+4¢7)(6+24°", 


The function D (4) increases slowly with the energy 
of the absorbed y-ray. 

With increasing y-ray energy the effective cross 
section for the photodisintegration of the deuteron, 
Eq. (12), increases as ihe angular distribu- 
tion of the photonucleons is isotropic in the range 
of energies in which the magnitude of the spatial 
momentum of the nucleon can be neglected incom- 
parison with Mc, and the anisotropy increases with 
increase of the energy of the absorbed y-quantum. 
Such a picture agrees qualitatively with the experi- 
mental data9-11. 

In conclusion, the writer regards it as his 


pleasant duty to express his gratitude to M. A. 


Markov for suggesting this problem and for valuable 
discussions. 
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The energy spectra of positive and negative pions released in p + Be and p +C collisions 
was measured with a magnetic spectrometer at an angle 24° to a 660 mev proton beam. The 
7 —meson spectrum has a clearly defined maximum at an energy of about 210 mev in the 


laboratory system, whereas the spectrum for the 7 —mesons varied only slightly over a 


range from 60 to 250 mev. The probability of positive pion formation when protons collide 


with protons bound in Be and C nuclei was discovered to be at least three times less than 


A ar 2 
where protons act on free protons. The maximum of the 7 —meson spectrum in the center- 


of-mass coordinate system is situatednear 100 mev. The ratio of positive to negative pion 


emission was determined for Be and C over the whole spectral range. The ratio of total 


emission of positive to negative pions for these two elements is equal, respectively, to 


5.3 0.6 and 7.0 +0.8. 


1, INTRODUCTION 


Re present article is devoted to research on the 


energy spectra of positive and negative pions 
released during the bombardment of beryllium and 
carbon with protons whose energy was sufficient to 
excite one of the colliding nucleons to the state 
with an angular momentum of 3/2 and an isotopic 
spin of 3/2 (i.e., a Eas state). The proton 


energy was not so high that the process of forming 
two pions ina single collision occurred to any ap- 


preciable degree. 


2. THE EXPERIMENTAL PROCEDURE 


A magnetic spectrometer was used to obtain the 
energy distributions of the pions. Those pions 
which are emitted at an angle 24° to the proton 
beam pass through the spectrometer and are re- 
corded with a telescope of three scintillation 
counters. Information on the proton beam and mag- 
netic spectrometer was presented in a previous 
paper’. The method for determining the contamina- 
tion of the pion beam by »—mesons and electrons 
upon exit from the spectrometer was described inthe 
same paper. The influence of pion absorption in the 
target, as well as inthe crystals and filters, was 
evaluated inthe light of current data on total cross 
sections of pion-nucleus interaction””°. For the 


80 


beryllium and carbon targets, with thicknesses 


selected so that the energy loss suffered by the 660 
mev protons was 3.7 mev inboth, this correction 
varied from 3% at the bottom of the spectrum to 6.6% 
at 200 mev and then dropped again to 3.5% at 420 
mev. In calculating the correction for pion dis- 
integration in flight, the lifetime of 7 = die 
mesons was taken to be (2.54 +0.11) x 1078 sec®”, 


3. THE ENERGY SPECTRA OF THE PIONS 


Figures ] and 2 show the energy distributions of 


the 7'— and 7~—mesons in the laboratory system as 


obtained for beryllium and carbon. The errors indi- 
cated in the measured points allow for statistical 
errors of measurement and for all uncertainties in 
the evaluation of the corrections for negative pion 
disintegration in flight and for determining the con- 
tamination by z—mesons and electrons. The spec- 
tra were normalized to the value of the area under 
the peak belonging to the 7 —mesons from the pp 

+ dn’ reaction®, 


2 


lative units 


£6 inre 
dwadl 


o 100 


0 


HAGe Is Energy distributions of pions from Be at an 
angle of 24° in the laboratory system. 
mesons and @, 7” — mesons. 

The basic properties of the measured 
the following: 

a) At the upper part of the spectra the number of 


7 “ea becomes zero for iower energies than 
for the 7 —mesons; 


Spectra are 


400 E, mev 


0 represents mt 
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b) For both elements the average energy of 7*— 
mesons is equal to about 215 mev, and the average 
energy of 7 —mesons is about 180 mev; 

c) Both 7'—meson spectra have a clearly defined 
maximum at an energy of about 210 mev, whereas the 
number of 7 —mesons in the spectra of both ele- 
ments shows only slight variation over a range fron: 
60 to 250 mev. One should not rule out the possi- 
bility that the negative pion spectra has a slight 
indentation in the region of 100-130 mev; 

d) In the 7*—meson spectra there is a certain 
distortion in the smooth variation in the number of 
mesons with energy in the interval from 140-200 
mev, i.e., for those energies where the cross sec- 
tion of 7'—meson-proton interaction attains its 
maximum value. This circumstance is cause for 
assuming that the reason for the distortion of the 
smooth variation in the spectruni in the indicated 
region is the interaction of the 7'— meson with the 
nucleons in the original nuclei. 


in relative units 


2 
4 


ao 
Qwadt 


E, mev 


Nee 2: Energy distributions of pions from C at an 
Q. 
euele of 24° in the laboratory system. O represents 
7 —mesons and @, 7 —mesons. 
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Special attention was given to measurements of 
the 7'—meson spectra in the 300 mev region, where 
a peak can be observed for 7'— mesons from the 
pp > dn* reaction. 
in the present experiments, this might mean that 
the protons within Be and C nuclei spend an appre- 
ciable time at the surface of the nuclei, i.e., out- 
side the region of strong interaction with other 
nucleons. In this case the protons must exhibit a 
small dispersion in momentum. As may be seen 
from Figs. 1 and 2, the results obtained give no 
indication of the existence of observable deviations 
from the monotonic decrease in the number of 7t— 
mesons throughout the studied energy range other 
than deviations within the limits allowed for by ex- 
perimental error. 


4. COMPARISON OF PION YIELDS FROM FREE 
AND BOUND PROTONS 


The values of positive and negative pion yields 
for an angle of 24° were determined by integrating 
the spectra over energy. Shown below are the 
yields per target nucleus and De total yield of 
positive pions from the pp > np’ and pp > dn® re- 
actions measured under the same conditions and 


taken as unity. 


Element y* yo 
H 1.0 = 
Be 1.4 0.26 
C te 0.24 


Because of charge independence the total cross 
sections o(pn > nnn*) and o(np > pp7_) must be 
identical, and the 7'—meson yield at an angle @ in 
the first reaction must be equal in the center-of- 
mass system to the 7 —meson yield at the angle 
(180° —0) for the second reaction. or an energy 
of about 660 mev we have o(pp > dn ya=C3 1 
2.2) x 10°" eee o(pp > npn*) = (10.2 +1.2) 
x 10°5" cm? , (pp > pp) =(3.4 0.4) x 107” 
cm? and o( pn > pn7®) =(7.8 +1.6) x 10°77 cm 
From the relation 


1/, [9 (pp >dz*) + 3 (pp > np=")] 
= 3 (pp—> ppn?) + 2(pa— prin) —o(pn—>nnn’) 
it follows that o(pn > nnn’) =a(np > pp7 ) 


= (4.6 +1.8) x 10°27 cm’. This estimate is com- 
patible with the Y+*/Y~ ratio obtained for the 24° 


If this peak should be discovered 


210 
- energy of az'—meson proved equal to 242 mev, 


angle. Bearing all this in mind, we cannot be too 


far wrong in assuming that in the studied energy 
region positive pion formation inside a nucleus oc- 
curs mostly in (p — p)-collisions. If the values for 
Y* obtained for Be and C refer to a single proton in 
a target re then it turns out that the proba- 
bility of 7*-meson formation in (p — p)-collisions 
inside the nucleus is at least three times less than 
the probability of 7*~ meson formation where the 
protons are free, 

This large reduction in the probability of 7*— 
meson formation in collisions with bound protons is 
caused to a certain degree my meson absorption in 
the original nuclei, and also by the slowing-down 
and scattering of impinging protons in the nuclear 
matter. The effect of these processes is such that 
the nucleons situated on the surface of the nucleus 


participate principally in meson formation. The 
presence of nuclear bonds in the nuclear matter may 


also prove to be one of the additional reasons for 
the reduction in the probability of meson formation 
inside the nucleus, even at high energies. 


5. ANALYSIS OF THE PION ENERGY SPECTRA 


On the assumption that pion formation in compound 
nuclei occurs through the interaction of an imping- 
ing proton with one of the bound nucleons and that 
pion scattering in the original nuclei is insignifi- 
cant, the spectra obtained were transformed to the 
center-of-mass system of the two nucleons. Inthis 
system the kinetic energy of the two nucleons is 
equal to 305 mev when one of them has an energy 
of 660 mev in the laboratory system. The values 
of d*a */dw*dE* in the center-of-mass system were 
found by calculating the invariant expression 
(1/p )d20/dwdE, where p is the momentum of the 
pion. Figures 3 and 4 show the spectra obtained 
in this way for positive and negative pions, with 
the angles at which the pions of a given energy 
were emitted*, It is apparent that the angular inter- 
val 48° to 42° corresponds to the energy interval 
50-200 mev. For both elements the average total 


which comes close to the value found under similar 
: outs 1 
circumstances for free (p—p)-collisions ; the 
average total energy of 7 — mesons in both cases 
is equal to 225 mev. These figures indicate that in 


* These values for the angles are approximate, since 
motion of the nucleons in the nucleus was disregarded 
in the calculations. 
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WIS? 50° 45° 


in relative units 


d5* 
dw de 


0 dO 100 


ie 43° 


42°30 


150 200 E*,mev 


Fic. 3. Energy spectra in the center-of-mass system for Be. 


+ _ 
O represents 7 —inesons and @, 7 — mesons. 


a single act of pion formation an average of about 
75% of the energy available in the center-of-mass 
system is expended. 

Both 7*— meson spectra disclose a maximum near 
100 mev. If the recoil energy of the nucleon and 
the rest energy of the meson are added to this most 
probable value of the 7*— meson energy, then the 
most probable value of the total energy released in 
the elementary act of positive pion formation will 
be equal to about 260 mev. The value obtained 
for the total energy is only slightly less than the 


resonance energy of the excited P state. 


3/2 53/2 

It is of considerable interest to compare the 7* — 
meson spectra obtained in these experiments with 
spectra measured at far greater energies. Accord- 
ing to Yuan and Lindenbaum’? the maximum for the 
7'—meson spectrum formed by the action of 2300 
mev protons on beryllium and measured at an 
angle of 32° to the primary beamis close to 130 
mev. It is also known that for the 7‘— and 7 — 
meson spectrum from the np > np7' 7 reaction at 
an energy of 1720 mev, the average energy is 112 
mev and 120 mev, respectively’. 


The cited facts are evidence that with the in- 
crease in energy from 660 to 2300 mev, the maxi- 
mum in the 7’—meson spectrum changes its posi- 
tion only slightly, remaining always close to the 


resonance energy of the lo ar vig state. On this 


basis it may be assumed that throughout the entire 
energy interval investigated the main effect is due 
to the same specific mechanism of pion formation. 
This mechanism may be taken to consist of a transi- 
tion in the energy region of 600-1000 mev of one,or 
where the energy is greater, of both the colliding 
nucleons to an excited state, from which the 
nucleons, acting almost like free particles, return 
to their ground state by emitting pions. A similar 
supposition was used by Fowler, Shutt et al.!? to 
explain the predominant formation of two pions in 
one elementary act and the angular correlations of 
particles in the reaction np > npata at 1720 mev. 
The questionof the reasons for the striking dif- 
ference in the forms of the spectra of positive and 
negative pions deserves to be treated separately. 
Let us assume that nucleonic collisions inside 
nuclei possess the same properties as collisions 
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BOSS? 50° 45° yy? 


25 


in relative units 
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43° 42°30" 


150 200 ~E*, mev 


Fic. 4. Energy spectra in the center-of-mass system for C. 


0) 7: m 
represents 7 —mesons and @, 7 —mesons. 


of free nucleons with regard to the nature of parti- 
cle interaction in the final nucleonic system, con- 
servation of the isotopic spin and the predominant 
emission of mesons in the p-state. Now the men- 
tioned difference in the spectra of positive and 
negative pions may be qualitatively explained, if 
it is borne in mind that for the pp > npz* and the 
pn ppz reaction, there is a difference in the 
relative contribution of the transitions to the 

final P and S states of the two-nucleon system and 
and that the form of the pion spectrum is sensitive 
to nucleon interaction in the final state. It is for 
this reason that transitions to P states, where 
nucleons interact weakly, should lead, to a softer 
spectrum than transitions to oe and oe states, 
which are characterized by strong nucleon interac- 


tion. 


6. THE 7'/7 RATIO 


The dependence of the ratio of positive and nega- 
tive pion yields on here yanap determined from the 
measured values of da */dw*dE*. As can be seen 
from Figs. 5 and 6, for both elements at energy 
E ~ 15 mev, a'/q <1. In the region from 160- 
180 mev the 7+/m™ ratio attains its maximum value 
of 14 +1.9 for Be and 17.7 #3.2 for C. For these 
same elements the ratio of integral yields of posi- 
tive to negative pions is equal to 5.3 +0.6 and 7.0 
+0.8, respectively. According to Sidorov'?, the 
ratio of integral yields of positive to negative 
pions for p + C collisions at an energy of 660 mev 
is 5.0 £0.7 at a 90° angle in the laboratory sys- 
tem. The large increase in the yield of positive 
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pions over that of negative pions is due to the 

fact that the impinging nucleon is a proton and also 
to the comparatively low probability of pion forma- 
tion when the two-nucleon system is in a state 
where the isotopic spin is equal to zero. 


N(X*) 
N(X) 
15 


10 


130 


100 200 E*, mev 


Fic.5. The energy dependence of the ratio of positive 
to negative pion yields for Be inthe center-of-mass sys- 
tem. 

N(X*) 
N(-) 
20 


100 


150 200 E*, mev 


FIG. 6. The energy dependence of the ratio of positive 
to negative pion yields for C in the center-of-mass sys- 
tem. 


A theoretical attempt has been made!* to pre- 
dict the magnitude of the Y*/Y~7 ratio on the as- 
sumption that the inelastic collision of the nucleons 
occurs through two independent stages: excitation 
of one or both of the nucleons and then decay by 
emission of a pion. For this case, when the energy 
is sufficient to excite only one nucleon, the Y*/Y~ 
ratio should be equal to 9 for p + Be collisions and 
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to 11 for p + C collisions, if pion formation occurs 


only through the OEE state. These predicted 


values for the Y */Y~ ratio are noticeably greater 
than the corresponding experimental values. As 
has already been noted elsewhere !4, this discrep- 
ancy may be obviated to some extent if due con- 
sideration is given to meson formation in a state 
where the isotopic spin of the meson-nucleon sys- 
temis equal to %. It is also necessary to account 
for the difference in the angular distributions of 
the 7‘—mesons and 7 —mesons. Furthermore, it 
is essential to note that the original assumption 
that the processes of the excitation of a nucleon 
and its decay are independent raises doubts simply 
because the width of the energy level of the 


IP state is not much less than the excitation 
BP age) Ys 


energy!5, 
Another approach /® in evaluating the magnitude 
of the Y*/Y~ ratio has been to assume that, in 


addition to meson formation through the Poa so 


state, direct formation also occurs, and that the 
relationship between these processes is determined 
by statistical weights alone. Calculations per- 
formed in this way for p + Be collisions at an 
energy of 100 mev give a value of 5 for the Y */Y~ 
ratio. 

7. CONCLUSIONS 

These experiments established the following 
facts regarding the formation of charged pions by 
the action of 660 mev protons on beryllium and 
carbon nuclei: 

1. The probability of 7*— meson formation by a 
proton in a target nucleus is decreased by more 
than three in comparison with the probability of 
formation in free (p—p )-collisions. 

2. The spectra of positive and negative pions 
differ in form and average pion cnergy. The rela- 
tive softness and diffuseness of the 7 —meson 
spectra are cause to assume that there is a weak 
interaction among nucleons in part of the final 
state of the pn > ppm reaction. 

3. On the average about 75% of the available 
energy is expended on charged pion formation in an 
elementary act during nucleon-nucleon interaction. 

4. Perhaps the least expected fact of all was 
that in these experiments the maximum of the 7*— 
meson spectrum was discovered in the same energy 
region where it was observed by experiments with 
the Brookhaven proton accelerator at bombardment 
energies of 1720 and 2300 mev. This result lends 
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direct support to the conclusion that both single 
positive pion formation in nucleon-nucleon colli- 
sions at an energy of 660 mev and pair formation 

of pions at energies of 1720 and 2300 mev are 
essentially due to strong meson-nucleon interaction 


in the intermediate SERVE: state. 


5. The ratio of yields of positive and negative 
pions increases with energy up to 160-180 mev in 
the center-of-mass system. The ratio of integral 
yeilds of positive and negative pions is noticeably 
lower than the values predicted by theory based 
on the assumption that formation and decay in the 


intermediate SPREE state are independent. 
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Concentrated Pulsed Source 


Iu. A. Popov 
Moscow State University 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 80-85 (July, 1956 ) 


The fundamental diffusion equation deduced by Terletskii! for cosmic ray protons 
emitted in magnetized interstellar space during a short period of time by a concentrated 
source of given energy is solved. It is shown that consideration of the particles which 


remain after collision of cosmic ray protons with protons of the interstellar gas leads 
to a power spectrum similar to that observed experimentally, if the source is assumed to 
be a supernova which appeared in the center of the galaxy over 10 8 years ago. 


HE distribution function of cosmic ray protons 

in interstellar space f (Tr, E, ¢ ) can be found 
from the diffusion equation for cosmic ray parti- | 
cles.2~4 In full form, with account taken of parti- 
cles that remain after the collision of cosmic ray 
protons with the protons of an interstellar gas, 


this equation was found in Ref. 1 : 


pees E ) 
ait ) 4 LO) _ DAF (E) + oe (EF (EDI (1) 


e2 
— 5p (XE f (EDI 
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where (\ is the Laplace operator, a is a coe ffi- 
cient chaacterizing the mean increase of energy 
er unit time (dE / dt =af ), Tis the mean 
lode of a particle up to its collision with an 
atom of interstellar gas, Q is the density of sources 
of particles, D is the amount of enegy of the 
first particle that insures meson formation in a 
collision wth motionless particles, a, Maa, 
are the amounts of energy possessed by the’ two 
particles after collision (a) +a, dy = 
To find the particle spectrum, definite assump- 
tions must be made on the particle sources. We 
assume that the primary cosmic ray protons arise 
in outbursts of nova and supernova’ ~” , are first 
accelerated in the expanding envelopes of the stars, 
and then are ejected into the interstellar medium. 
Acceleration in the envelopes of the stars is 
controlled by the action of the statistical mechan- 
ism of Fermi.® In this case, there do not arise 
the usual difficulties, associated with the fact that 
this mechanism begins to operate only for energies 
which exceed the threshold energy detemined by 
ionization losses to the surrounding medium. 
Actually, for envelopes expanding at «= 10 ~*/sec 
(see Ref. 9 ), the threshold energy for protons is 
negligibly small and does not exceed the initial 
kinetic energy associated with particles in the 
explosion of a star. 
urther acceleration to the limiting energies occurs 
upon multiple collisions with the turbulent pulsa- 
tions of the interstellar gas,* i. e., by the Fermi 
mechanism. 
It is evident that acceleration in the envelope 
of thesta is possible up to a certain limiting 
energy E which is determined by the condition 
ae tee Sige of curvature r of the trajectory of 
paticle in a magnetic field H of the envelope 
ccenoning othe enn anh ob man 
The dif an the radius of the envelope p . 
€ diltusion path length of the particles, L 


a Saree aie : 
=e ODM where fis thedeceleration 


time, ought i i 
ae ght also not to exceed p ,1.e., the condi- 


pSr=E/300H, pSL=YV6Di. (2) 
ought to be satisfied. 


On the other hand, the energy EF and the time ¢ 
are connected in approximate fashion: 


E = ett, (3) 
3ecause of (2) and (3), the particle can be found 


fj . . 


aa!) 
According to Refs. OSnLOE taking 


fu eAL er OROWV 


Tea ee. 


e110 cm, 


a a 1052 Beer 


Dz 1074 em2/sec, 
ve estimate [ from (2) and (3) ] the acceleration 
time of the particle in the envelope of the star up 
to the threshold energy tobe t, ~ 1010 
or ~ 300 years. : 

Thus, we can assume that, at time t, ~ 300 
Moore pitas eruption of the star, particles are gener- 
a : 
ssaaraneene resulting envelope and are accelerated 

medium to the energy ES (£5 = 10.1% sev)! 
Particles with such an energy can accelerate in 


interstellar spacey Therefore we can represent the 
sources which generate particles in interstellar 


space in the form 


sec 


Q=Q,8(i —i,)¢(e—1)6(E—E5), (4) 


Q,, = strength of source. 

‘The further process of acceleration of the 
particle in interstellar space is described by Eq. 
(1) with Q from (4). For the solution of this 
equation we multiply both sides by FE and carry 
out the following change of variables: 


E =e, u=Ef(E) 


After substitution Eq. (1) is simplified: 


(5) 
— u(x + Ay) — u(x + Ad)] 


= Q,3 (r —1) 8 (x — x) 8(¢ — h); 


‘hein yeoy) ee ieee 


We look for a solution in the form of a Fourier 
integral 


—O 


(6) 


u(t et = 


and obtain for F the equation 


OF (7) 
ap — DA F -+ op? F + - (1 — ele: — eins) 


= Q, e706 (r— ry) 6 (t — tae 


We set 
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Fir, p, 1) =®)(u, t)X(r, 4, 2), (8) 


®, (v, t) = exp \— i Es + = (1 — eit — elnaay 


Substituting (8) in (7), we get for X the inhomo- 
geneous diffusion equation, the solution of which 


has the form 
Q ae i UAV 9 
— O ——— 


~ Br'!* My (to) 


2 exP | eee aie 


Thus, the solution of Eq. (5) has the form 


u (te r t) a Oo exp {(r — To)? / 4D (t = toh (10) 
mast 16x! [D(t— t,)]""* 
x exp{—~y, 
where 
ag 
[= \ exp yee Xs) cD 


t = ty [eins = einas}| dp. 


uu? (t — te) + 


Now everything is reduced to the calculation of 
the integral (11). Introducing the notation 


a = a(t —ty), 


6’ i iv. 
f(p) = ip —S w+ (et eh), 


ws 


we write the integral in the form 
loo) 


if = \ ext () du 


—co 


and compute its value by the method of steepest 


descents, assuming that x is a large parameter. 
For the computation we must find the line of 
steepest descent 


2a’ 1D Re See 
Im f (1) ry ee Ais sin (A, S) (12) 


+ & e429 sin (A, s) = const 


and the saddle point, which is determined from 
the eqiaion 


(13) 
eAiz 


ra) Ao! ip 
ip A»8 8] E10) 
x 


Ou 


, a IANeI Gy 
=i | Seen 


Paiko 


where z= i pt, - It is then easy to show that 


saddle point Hy =—tz-= io, lies onthe imagi- 


nary axis in the upper half plane: 
20! (ey 


Ses aes so + (14) 


~~ e419 sin (Ajs) 


ae ; 
Fes 4:9 sin @s s) — (@) 


4- 


? 


where 4p = s tia. We nowspecify the contour 


determined by this equation. We show tha oa is an 
even function of s . Denoting the left side of Eq. 
(14) by F(s,0 (s) ), we have 


Fis, ef-s) = Fs’, e(6) 
= F(—s, a(S) ==) 
It then follows that o (s ) = 0 (—s) ad the line 
of steepest descent is symmetrical relative to the 


imaginary axis. 


We write Eq. (14) in the form 
x LEON Wes 
leer ah 


— e(Aez—Ajjo 


(15) 


sin (A,s) sin (Ags) 
Ss S 


=0 


and construct a nomogram for the graphical in- 
vestigation of this equation. 
We erect vertical axes Y, and Y, on the plane, 


perpendicular to the X axis and a certain curve Y, 
the coordinates of a point of which we shall denote 


as (x, ,¥, ). We connect the points with the 
coordinates on and Yo on the axes Y, and hs by 
a straight line and find the jaan of intersection of 


this line with the curve Y ( Fig. 1 ). 
We then have the relation 


ra 1 (16) 
wae Ae ti uy —-) = 0. 
Equation (16) coincides with Eq. (15) if 
yo = sin (Ays) /s, 


=, = sin (A, 5) Ss, lV / xe —— | — ee 


SS 2 (1 Hee! 3} oA. 
X3 @ x 

With increase in s, the points y, and y, undergo 

damped oscillations about the points y, =y, =0. 

The point x, , y, has a damped oscillation about 

the point Ve ae ) = 0, which corresponds to 

x / 2a”. Therefore the contour of 


Os 
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integration has the form shown in Fig. 2. 


Ie, 2 


The rest of the problem reduces to the integration 
over the contour C . Since Im f(u)=OonC, 
then 


I = (exp Ref (w)} dy 
G 


(17) 


Ore: / 
=[exp{x{—s—“s2 ae cs 2 
2 L x so 


B’ , 
++ cos (A, s) eA: + Ecos CN5:S) e~*]}d(s-+io). 


The integral over d o vanishes. 

The principal contribution to the integral comes 
from the cutting off of the contour of integration 
which runs to the saddle point. 


We have 


I =exp {— xs, + a’ aa} J exp {— «a's? 


I 


+ B’cos (As) e~A:e0 + B’cog (Ags) e~41%} ds. 


_ Setting e= (a ” Bs a , expanding the integrand 
in a series in s and limiting ourselves to the first 
3 terms of the expansion, we get 


1 22 p’ ee 
I — Exp {—*39-+# So Tesavar: + pa | 
A2g" A26/ \ 
XxX V al a ae fe ans ju +O(«'—'ls)). 


Thus, the desired fundamental solution of Eq. 
(1) is 


. Qo 
| oto!) areca USA (18) 
Pe SINS, 


Us ty a 
+! (—14- eee “\-bastT)| 


AY A AS A;o ie 
OG a a ey 
x E + ape -|- ap © | 


Hence it follows that 


Pkt; ES t) a ESO, t), (19) 


where y ~ 1 +o) and gy (r,¢ ) does not de- 

pend on E . Consequently, the exponent y of the 

power spectrum of the primary component of the 

cosmic rays is determined by the quantity 0, =- z 

which is a root of the transcendental Eq. (18). 
The exponent y satisfies the equation 


20/ 
ae ai) 


+ ae e—Ar(¥—1) AB’ 


e-Arly—D — 0), 
x x 


Recalling the definitions of «’, 8, x, and 
cone that for our galaxy the factor «T= 0.6 


(see Refs. 7,8 ), we obtain 
0,6 E 
a(t) OB (20) 


= 1,2 (7 = 1) — A,e—Auly—-1) Bast (a, e—Ax(Y—1). 


In the collision of two protons of high energy, 
one of the colliding protons carries away the 
principal amount of energy, and the energy of the 
second is less than 1/5 the initial energy of the 
colliding particles.* The estimates 


*Privae communication of N. L. Grigorov; see also 
Ref. 11. 
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100 
o/h 
&0 
70 
O12 ie 
5Q 
YO 
018 - 
az nee 
1” 
ose a0 
8H ~ 0 
O45 ~ ~ 
OW o as 
OHA’ ey) = 
d (he —t 
5 Oo” 9 = 
S a g o 
12) "3 Lm | 
“gt? § 
b n 
12 u 
ss 35 B\Po 
NEw 10 
acr y 
48 Fo 
a 3 
oY 20 
10 
30 Z 
36 
42 
48 
JY 
zy 3 
4 1 
Fic. 3 
and are accelerated to high energies, or are parti- 
a,=0.1; a,=0.6; A,;=2.3 ana A, = 0.5. cles with areal increase in energy per unit time 
above the average increase, corresponding to 
then follow. : a P=0. 6. ; : 
A nomogram is shown in Fig. 3 for the solution It then follows that the source of particles which 
of Eq. (20). It is evident from the nomogram that ce a garth yee ele a genie 
< r< < 10 a ev ) and consequent ich are 
tor O04 = « = 6Gand3 = E/E, = 10 Spe q y> , 
[Ey care ; accelerated in interstellar space for a comparatively 
the exponent is confined to the range 2 = y = 3. short time must be Nova and Supernova which 
In particular, in accord with the experimental erupted about T years ago. The source of parti- 
data, for an initial energy of Ey = 5 x 10° ev, cles that are accelerated to the highest energies 
which is approximately equal to the energy pre (E~ 10 *°? — 10 °° ev ), and which consequently 


protons, we obtain for the energy E ~ 10 
ev in the case of ao * = 0. 6, y = 2.2. 

It follows from the nomogram that « “ must be 
greater than 0.6 in order to determine the spectrum 
in the range of very high energies. 

For example, 


for E~5-10%eV y= 2.5 for a = 2.75; (91) 


for E ~ 1015 eV == oS afor, & = 4, 


This means that the high energy primey particles 
are long-lived particles [ (t—1¢ eee bs “a 
which experience a large number of collisions wit 

the turbulent pulsations of the interstella material 


remain in the interstellar fields a fa longer time, 
must be stars that erupted ( 1— 10) T years ago. 
Thus the spectrum is formed by particles which 
arise at different times as the result of the ex- 
plosion of many stars, in which the protons of 
each of the explosions contribute to the power 
spectrum of the energy. Therefore it is quite 
apparent that the fundamental solution ought to be 
integrated over the variables ry, £9 and E, of 
the separate explosions. 
From the estimates (21) of the time (t—t ) 
it follows that the sources of the primary cosmic ray 
particles are located in ghe center of the galaxy 
at a distance of r~ 10° cm from the earth. 


90 rs ANG 120) 2X 0)\ 


Actually, taking the time t —¢ 
for particles to travel a diffusion path from source 
to earth, we get, by Eq. (21): 


(t —t,) ~ (1 + 10) T~ (1 + 10)- 10" sec 
and setting | ~ 10!° cm, v ~ 10'° cm/sec, we get 
r~YV lo(t —t,) ~ 1078 om. 


This analysis makes possible the assumption 
that the cosmic ray protons observed at present 
arose as the result of very many explosions of 
Nova and Supernova which rook place at the center 
of the cel) at different times ( approximately 
4x 10° —3 x 10° years ago ) and were then 


accelerated by the electromagnetic fields of 
interstellar space. 
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It is proved that for any given scattering matrix there exists a non-self-adjoint operator 
defining the energy of the compound nucleus in a simple triangular representation. The 


relation between the decay of the compound nucleus and its spectrum is investigated. 


N recent years a large number of purely mathe- 

matical investigations have appeared’~®, dealing 
with the spectral theory of a wide class of non- 
self-adjoint operators. In the general theory of 
scattering there appears the ideaof a compound or 
intermediate nucleus, which is formed during the 
course of various nuclear reactions. The main 
property of the compound nucleus is to possess 
complex energy levels or quasi-stationary states, 
and in mathematical language this means that the 
energy operator is not self-adjoint. The spectral 
decomposition of a non-self-adjoint operator, dis- 
covered by the present author’, proceeds by means 
of the so-called characteristic matrix-function 
which defines the operator to within a unitary 
equivalence-class. The present paper establishes 
the existence of a close connection between the 
scattering matrix?” !® of a compound nucleus and the 
characteristic matrix-function of its energy-operator. 
This makes it possible to construct the energy 
operator of a compound nucleus when the scatter- 
ing matrix is given. In addition, some newproper- 
ties ofthe scattering matrix are discovered. The 
energy operator is put into a triangular representa- 
tion in which the equation of motion and the decay 
of the compound nucleus can be studied and related 
to the character of its spectrum (discrete or con- 


tinuous, etc. ). 
Previous knowledge of the mathematical papers 


quoted above is not required for understanding the 


present work. 


1. THE ENERGY OPERATOR OF A COMPOUND 
NUCLEUS 


To explain the essence of our method we con- 
sider the simple case of a purely elastic scattering 
reaction described by a+ X>C > X+a. Here a 
is the incident particle, x the target nucleus and C 
the compound nucleus. There is only one channel”, 
and there are no external fields. 

_ The wave function u(r)(0<r< co) of this sys- 
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tem can be represented as a vector with two com- 


ponents ¢(r) and w(r) defined by 


Ae ie (ewe =S e*r) r>R, (a) 
0 LGR 
( 0 Te (2) 
b(i=Je 
Pa (r) POR © (i <Gooy 
= 


Here K is the wave number, and W = h?K?/2u. The 
w .(r) are a complete orthonormal set of wave- 
functions for the compound nucleus in the interval 
(0, R), the C. are constant coefficients, and R is 
the channel radius’®. The Hamiltonian* may ac- 


cordingly be written as a 2 x 2 matrix 
ieee 
ie 
where T' = —(h7/2p)(d?/dr”) is the Hamiltonian 


in the center-of-mass system in the absence ‘of 


interactions. A is an operator acting on the wave- 
functions w(r)(r <R) inside the compound nu- 
cleus, and the operators I’ and I* describe the 
probabilities for decay and formation of the com- 
pound nucleus. 

The function g(r) may also be written 


(3) 


or) = constie = 


= SW) ens ae: 


where S, (W)= eo i W) describes the resonance 
scattering associated with the formation of the 
compound nucleus. We call the function S,{ W) the 
reduced ( one-dimensional ) scattering matrix. Intro- 
ducing the functions 


il ; . 
* Here we usedthe method of Bethe 5 with some minor 


alterations. 
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9, (r) =sinK(r —R), 
g(r) =c0sK(r—R) (r>R), 
[y,(r) = g(r) = 0 forr <R], we may represent 


g(r) in the form 
o(r) = ag, (r) + b[ 2 (r) + é91 (7)I- (4) 


The function g(r) has a discontinuity at R of mag- 
nitude 6 = y(R +0) - p(R —(). 


Consider the wave-equation 


Ir alo) =" Go): 


I A 
which separates into the two equations 


Te ++Td = We, (5) 
I“o + Av == Woe. (6) 
Equations (4) and (5) imply* 
e h2 d2 (7) 
TY) =\ ain (W + 2 aa)e(rar 

0 

R+e i 
= \ poe (r—R) a (rar 

R—e 


= (12/2) 91 (R) = — (h?/2u) OK. 
Next, Eqs. (2) and (7) give 


<~ omg fe (8) 
b= — WK SG (1; — (TY, y)). 
j=1 
In the same way we can prove that (Cy, o,)=0 
ig ie ; 
Hence we deduce from Eqs. (6) and (4) 


als, +6I"¢, + ile, + Av= wy, (9) 


Multiplying Eqs. (2) and (9) by Wi, (r) and integrat- 


ing, we find 


a (Io, ¥:) + 0 (To, dp) (10) 


+ ib (P*e,, bs) + (AB, de) = Wer. 


* The symbol 
Cc 
(u,v) = \ v*(r)u(r)dr 
0 
represents a scalar product. The function bd’ Ca— hk) 


arises from double differentiation of the simple discon- 
tinuity. 
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Since 


(I"¢1, Sx) 


(91, T0n) = 
(To, Yr) = (%2, bx) = 9, 
equations (8) and (10) lead to 


* . 2u. = nyt e 
at, — ip Yeti + Ane; = Wo, OY 


ial 


with A i, = (Ay, w,)- 


ipa 


(ee Are si) 


Let f be the vector with components cj, Co, --- 


c ,, and let the operators A, B, H, H* be defined by 


(Af, = Anes (12) 
j=1 
[Bf], = Sic 88, (8, = V2n/K 1), 
i=1 
H=A+iB, H*=A—iB, 


where LAfl,. Gey (k =1, 2,...,27) are the com- 
ponents of the vectors Af, Bf. Equation (11) can then 


be written in the form 


De) eb 


26) at V K/2p {Ba} nen 


If a =0, there is no incident wave, and the equa- 


tion H*f = Wf defines the complex-levels and quasi- 
stationary states of the decaying compound nucleus. 


The equation of motion of the compoundnucleus is 


ihdf / dt = H"f. 


2. THE SCATTERING MATRIX 


We now calculate the scattering matrix. If e is 


the vector e = iV 2B, Fog dake eives. 


—i(H—H)f=2 93088, =(f,eye. 5) 
j=1 
Equations (4) and (8) imply 
og (Coa. 6) aa (16) 


ETinwth, e) pik(r—R) 


BR VE 


product. 


(13) 


(14) 


? 


* Here (f, e) = aia e* a= V227_1¢,B* is the scalar 


> 
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while Eq. (13) gives 


f= — WI) 2, (17) 
ee h?K 
ey ee eae at) 
Thus the function (r) becomes 
© (r) ast s- Cok seg a) (18) 


eH Wi)te, ee—® 


pes — Fie’) 
— [1 + i ((H* ae WI)? e, e)] ey. 


Comparing this with Eq. (3), we obtain the following 
expression for the one-dimensional scattering 
matrix 


So(W) =1+i((H*—WI)*e,e), (19) 
S(W) =e **? sy. (20) 
The cross section for resonance scattering’® is 
70 2 
= nh?| ((H* — W/)1e, e) ?. 


It is clear from Eq. (15) than an arbitrary vector f 
is either annihilated by the operator —i(H — H*) 

or is transformed into a vector parallel** to e. In 
addition, we have the inequality 


(—1(H—H)f, f) =\(f,e)P 20 (22) 


The function S,(W), related tothe operator H 
by Eq. (19), is calledthe characteristic ares of 
H. It was studied in a number of papers’’?’°*” o 
the theory of non-self-adjoint operators. We on 
without proof some of the main results of the theory. 
1. The function So (W) determines H to within 


a unitary equivalence-class. Thus the scattering 


** The departure of the operator H from Hermiticity (the 
rank of non-Hermiticity) is characterized in this case 
by a single vector e, because there exists only one 
reaction channel. In Ref. 5, operators with arbitrary 
rank of non-Hermiticity are considered - The rank of non- 
Hermitcity is equal to the number of channels. 


matrix completely determines* (in the quantum 
mechanical sense) ihe motion of the intermediate 
nucleus C, Later we shall show how, given S) (W), 
H or H* can be constructed in their simplest antes 
sentation, which is one in which they become 
eiecnewier matrices. 

2 S(W) is an analytic function of W. 

3. The identity 

1 —|S)(W)P (23) 

===" (Rwe, Rve) (ImW £0), 


holds, implying that 


1—|So(W)?? >0, (mW > 0). (24) 


Here R 7 denotes the operator (H* — Viy*. 

4. The eigenvalues W, = EA AtL Ah al 2, ee 
of H lie inthe upperhalniene and are roots. a 
the equation So (W)=0 

5. The continuous spectrum of H (if it exists ) 
lies on the real W-axis. A real value of W belongs 
to the continuous spectrum if 1 — |S,(W +70) |2 
> 0. Intervals in which 1 —|S,(W+ i0) |? = 0 con- 
tain no continuous spectrum. if 1—|S,(W +10) fe 
> 0 with W > 0, then there exist eVect reaction 
channels which have not been considered. Equa- 
tion (14) implies 


a ape f) 
dt 


= (Gr f)+(p 


=— (HR Pte Ap 


1/1 ; 
ao ee 
From Eq. (22) we have 


d|ft/dt = (25) 


—h*|(f, e)P-<0 
and therefore the total decay probability (for one 
particle and per unit time ) is 


* This result is important in connection with the S- 
matrix theory of Heisenberg (see Ref. 17). In Ref. 5, the 


results (1-5) are proved under the assumption that e is 


independent of W. 
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aN (26) 
P =h(e, e) == DSi? 
j=1 
This quantity can be calculated directly from S,(W). 
In fact, Eq. (19) implies* 


So (VW) = Teiv (GT Wee hynnes e) 
= iW lene) Wes (Hiere) == ie, 
from which it follows that 


epee eli W ll 55 CV). 


IW Nes 


7) 


as eee ans So (W). 
hi wre Ses 

Next we derive a formula for the Renee g of conr 
pound nuclei existing per unit volume during a sus- 
tained scattering process. Comparing the well- 

. L 
known expansion’ ® of a plane wave e 
spherical harmonics with Eq. (4), we obtain 


7 into 


hank: (28) 


The state of the compound nucleus is defined by the 
vector f = Resa according to Eq. (13). Hence, q 


becomes 
q=(f iP = (#/2pK) (Rye, Ry), 


which by Eq. (23) may be written 
q = (h?/2pK) lim (1 — |S (W + iy) |/2y). 


yoo 
Hence the formula for q 


W 


) 7, : 
q= — [5 |S(W + iv) |] _. 


3. A FINITE NUMBER OF COMPLEX LEVELS. 
TRIANGULAR MODEL. 


(29) 


We shall find the energy-operator H* of the com- 
pound nucleus, in the case when this operator pos- 
sesses a finite number of eigenvalues WI=E, 


a Ail, (k=1,2,...). According to the results 
4 and 5 above, the reduced scattering matrix SW) 
is of the form 


we 
So(W) = : 
0 ( ) IL 1 W, (30) 
Sd pik, 
> II W—E, +(i/2)T,° 


k=1 


* It is assumed that the spectrum of H does not ex- 
tend to infinity. 


By choosing a particular orthonormal basis Ww (r ) 
(k=1,2,...,n) for the wave-functions of the 
compound nucleus, we can reduce the operator /* 
to triangular form. Thus 


de = D(H ne eae (31) 
j=1 


The elements (H*),, on the principal diagonal* co- 
incide with the eigenvalues (H* ie =W ie We now 
derive the remaining elements (H* jG <k). We 
observe that the operator g = —i(H —H*) f is de- 
fined by the equations 


4 1 
dy =Vycey+ 7 Hy.Co+... + = Ainen, 


(32) 
1 * 1 
dy = — > Ay, + Vlg +... + 5 Menta, 
(is er 
dn = — = Aynl) — = Aentg— ... + Untn. 


Comparing Eqs. (32) with (15), we obtain 
2)\6u| a= Tie io ene ee 


Hence 
Hin =i VV Tn exp {i (9; — oe)} , (7 = arg B)). 
Replacing the functions wr) by wo, (roexplic, be 


we have 
(H")aj = Hp = —i VT Ms. 


Thus the operator g = H*f takes the form 


di, = (Ex —— < rs) Cr (33) 
sail 
—i VTi; (F=1,2,...n). 
j=1 
The, operator (33) is uniquely determined by the 
roots of the function S,(W). In the simplest case 
of a single root, the system (33) reduces to one 


equation d, =(E, — Aico 


S(Wy Site 
y= £y ++ (4/2) r, uv 
and the cross section becomes 
Cs aif [ee eee I 
Res . W — £, + (é/2)T, 


= ry 
(WB)? +12/4 


= Th? 


* See Ref. 19 for the reduction of finite matrices to 
triangular form. 
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(Breit-Wigner). The motion of the compound nucleus 
is given by 
ihdc,/dt = (E, —*/2i1'y)cy, 
so that 
Cy (t) = Cy (O)emitEr/te— Pr/2me 
and T/h is the decay probability. For an arbitrary 


number of levels, the decay probability becomes by 
Eq. (27) 
n Wa WV, 


P=— limwl1— > 


W- co pee, Vv 


(34) 


n 
=£31%—wi)— ee 
k= k=] 
The total decay pity is equal to the sum of 
the probabilities for the individual levels, as one 
would expect. 
4. CONTINUOUS SPECTRUM OF THE COMPOUND 


NUCLEUS. TRIANGULAR MODEL 


Suppose that the number of complex levels 
et Chom 1, 2, os 


indefinitely, and that in the limit as n > o the 
numbers BY fill a certain interval a < E < b con- 
tinuously. If the decay probability P of the com- 
pound nucleus is held fixed, then by Eq. (34) the 


me must tend to zero as n> ©. 


7(n) 
Wi, 


., 1) increases 


Introducing the 
step-function 


Pee Boy EL = (BOS Ee: 
E” = 4, ede) 


and using ae (34) and (30), we obtain 


P= ID (EM) (EO. 


k=1 


mr) =|! 


Sh eas 


WED +5 p(n) 


Pr (EM) (Enea =o) 
k=1 


Giucek2. — + 0 and ee +0 as noo’, we 


(n) 
k+1 ey 
have 


pe (EW) (Ey we E\") 


NY) es ee) see ato 


(n) 


from which it follows that as n > the function 
so (W) tends to the limit 


g (E) = Ef (E) 


0 
A -¢ D(EVdE (35) 
So) = exp |— i \ae st. 
The total decay probability is 
1 
Fae Dey ae. (36) 


and the probability for decay P(E, E + dE) be- 
longing to the interval (Z, E + dE) is given by 


P(E, E+ dE) = hp (E) de. (37) 


If the compound nucleus has both a continuous 
and a discrete (complex) spectrum, the reduced 
scattering matrix has the form 


So (W) 
a I We 


pep eee EE, 


(38) 


al Ve 


It is interesting that the density h”*p (E ) of decay 
probability can be found directly from the function 
Sy (W). Taking the poet we find 


pee UE ee : (20 a 


a 


W—W 

In| So (W)| = : 
|S) (W)| = in| Tee | 
b 
p(E)dE 
ue Im | i «(mW +0), 
and the Stieltjes inversion formula?® then gives 
hp (E) = — (1/hz) In| So (E — i0) |. (39) 


Next we determine the operator //* in the case of a 
pure continuous spectrum, passing to the limit in 
the equations 
R—1 

(n) (2) (72) 
i>) OV on 


j=1 


eNuee (ET 


We define the step-functions 
in(E=O, prEb=Ty ea ee 
(Er SE<Eth, Exh—EP = a 


and obtain in the limit as n > » the following repre- 
sentation for the operator g = H*f, 


(40) 


1x 
—i\F@VP@ PE @<E<)). 


a 
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The corresponding equation of motion* is 


in LEW) _ EF (E, 2) (41) 


iN pet t) Vp (&) p(E) 4. 


In this case also the equation of motion is de- 
termined uniquely by S, (W). 


5. DECAY OF THE COMPOUND NUCLEUS IN THE 
CASE OF A CONTINUOUS SPECTRUM 


If f(E, t) satisfies Eq. (41) and g(E, ¢ ) satis- 


fies the adjoint equation 


nd 
ih $F = Eg (E, t) 


(42) 
5 
+i) e& VP OPE) a, 
E 
the scalar product (f, g) is constant in time. Ex- 
plicitly, 
d(f, g)__ {af dg 
dt = (4 g)+(f Bi) 
eee ot 
= _(H'h 8)—3(f, Hg) =0. 
It follows that 
| fF] >| (fo, 80) |*/1g | & (43) 
holds, where 
b 
| ff = lim \|f (B, t) | 2B, 
i) 
lel = Jim Vee, t)|? aE, 
fo=f(E; 0), go=g(E, 0). 


We shall show that the initial state f, = ft, 0) 


can decay incompletely** : 
b 


lim || f(E, ¢) [dE > 0. 


This means that after all decaying waves are re- 
moved there remains a certain population of nuclei 


* Similar equations can be derived (see Ref. 5) for 
any number of reaction channels, 


** We give later a quantitative estimate of this limit. 


which do not decay into the channel which is under 
consideration. Such a phenomenon obviously can- 
hot occur when there exist only complex levels. 


A solution of Eq. (42), or of 


(Hg = Eg (E) 


b 


+ile@VP@pe)4) 
iE 


, ago 
ih; = Hg (44) 


can be obtained fromthe formula 


g(E, t)= — alent (H 


V6 


—h)I) god), (45) 


where y is a contour enclosing the spectrum a 

< E <b of H. It is easy to verify Eq. (45). Putt- 

ing g, = e and using Eqs. (45) and (19), we have 
4 2 

(g,e) = — TIN iatih ((H — hI )-3e,e) dd 


’ 
ete were 
= 55 hem (So QA") — I) dh. 


When the contour y is contracted onto the interval 
a<E < b, this becomes 
b 


(g, €) = ae let [SG (E + 10) (46) 


$4 (Ei SiO) aes 


Equation (25) when applied to the operator H be- 
comes d| g|*/dt= h!|(g, e)|?, and therefore 


Jel leol* +4 1@ oa (47) 
oF iEt 
= |g) eee i|\+ e ® [So (E +0) 


0 


) (E — i0)] dE |" dt <| go[2 
ise 
+ e415. (E—i0) rae. 


The initial state fy is given by Eq. (13), 


and the scalar product is given by 
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| (for Go) |? = sag] (H* — WI) %e,) [ 


(48) 
h? ; ‘ 
= 50K11—So(W)|*. 
From Eqs. (47), (48) and (43) we derive the in- 
equality 


|i > W | 1— SW) | 2/3 [AP 


b 


+) 1S0(E + 0) — 


(49) 
So (E —i0) |?aE], 
where, by virtue of the Stieltjes inversion formula, 


| So(E + i0) — Sq (E — i0) | 


(50) 
= emp (E) __ e— mp (E). 
6. A DEGENERATE REAL LEVEL 


Returning to the case of a finite number of com- 
plex levels, we may take in particular we 


=) =...= = £, + 4il 4, and derive 
y(n ( 
4 (W)= lids le : 51) 
y— Ww,” 


re) \" 
WE, + HT? J 


H*f becomes 


=(1- 


The corresponding operator g = 


di) — (Eoe4 4 ipo ef? — iy opm, (62) 
j=1 

and the decay probability is P =(n/h)T\”. We 

Since 1” = hP/n > 0, we 


have Wir) > E,. Equation (51) gives the following 


fix P and let n > ~. 


expression for the one-dimensional scattering 
matrix in the case of a degenerate real level 


So (W) = exp {— ihP/W — E}. (53) 
We define step-functions f,(%) COL as hP ) by 
f(x) = 00 (b= L)hP/n < x $ khP/n), (h 
als 2; ,n), and then pass to the limit in Eq. 


(52): The energy operator corresponding to a 
single infinitely degenerate real level a. is thus 


H*f = Eof (x) —i\ <AP). 


out 
an) 
— 
oy 
— 
Q. 
ny 


(54) 


The equation of motion is 

= Eof (x, t) —i\ FG, t) db. 
0 

Using Eq. (45), it is easy to obtain the solution 

i (4% t) of Eq. (55) corresponding to the initial con- 

dition f(x, 0) = To: 


f (x, t) eH Fy (x) 


hg §, Ji (2Vt (x — &)/h) 
V+ (fo) ROUTES 


MeO F (ced 
a (55) 


(56) 


dt], 


. where 1,44) is a Bessel function. 


7. EFFECT OF AN EXTERNAL FIELD ON THE 
COMPOUND NUCLEUS SCATTERING MATRIX 


In Secs. 1-6 we obtainedthe general properties 
of the amplitude of the elastic scattering process 
a+X-+C-+X+a(a is the incident particle and X 
the target ), assuming that the scattering is caused 
by the formation of the compound nucleus and by 
an impenetrable-sphere interaction. The effect of a 
spherically symmetrical potential can be included 
by the following simple argument. We suppose that 
for r > R , the interaction between a and X is de- 
scribed by a potential V(r), while for r < Ke the 
compound nucleus C is formed and can be described 
Here r is the dis- 
tance between a and X, and KR, is the radius of C. 
The radial function U ihr )(r>R , ) corresponding 


by a non-self-adjoint operator. 


to angular momentum / satisfies as equation 


2 7(1 +1) 


2u. fae (57) 


h2 d*U 
Die, ahr [ 
ty. (r)] be ay=aO 
Let E AGG ) be the solution of Eq. (57) satisfying 
the initial conditions E ACs. Hee le Ey Cie ) =iK. 


Then 


U; (r) = const {E; (r) — Si (W) Ex (r)}. (58) 


Since at r= ee we have 
F i — , iK (7 —Re) 
Bry set oe OE ale ool 


the function ee )(W) may be regarded as the ampli- 
tude of pure eo fance scattering caused by the 
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formation of the compound nucleus C in the ab- 
sence of a potential. On the other hand, as r > 
we have the asymptotic relation 


rs — i(Kr — In/2) 
U;,(r) ~ const {e (59) 


cet S; (W) e! (Kr — In/ayy) 


where S,(W) is the total amplitude, including the 
effects both of the compound nucleus and of the po- 
tential. In the case of a short-range potential 
[V(r) =0 forr>R] the function Ui) can also 
be presented in the form 


U1 (r) = const {US (r) (60) 
—Si(W) UP (} (r>R),. 

where Ge) and ip (r) are the solutions of 

Eq. (57) which are asymptotically of the forms 

O(n) rs ek bm/2) UL SMer} . e i(Kr— Im / 2) 

Comparing the values of UR) and dU} /dr| _p 

obtained from Eqs. (58) and (60), we find 

Si(W) = aS(W) — bi[(6iS(W) — ai), 
with 


Pea gine 5 du; 
[ea dr l l dr —) ) 
Pas, are eae 
1 ~~ “dr Le ay Re 


In this way the scattering amplitude with an ex- 
ternal potential appears as a fractional linear trans- 
formation of the amplitude Siw), and the coeffi- 


cients a, a, 6, b* can be computed if the potential 
V(r) is given. If the compound nucleus C has the 
complex energy-levels W , then by Eq, (30) the 
amplitude SRO) is 


n 


Be | eat ST 
—, W— EY + G2) PO 
Jie J + (é/ ) j 


Recently, various attempts have been made to 
unify the idea of a compound nucleus with the 
theory of nuclear shells”, so it is interesting to 
consider the case in which the compound nucleus C 
possesses in a certain energy interval a large 
number of almost equally spaced levels W =W 


UPI lL /2g= 128. 5. n), where D is the 


mean level spacing and I" the mean width. In this 
case 


sO) Tl 1S (eee 


jat—(W—Wo+ 5r)/iD 


If '/D << 1, we have approximately 


7 i 
so S oun ae Wo— x r)/b 
sine (W— Wot > r)/D 
In conclusion, I express my thanks to M. M. 


Al’perin for valuable discussions while this work 
was in progress. 
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The results of an experimental investigation of the interaction between nitrogen nuclei, 
accelerated to an energy of 100 mev, and nuclei in an emulsion are presented. The range- 
energy relation for nitrogen nuclei in the emulsion is determined. The angular and energy 
distributions for protons and u — particles produced in the reactions are examined. The 
experimental results reveal a number of interesting features in the emission of charged 
pasticles which characterizes the interaction of the nitrogen nuclei with the nuclei of the 


emulsion, 


Noe reactions involving nuclei heavier 
than a — particles have received little attention 
until recently. This situation is aresult of the 
technical difficulties associated with the accelera- 
tion of heavy ions to high energies and the desire 
to deal with as simple an interaction as possible, 
the latter suggesting the use of elementary parti- 
cles as bombarding particles. However, study of 
the interaction of more complicated nuclei should 
yield valuable data on nuclear deformation, the 
structure of the nuclear surface, nucleon exchange, 
and so on’. 

In the small amount of work which has been car- 
ried out in this field several interesting features of 
this type of reaction have been observed. In the 
bombardment of aluminum by nitrogen nuclei and 
carbon nuclei”’* with energies of 50-80 mev, a 
considerably greater number of charged particles was 
produced than had been predicted by the analysis 
based on evaporation of nucleons froma compound 
nucleus. In spite of the fact that the bombarding 
nuclei were comparatively slow--3 to 5 mev per 
nucleon--the authors assumed that a “‘stripping”’ 
reaction was possible. On the other hand, in Ref. 
4, a study was made of the excitation function for 
reactions occuring in bombardment Mg?° by protons 
and C!? by nitrogen nuclei. The excitation func- 
tions were similar: this finding indicates that both 
reactions proceed via the same compound nucleus, 
1st ae 

In the work cited above a radiochemical method 
was employed; this method does not permit detailed 
observation of the interaction. A more compre- 
hensive picture of the interaction can be obtained 
through the use of photographic emulsions, since 
in these it is possible to determine the identity as 
well as the energy and angular distribution of all 
charged particles produced in the reaction. 

Below are described the experimental results ob- 
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tained in a study of the interaction of nitrogen 
nuclei with nuclei in an emulsion. 

The emulsions were bombarded by nitrogen 
nuclei accelerated in a 150 cm cyclotron. The ac- 
celeration of the nitrogen nuclei to high energies 
was accomplished as follows: The cyclotron was 
adjusted to accelerate sextuply-charged nitrogen 
ions (e/m = 6/14); it is also possible for doubly- 
charged ions to be accelerated under these condi- 
tions. The ion source was of the usual type and 
yielded singly- and doubly-charged nitrogen ions. 
The doubly-chargedions, having been accelerated 
to an energy of 4-5 mev, subsequently lost four 
more electrons to atoms of the residual gas in the 
cyclotron chamber. These ions were then acceler- 
ated as sextuply-charged nitrogen ions acquiring 
thereby an energy of 120-130 mev. A similar ac- 
celeration mechanism has been described by 
Walker®. 

However, since the electron-loss process can 
occur anywhere in the volume of the cyclotron 
chamber, the energy spectrum for nitrogen ions in 
the last orbit (70 cm) ranges from 0 to 130 mev. 
Furthermore, the beam is comprised of ions of 
different charge. To obtain monochromatic ions 
in the emulsicn, the beam was extracted fromthe 
cyclotron chamber and passed through an analyzing 
magnet. In front of the analyzer there was an 
aluminum foil 2p thick in which the nitrogen ions 
were completely stripped of electrons. By varying 
the magnetic field in the analyzer it was possible 
to obtain nitrogen nuclei with energies up to 130 
mev. The analyzer resolution was about 3 mev. 

In order to investigate the interaction of nitrogen 
nuclei with the nuclei of the emulsion at any energy, 
the range-energy relation for nitrogen nuclei in the 
emulsion must be known. This relation was de- 
termined with the magnetic analyzer. It was found, 
after a careful check, that the magnetic field in 
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the analyzer was a linear function of the current 
in the winding. Thus, by measuring, at a given 
value of the analyzer current, the deflection of 
deuterons of known energy, it is possible to de- 
termine the energy of the nitrogen nuclei from the 
relation 


Nika (kiya aA an rs d» 
Zi My \ ig 
where Z is the charge, M is the mass and 7 is the 
current in the analyzer winding. The emulsions 
were exposed to nitrogen nuclei of various ener- 


gies and the range measured with a microscope. 
The results obtained are shown in Fig. 1. 


E,mev 
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Fic. 1. The range-energy relation for nitrogen nuclei 
in an emulsion. 


The range-energy relation in an emulsion for 


nitrogen nuclei with energies from 4 to 30 mev has 


been measured by Zucker and his collaborators® 


In the region ~30 mev the results of the present 
work are in agreement with those of Zucker. 
In the experiments an Ilford E-1 plate was bom- 


barded by nitrogen nuclei with an energy of 115 mev. 


25 cm2 of the emulsion was scanned and 198 
events were found in which an interaction took 
place with the emission of charged particles. Be- 


cause of the complicated constitution of the emul- 


Sion it is impossible to determine exactly with 


residual nucleus can be reduced to 5-8. Hence, 
the cases in which the range of the residual 
nucleus was of the order 5-8 were attributed to 
interactions with carbon or oxygen nuclei. 

Out of 198 cases 70 were assigned to interac- 
tions with ‘‘heavy’’ nuclei and 128 with “‘light”’ 
nuclei. 

Knowing the initial enerey of the nitrogen 
nucleus, by measuring the length of track fromthe 
beginning to the ‘‘star’’ it is possible to determine 
the energy at the point of interaction. 

Using photographic plates it is possible to dis- 
tinguish between tracks of protons, particles and 
heavier fragments but it is not possible to identify 
these heavier fragments. 


a 


ee f yee 


. . . se * 
which element the nitrogen nucleus interacts. It s ati 
was possible, however, to distinguish cases in - 
which the nitrogen nucleus interacted with “‘light’’ a . 


nuclei--carbon, oxygen and ‘‘heavy”’ nuclei--bromine 
and silver. The nitrogen nucleus, having an energy Be Ge. ee: 


of several tens of mev, has a large momentum; 
hence, the constituent nuclei has a considerable 
range. Estimates indicate that for collisions of 
the nitrogen nuclei with silver or bromine nuclei 
the range of the constituent nuclei is 2-5 py and in 
collisions with “‘light’’ nuclei erect this range is 
10-152. It should be noted that in each case it 
was necessary to take into account the momentum 
imparted to the residual nucleus by the emitted 


particles. If there is apreliminary emission of 
several particles the range of the ‘‘light’’ 


Fic. 2. Photograph of an interaction between a nitrogen 
nucleus and a “‘light’? nucleus. The following tracks 
are visible: ]—incoming nitrogen nucleus, 2, 3—a— 
particles, 4—proton and 5—recoil nucleus. 


In Fig. 2 is presented a photograph of a star 
which shows the emission of two a — particles and 
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TABLE 
i ee 


Number of events 


Reaction Ss 
Nitrogen on Nitrogen on 
carbon, oxygen bromine, silver 
N; Pp 2 7 
N; 2p i) oy) 
INS Pathgeie s 7. 6 14 
N; a, fragment . 4 1 
ING ose) eg eee os 8 10 
N; «, p, fragment. 3 1 
N; a, 2p 2 0 
INE Zien es 9 11 
N; 2a, fragment. 2 0 
NERO Rs 12 14 
N; 2a, p, fragment 2 4 
INGE SOM aes wits ae 6 7 
INeoo. 4 4 
N; 4a 4 0 
a proton. Inthe Table are listed stars with differ- 


ent numbers of emitted charged particles (interac- 
tions with “‘light’’ and “‘heavy’’ nuclei are shown 
spearately ). In this Table are included all reac- 
tions induced by nitrogen nuclei with energies from 
30 to 110 mev. The number of interactions of nitro- 
gen nuclei with carbon and oxygen is normalized 

to the number of interactions with bromine and 
silver (70). 

All charged particles produced in the reactions 
are listed; the recoil nuclei are omitted. 

The considerable preponderance of « — particles 
merits attention. On the average, in all stars the 
a — particles are found to be twice asnumerous as 
protons both for ‘‘light’’ and “‘heavy”’ target nuclei. 
In the interaction of nitrogen nuclei with carbon 
and oxygen, in 25 percent of the cases emission of 
fragments heavier than « — particles was observed. 
Out of 70 cases of interaction of nitrogen nucleus 
with bromine and silver only 3 cases of fragment 
omission were observed. 

In Figs. 3 and 4 are shown the angular and 
energy distributions for « — particles in the center- 
of-mass system. In converting to the center-of- 
mass system, the mass of the target nucleus was 
taken to be an average between that of carbon and 
oxygen (14) and bromine and silver (94). Be- 
cause of the small amount of datait is not possible 
to determine accurately the angular and energy dis- 
tributions for the a — particles at different nitrogen 
energies. In Figs. 3 and 4 are shown the distribu- 
tions as summed over all cases in which the inci- 
dent nitrogen nuclei had an energy from 70 to110 


mev. 
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Fic. 3. Angular distribution for «— particles in the 
center-of-mass system. The interactions are between a 
nitrogen nucleus and ]—Br, Ag nuclei; 2—C, O nuclei. 


Fic. 4. Energy distribution for «— particles in the 
center-of-mass system. The interactions are between a 
nitrogen nucleus and 1—C, O nuclei; 2—Br, Ag nuclei. 


The « —particle angular distribution is character- 
ized by a noticeable directional effect in the for- 
ward direction, particularly in the case of ‘‘heavy”’ 
target nuclei. In the energy spectra, attention is 
directed to the considerable number of low-energy 
a, — particles, having energies below the Coulomb 
barrier for a nitrogen nucleus. Within the limits of 
experimental error, the proton angular distribution 
for ‘‘light’’ nuclei, presented in Fig. 5, is iso- 
tropic. The number of proton-emission cases in the 
“*heavy’’ nuclei was not large enough to permit 
plotting of the angular distribution. However, the 
proton distribution is approximately isotropic. Out 
of 31 protons, 17 were emitted in the forward direc- 
tion and 14 in the backward direction. 


dn 
as2 | 
10 
on peer eee eae 
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Fic. 5. Proton angular distribution in the center-of-mass 
system in the interaction of a nitrogen nucleus with Cc, O 


nuclei. 
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The results presented here are not in accord with 
the notion of the formation of a compound nucleus 
with the subsequent emission of particles. Ac- 
cording to a calculation given by Le Couteur’, at 
an excitation energy of the order 50-100 mev in 
nuclei such as silver or bromine, the number of 
evaporated protons should be twice the number of 
a —particles. In the experiment, it is found that 
there are twice as many « — particles as protons. 
The average number of u — particles emitted per 
disintegration is 1.3--this is 3 times larger than 
that predicted by evaporation theory; moreover, 
the a — particles are emitted chiefly. in the forward 
direction while the angular distribution predicted 
by evaporation theory is isotropic. 

In Ref. 2 there has been presented a qualitative 
picture of the interaction between nitrogen and 
aluminum nuclei which may explain the large number 
of charged particles. The height of the Coulomb 
barrier for penetration of the nitrogen nucleus into 
the aluminum nucleus is 17.4 mev inthe center-of- 
mass system; this is close to 19.7 mev, the energy 
required for splitting the nitrogen nucleus into 
three « — particles, a proton and a neutron. Thus, 
in its approach to the aluminum nucleus, the nitro- 
gen may be split into separate particles, some of 
which penetrate the aluminum nucleus and some of 
which are scattered by the Coulomb field. In this 
case, conditions are most favorable for the pene- 
tration of the neutron, since it sees no potential 
barrier. The next most favored is the a — particle 
since its energy is 4 times larger than the preton 
energy, although the barrier it sees is only 2 times 
larger; the proton will have the highest probability 
for being scattered. The angular distribution for 
all particles should be characterized by a pre- 
dominance in the forward direction. 

The isotropic proton angular distribution ob- 
served in the experiment is not in agreement with 
this hypothesis. 

It may also be assumed that the nitrogen nucleus 
undergoes disintegration into individual particles 
only after penetration into the target nucleus. If 
the a —particles are maintained as individual ob- 
jects, the probability of their being emitted at the 
moment of collision is large, since each a — 
particle has an energy of 25-30 mev. The emission 
of protons is less probable, since these are emitted 
by evaporation following the heating of the nucleus. 
The existence of alarge number of low-energy a — 
particles would seem to indicate that a consider- 
able deformation of the nucleus occurs during the 
time of collision; this deformation causes a reduc- 
tion in the potential barrier. 
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It would be of interest to study the interaction of 
carbon nuclei or oxygen nculei, consisting of a — 
particles only, with nuclei in an emulsion. If the 
picture given in Ref. 2 is correct, a considerably 
smaller number of protons should be observed. On 
the other hand, if the hypothesis presented here is 
valid, the number of protons should not vary to any 
great extent. If a more complete picture of the 
interaction of nitrogen nuclei with nuclei in the 
emulsion is to be obtained we shall require a de- 
tailed explanation of the dependence of the angular 
and energy distributions for protons and a — parti- 
cles on the energy of the incident nitrogen nucleus; 
the relation between the proton and o — particle 
angular distributions and energies also requires 
study. 

In conclusion, we wish to express our gratitude 
to the cyclotron crew and particularly to Iu. M. 
Pustovoi for providing reliable cyclotron operation 
in the course of the work. 


Note added in proof: The interaction of accelerated 
oxygen nuclei with nuclei in an emulsion has been 
studied in a recent experiment. The emulsion was bom- 
barded by a monochromatic beam of oxygen nuclei ac- 
celerated to an energy of 110 mev. The resultshave 


been analyzed in the same way as in the nitrogen experi- 
ments. 


The ratio between the number of « — particles andthe 
number of protons, averaged over all reactions, has been 
found to be 2 0.5. Thus the probability for the emis- 
sion of protons is virtually the same in reactions in- 
duced by nitrogen nuclei and oxygen nuclei. This would 
seem to corroborate the assumption that, in general, the 


reactions proceed via the formation of a conglomerate 
nucleus, 
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A method is given for the determination of the general form of the scattering amplitude, 
providing a generalization of the usual formulas of phase-shift analysis. An invariant 
operational technique is developed which simplifies the calculations connected with the 
expansion in terms of eigenfunctions of the total angular momentum. 


INTRODUCTION 


lee problem of phase-shift analysis is the 
determination of the general form of the 
scattering amplitude of particles of definite type. 
It is well known that in the simplest cases (spins 
O and %) the scattering amplitude can be expressed 
in terms of the phases of the scattered partial 
waves. A phase analysis establishing only the 
general form of the scattering amplitude cannot 
determine the concrete values of the phases. The 
values of the phases are determined either by 
solution of the dynamical problem of the scattering 
or by means of analysis of experimental data. In 
spite of this, the general formula expressing the 
scattering amplitude or cross-section in terms of 
a number of independent parameters is extremely 
useful, since on one hand it facilitates the analy- 
sis of the experimental data, and on the other 
hand it reduces the dynamical problem of the 
scattering to the problem of determining the phases. 
But in the more complicated cases (when the 
spin of the system exceeds % ) the simple formulas 
ai phase analjnis are no longer valid: For in- 


stance, for the scattering of a nucleon by a nucleon, 
instead of real phases one must introduce complex 
phases for the triplet states, and the amplitude 

for photoproduction of mesons is not expressible 

in terms of phases at all. 

A second important point is the question of the 
foundation of the phase analysis. In the simplest 
cases the formulas of phase analysis have been 
obtained from a consideration of the asymptotic — 
behavior of the solution of the Schrédinger equation. 
but for many important cases, in particular for the 
scattering of relativistic particles, the question of 
the existence of the corresponding Schrédinger 
equation cannot be regarded as settled. On the 
other hand it is obvious that the formulas of the 
phase analysis are applicable also in those cases 
in which a Schrédinger equation does not exist 
forthe system under consideration. 
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In the present paper a method is proposed for 
obtaining the formulas of the phase analysis from 
an extremely general requirement, namely from the 
condition of the unitary character of the S -matrix. 
In the simplest cases this method leads to the 
well-known expressions for the scattering ampli- 
tude in terms of phases. In other cases the 
scattering amplitude is expressed in a more 
complicated fashion, but a general procedure is 
indicated for determining formulas expressing the 
scattering amplitude in terms of the minimum 
number of independent parameters. 

An analogous program has been carried out 
in a number of papers devoted to the formal theory 
of nuclear reactions ( cf., for example, Ref. 1 ). 
But in the general case the formulas there ob- 
tained have an extraordinarily cumbersome appear- 
ance because of the unfortunate choice of the 
eigenfunctions of the total angular momentum. 
Instead of the expansion in terms of eigen- 
functions ofthe angular momentum, we develop in 
Sec. 2 a technique of invariant operators VW . The 
expansion of the various operators encountered in 
the scattering theory in terms of the operators WV 
generalizes to the case of spin different from zero 
the usual expansion in terms of Legendre poly- 
nomials for spin zero. The orthogonality condi- 
tions, Eq. (2.7 ), in a certain sense play the 
role of the addition theorem for Legendre poly- 
nomials, and this makes it possible to use the 
operators W for the separation of the angular 
variables. The use of the invariant operators W 
frees us from the necessity of a definite choice 
of a coordinate system and spares us the cumber- 
some calculations associated with spherical 
functions involving spin. 

It must be remarked that the invariant operators 
W are determined for spin % in Ref. 2, and forthe 
general case in Ref. 3, where some of their proper- 
ties are investigated. Unlike the previous treat- 
ment ? we do not use the apparatus of polarized 
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solid harmonics in determining the operators W . 
Since the problem of the present paper did not 
involve the calculation of the quantities W in 
explicit form, we have not definitely specified 
the forms of the eigenfunctions of the angular mo- 
mentum, but have only used their orthogonality 
relations. The explicit calculation of the quantities 
W in closed form can be carried through by means 
of the generalized spherical functions introduced 
by Gel ’fand*, which, in our opnion, should be 
included in the apparatus of theoretical physics 
along with the ordinary spherical functions. 

The calculation of the quantities W and the con- 
sideration of the formulas of the generalized phase 
analysis will be the subject of another paper. 


1, THE S-MATRIX AND THE SCATTERING 
AMPLITUDE 


The scattering operator 0 , which transforms the 
incident wave into the sum of the incident and 
scattered waves, can be written in the form® 


O=1+8,¢=e')R. (1.1) 
where / is the identity operator, 5+ (6) =% 5 (e) 
+1/2mie, and the matrix R is aregular function 
of the energy. Since energy is conserved in the 
scattering, a description of the scattering requires 
only the value of R on the energy surface, i. e., 
those matrix elements of R for which the energies 
of the initial and final states are equal. 

The operator 

S=I+R, (1.2) 

considered on the energy surface, is called the 
S -matrix. In the theory of scattering it is shown 
that the S-matrix is unitary.°»® 

In what follows we shall consider only those 
scattering processes in which two colliding par- 
ticles give two scattered particles, i. e., reactions 


of the type 


at+b-c+d (1.3) 
We shall not, however, assume that c and d are 
particles of the same kind as a and b. In parti- 
cular, they can have different masses, as for 
example, in photomesic reactions. When we speak 
of the complete set of states of the system, we 
shall have in mind noth all possible initial states 
and also all possible final states that can be 
formed as a result of the scattering. For example, 
for the reaction 
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1 dae cod ori 


we shall consider the initial state y + p and the 
final state 7 + + nas different states of one and 
the same system. We note that the definition of 

a complete set of states is of a somewhat con- 
ventional nature and depends on the degree of 
precision with which the given scattering process 
is treated. For example, in studying the scattering 
of 7-mesons by nucleons, one may to a high degree 
of accuracy neglect the radiative capture of the 
m-meson. In this case the complete set of states 
of the system is the manifold of all possible states 
of the type ‘‘7-meson +nucleon.’’ If, however, 

we do not neglect the radiative capture, then it is 
necessary to include in our consideration also 
states of the type ‘‘nucleon + y-quantum.’’ In 


this case four different processes——the scattering 
of the meson by the nucleon, the radiative capture 
of the meson by the nucleon and its inverse pro- 
cess, the photoproduction of a meson, and also the 
scattering of light by nucleons — are united in 

a single scattering process. 

Accordingly, in considering any sort of scatter- 
ing process, one must specify a system of states 
which can, to a certain approximation, be re- 
garded as closed with respect to this scattering. 
Only in relation to a closed system of states can 
one speak of the unitary nature of the S -matrix. 
Indeed, if we confine ourselves to an unclosed 
system of states, the concept of the unitary 
property of the S-matrix loses its meaning. Thus, 
for example, one cannot speak of the unitary 
property of the S-matrix describing only the process 
of photoproduction of mesons. 

Let us introduce dynamical variables defining 
the states of the system. It is convenient to con- 
sider the reaction (1.3) in the center-of-mass 
system, in which the total momentum vanishes 


P=Pa+P—pe+pa=0. (1.4 ) 


In what follows we shall assume that all quanti- 
ties are referred to the center-of-mass system. 

We shall describe a complete set of states by 
the variables e, n, 0 , «, where € is the total 
energy of the system, n is a unit vector directed 
along the momentum of one of the particles ( in 
virtue of Eq. (1.4), apart from sign, u determines 
the direction of motion of both particles ), o is 
the total spin variable of the system, and « is the 
set of all other variables, which we shall not 
specify explicitly. In particular, the value of « 
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determines the types of particles in one or another 
State. 


With a view to the application tothe scattering 
of relativistic elementary particles, we shall 
suppose that the energy € is connected with the 
momentum p of one particle [ because of (1.4 ) 
the magnitude of p is the same for both particles ) 
in the state o by the relation 


e=e.(p)=V p+ M24) p+ pe, (1.5) 


where M, and , are the masses of the particles 
in the state « ( we use a system of units in which 
Psclscc= W). 

The matrix elements of the operator A will be 
denoted by symbols (¢ naoalA|le’n ’o’a’). 


If, however, the operator is considered on the energy 


surface, i.e., for « =e€”, then we shall omit « 
from the labels of the matrix elements. Thus an 
element of the S-matrix will be denoted by the 
symbol (noa|S|n’o’«”"), with the under- 
standing that this quantity is a function of € . 
The connection between the S-matrix and the 
scattering amplitude is given by the relations 
(1.1) and (1.2 ). In the coordinate representation 
these relations have the following form. If the 
incident plane wave is 


: < ~ 
Yo a C'PO% 055,08 Xo? 


then at great distances the sum of the incident 
and scattered waves is equal to 


Seay (1.6 ) 


OQ, = exp {iPox} 650, 0a, a 


f= oe rae (na | R | Mo%9%), 

where py=poNy and py = Py Ny are the momenta 
in the initial and final states, x= rn, and v 

=0 €, /Op is the relative velocity. According 
to Eq. (1.5), the absolute values of the momenta 
are determined in terms of the total energy € , 


by the relations 
Fay. (Po) ae es (De aio: 


The asymptotic expression (1.6 ) for the wave 
function is calculated in a well-known way. 
It is only necessary to keep in mind that the 
operators (1.1 ), (1.2 ) are taken to be in the 
€ -representation, and in the passage to the 
x -representation one must use plane waves, nor- 
malized to a 5 -function of the total energy € . 


By means of Eq. (1.6 ) one can easily find the 
expression for the differential scattering cross- 
section 


do/dQ = Ie ?04/Uo. 


Substituting the value of F from Eq. (1.6), we 
obtain 


ds/dQ = (4n%/p2) | (nso | R | mo%o%) >. (1.7 ) 


2. THE INVARIANT OPERATORS W AND THE 
EXPANSION OF THE S- MATRIX 


If no external fields act on the system, then the 
total angular momentum M of the system ( includ- 
ing spin ) is conserved. In this case it is con- 
venient to transform to a representation in which 
the quantities M? and M, are diagonal. This 
representation will be called the angular momen- 
tum representation. 

We construct a complete orthonormal system of 
eigenfunctions of M? and M, : ice (nyo): 
where j,m are the values of the total angular 
momentum and of its projection, and for a given j 
the index r runs through as many values as there 
are distinct independent systems of states with 
the total angular momentum j. For example, for 
the system of two nucleons the total spin takes 
the values 0 and 1 , and corresponding to this the 
index r runs through four values: one for the 
single state of the system and three for the triplet. 

The orthogonality condition for the functions 


Ne has the form 


e e cy eee POD 
DV Vin (13) ¥ Fin (Ma) dO = 85 Brn Bre 


o 
* 
>) Vin (ho) Y 5, (n'a ee 
jmr 


Here Ole? , the 5-function on the sphere, is 
defined by the equation 


{anf (n’) dQ’ = f(n). 


The S-matrix can be expanded in terms of the sys- 


tem of functions ees 


(no | S| n’o’«’) (222) 

= SS (jmra| S| itmir'a’\¥ im (03) Vy (0'2"). 
Nie Ose 

We now make use of the conservation of angular 


momentum and the absence of any favored 
direction in space, in consequence of which the 
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S -matrix in the angular momentum representation 
will have the form 


(jmra| S| j'm'r'a!) = (ra|S;|1'a!) 878mm. (2.3 ) 


Here S; is a matrix with respect to the variables 
r, «, and depends on the value j of the total 
angular momentum, but not on the projection m. 
The relation (2.3 ) shows that in the angular mo- 
mentum representation the S -matrix divides into 
diagonal blocks, S, corresponding to the various 
values of. In concrete cases the matrices S, 
can be further broken down, by using, in addition 
to the conservation of angular momentum, other 
conservation laws as well — conservation of 
parity, of isotopic spin, etc. We note that the 
system of functions Y" with given jm and 
various values of r is determined apart from a 
unitary transformation. It is convenient to choose 
the functions Y7,, in such a way as to secure the 
most complete breaking up of the matrices 55 that 
is possible. For example, for systems consisting 
of two nucleons it is convenient to choose them 
that the singlet states are separated from the 
triplets, and then owing to the conservation of the 
total spin the matrix S, breaks up into singlet 
and triplet parts. 

When Eq. (2.3 ) is used, we can write Kq. (2.21) 


in the form 


(nsx | S| n’o’a’) (2.4) 


= >» >) (ra | S; | r’a’) W;" (ns; n’o’, 


th ad 


where 


we (ns, n’o’) (2.5) 


aie bie) py hee (n’o’). 


We indicate certain simple properties of the opera- 

torsW*", that follow directly from the definition 

(2.5 ) and the orthogonality condition (2.1) : 
Hermitian character 


(Wi (ns; n's")) = W7"(n’s'; ni), (2.6) 
orthogonality 
> \ao'ws (no; n’s’) Wit" (n’o’; Noo) 79) 


o’ 


2855 GS rr 
= 07;°07,W 7° (M3; M939), 


completeness 
my Wi (ne; n’o’) = 8an8eor. (2.8) 
In what fale we shall need the equation 
>) W7" (no; na) = “EE * (2.9) 


Mom rr’y 


which follows easily from the orthogonality con- 
ditions (2.1 ) if we note that as an invariant 
function of the single vector n the left-hand member 
of Eq. (2.9) must be a constant. 

Taking into account the condition (2.8 ), we 
easily find for the operator R= S — 1 a representa- 
tion analogous to Eq. (2.4 ) 


(nox| R|n’o’a’), Ag) 


= » > (ra | Sj — [;| r’c’) wir (ns; n’o’): 
J 


rr’ 
where 
(ra | Tj | r’e’) = baa. 


In general, representations of the type (2.4 ) 
exist for any operator invariant with respect to 
rotations. Such operators are characterized by the 
fact that in the angular momentum representation 
their matrices are diagonal with respect to the 
quantities jm and do not depend on m, i.e., 
are of a form analogous to Eq. (2.3 ). Therefore 
all of the considerations leading to the expression 
(2.4 ) hold for such operators. In the Appendix 
we shall make use of this remark to accomplish 
the separation of the angular variables. 

Let us consider the form of the operators 
W; for the simplest cases. For spin 0, the index 
r takes one value, which can be omitted. The 
functions Y,,, (n) are identical with the ordinary 
ee cay functions Y im (9, 9), where 6 and 

e polar angles of the vector n. By means of 


the addition theorem for the Legendre polynomials 
It 1s easy to establish the equation 
is , 2j + 1 / 

W;(n; n’) = —— P; (nn’), (2.11) 


where ee (x ) is the Legendre polynomial, 
(unnormalized ). 

The case of spin 4% , corresponding to the 
System 7-meson + nucleon, is less trivial. As 


the functi De i 
ions Are we take the spherical spinors, 


The index r takes two values + , corresponding 
to the two different states with a fixed total 
angular momentum  , for which the quantity 


J 1s connected with the orbital angular momentum 
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L by the equations j; =1+%. The operators W have _ the following form: 
Ay pe ea yn ’ é 
W; =F age, LP yay, (nn ) a eis (nn’) (on) (sn’)]; 
oe | (2.12) 
Wi = qI— Pj», (nn’) + Pj 4.) (nn’) (on) (on’)]; 
oe 1 , F f 
Wj = [P)-, (nn’) (on) — P41, (nn’) (on’)); 


Wi * = Fe[— Pips, (nn’) (on) +P)», (nn) (on)]. 


In these equations B(x )=(d/ dx) Pex); 
and ¢ are the Pauli spin matrices. The operators 
(2.12 ) are the same as the invariant polynomials 
defined in Ref. 2. For the system nucleon + 
photon the expressions for the operators W can be 
found in Ref. 3. We shall devote space here to 
the details of the determination of the explixit 
form of the operators W ; we merely remark that in 
the general case the operators can be calculated 
in closed form by means of Gel ’ fand’s generalized 
spherical functions.* 


3. UNITARY PROPERTY OF THE S-MATRIX 
GENERALIZED PHASE ANALYSIS 


We now consider the consequences that follow 
from the condition that the S -matrix be unitary. 

From Equation (2.3) it can be seen that the 
diagonal blocks S; must be unitary matrices. The 
condition that the matrices S; be unitary imposes 
definite connections on their matrix elements, and 
thus-reduces the number of essential parameters 
involved in the general expression (2.4) for the 
S-matrix. We assume that itis possible to carry 
out in a general form the further splitting up of 
the matrices S. into diagonal blocks. These 
blocks will also be unitary matrices, which 
leads to a further reduction of the number. of 
essential parameters in the S-matrix. We consider 
the extreme case of complete splitting-up. 

In this case the condition that S, be unitary 
leads to the relation 


(ra.| Sj |r’ a”) = exp {2i8jra} Brr Pua’. (3.1) 
Here &.__ are real numbers, and the factor 2 is 
placed in the exponent in order to obtain a more 
complete analogy with the equations of phase 
analysis. Substituting (3.1) into the general 
formula (2.4), we find that in this special case 
the S-matrix has the form 


(noo | S| n’ 9° 0’) (3.2) 


= Bae SEXP {2idjra} W7 (N13; no’). 


jr 


From Eq. (3.2) the various formulas of phase 
analysis follow as special cases. For the parti- 
cle with spin zero, taking into account Eqs. 
(1.6), (2.10), and (2.11), we obtain the scattering 
amplitude F in the form 


fl 


[Sean 
4tpoy 


F = sh Sj + 1) (e**) — 1) P; (nm), 


j 
which agrees with the well-known formula of 
scattering theory. 

For the system 7-meson + nucleon a complete 
splitting-up also takes place owing to the laws 
of conservation of parity and isotopic spin. The 
corresponding formulas of phase analysis can be 
found in Ref. 2. 

It must be pointed out that a complete breaking- 
up of the matrices S. onthe basis of the general 
conservation laws alone is possible only in ex- 
ceptional cases. More generally speaking, only 
a partial breaking-up can be achieved. In this 
case the simple formula (3.2) must be replaced by 
the general formula (2.4). If in Eq. (2.4) the maxi- 
mum possible splitting-up of the matrices S , 
has been carried out, then, using the unitary 
property, we can express the scattering amplitude 
of the partial waves in terms of a certain number 
of parameters. In the general case these parameters 
play precisely the same role as the scattering 
phases do in the simplest cases. Ordinarily 
the number of these parameters is not large, and 
we arrive in this way at a generalized phase 


analysis, the merit of which is that without the 
solution of the dynamical problem one obtains the 


general form of the scattering amplitude, containing 
the minimum number of arbitrary parameters. 

The actual values of these parameters can be 
obtained from the solution of the dynamical prob- 
lem or by means of the analysis of experimental 
data. But even without fixing the values of the 
parameters it often turns out to be possible to 
draw certain general conclusions about the charac- 
ter of the scattering, and in particular about the 
shape of the angular distribution. 

In the general case the differential scattering 
cross-section is expressed by the formula (1.7). 
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We state the expression for the total cross-section 
for an unpolarized beam, which is obtained from 
Eq. (1.7 ) by integration over all final states and 
averaging over the spin of the initial state. Using 
Eqs. (2.6) — (2.10) and the unitary property of 

the matrices S, , we find 


= NC + 1) [—Re (ra | R; | r&)]. 3.3) 
Po “7 


oS 


N 


Here NV, is the number of orientations of the spin 


in the initial state. For a particle with spin 
Bene es ee aid Eq. (3.3) goes over 


into the’well-known expression of scattering 
theory 


o == S}(2j + 1) sin?sy. 
Po j 


APPENDIX. SEPARATION OF ANGULAR 
VARIABLES 


Using the equation of the stationary scattering 
problem’ as an example, we shall show how the 
separation of the angular variables can be carried 
out in the general case by means of the operators 


The scattering amplitude R (not on the energy 
surface’) defined in Eq. (1.1), satisfies the 
equation 


(1) 
— (1/2 ni) (ens | R | eq Mo a9) = (ea |V | eq Mo 2) 


+ >) de" do (ens |V |<" 2’) 


Go 


X 8, (s’ — e) (e’n’ o’| Re) my 0,). 


We assume that the interaction Hamiltonian V 
is invariant with respect to rotations and conse- 
quently permits an expansion analogous to Eq. 
(2.4). It is obvious that inthis case R also has 
such an expansion: 
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(eno|{[V |e’ n’o’) (2) 
= ») > (er |V;]e’r’) wir (no; n’o’), 
j 


i Made 


(eno| R|e’n’ o’) 
= >) er | Rj |e’ Ff) W5" (ng; n’ 0’). 


ihe 10? 
Substituting Eq. (2) into Eq. (1) and taking into 
account the orthogonality conditions (2.7), we 


obtain a system of integral equations in which the 
angular variables are eliminated. 


—s5(er| Ril eof) =(er|Vi lero) (3) 
+ Qi\ de! (er [Vi |=’ 1°) 8, (e” 29) (017i e010). 


The system (3) takes the simplest form in the 
case of complete resolution of the matrices / ; ; 


i.e., when we have the equation 
(er [Vj ler’) = (e|Vj[ 8") err. 


In this case the system of equations (3) breaks 
up into individual equations involving the quan- 
tities Cer, [R, leapt yy 
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The temperature dependence of magnetic susceptibility has been studied in the temperature 
range 12 to 300°K, for the four anhydrous sulfates NiSO,, FeSO, CoSO, and CuSO,. For 
the first three sulfates, the susceptibility maximum characteristic of an antiferromagnetic 
transition was observed. It is hypothesized that in CuSO, at 35°K, half the Cu’* ions 
form an antiferromagnetic array. It is shown that the magnetic susceptibility of NiSO,, 


below the Curie point, decreases with temperature according to a quadratic law. 


1. INTRODUCTION 
ee eT oM was first predicted 


theoretically by Landau! and was observed ex- 
perimentally by Shubnikov and Trapeznikova” and 
by Shalyt® in the special case of a layered order- 
ing in the compounds FeCl, Col, and NiC],. In 


the ensuing years a considerable number of chemi- 
cal compounds of the iron group, showing character- 
istic ferromagnetic properties, were studied (see, 
for example, the review by Nagamiya, Yosida and 
Kubo*). The chief shortcoming of most of these 
studies was that the experimental data obtained in 
them were insufficient for establishing the tempera- 
ture dependence of the magnetic susceptibility 
below the Curie point. 

In the present study, the magnetic properties of 
anhydrous sulfates of nickel, iron, cobalt and 
copper were investigated. X-ray analysis® of these 
compounds shows that in them the shortest distance 
between magnetic ions is less than 5 A. This pro- 
vided grounds for expecting antiferromagnetism to 
exist at liquid hydrogen temperatures. However, 
results obtained in 1924 by Jackson® on the mag- 


netic susceptibility of NiSO,, FeSO, and CoSO, 


at hydrogen and nitrogen temperatures were insuf- 
ficient for drawing any conclusions in regard to an 
antiferromagnetic transition in these compounds. 


2. APPARATUS AND SPECIMENS 


The magnetic susceptibility was measured by the 
Faraday method, with apparatus developed earlier 
by Borovik-Romanov and Kreines’. This apparatus 
permitted continuous coverage of the broad tempera- 
ture range from 12 to 300°K. The temperature was 
measured with a copper-constantan thermocouple, 
calibrated against a standard resistance thermome- 
ter®, The error of measurement at hydrogen 
temperatures was not over +0.5° C; with increas- 


ing temperature it decreased to + 0.1°. The sus- 


ceptibility measurement was made at several val- 
ues of field intensity from 500 to 2500 Oe (oer- 
steds). The error in the absolute determination of 


the susceptibility was not over +5%, and in the 
relative determination less than +2%. No correc- 
tion was made for the diamagnetism of SO, , 
since it amountedtoless than 1%. 

All the specimens of anhydrous sulfates that 
were studied were obtained by dehydration of the 
corresponding crystalline hydrates. The original 
products used were of ‘‘ch. d. a’’ make. An an- 
hydrous sample of NiSO , was obtained by cal- 
cination of the heptahydrate at a temperature of 
about 500° C for two to three hours. Observations 
were also made on a sample dehydrated by melt- 
ing of NiSO, * 7H,O in ammonium sulfate and sub- 


sequent evaporation of the melt?. In both cases 
the sample was obtained in the form of a fine- 
grained yellow powder. 

The anhydrous sample of Fes) was made by 
heating the heptahydrate in a stream of pure dry 
hydrogen at about 300° C for four hours. A sample 
obtained in this way could contain up to 3% 


Fe (SO, ya The anhydrous sample of CosO, was 
obtained by heating CoSO, * 7H,0 for five hours 


at 500°C. The results presented below relate to 
this sample, which had the form of a pale violet 
powder. Another sample was also studied; it was 
obtained by evaporation of a solution of CoSO 

- 7H.O in concentrated sulfuric acid?°. By this 
method fine violet crystals were obtained. Upon 
cooling, these crystals crumble into a powder and 


lose their bright color. The magnetic properties of 


this powder differ from the magnetic properties of 
CoSOQ., obtained by calcination. This is of course 


connected with the fact that crystals obtained by 
evaporation from a solution contain a certain amount 


of H,SO,. 
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The anhydrous CuSO, was obtained in the form 
of a white powder by heating of blue vitriol to 
300° C with constant stirring over a period of two 


hours. 
TABLE I 
xm: 10° 
Author 
NiSO, FeSO, CoSO, 
Jackson® 4.13 | 10.3 9.63 
Present work 4.97 eee 9.87 


3. RESULTS OF THE MEASUREMENTS 


The magnetic susceptibility of all four anhydrous 
sulfates was measured at temperatures from 13 to 
300° K. Table I shows the values obtained by us 
for the molar magnetic susceptibility of the three 
sulfates NiSO,, FeSO, and CoSO, at room tempera- 


ture (T = 290°K). The magnetic susceptibility of 
these sulfates was studied earlier by Jackson®, 
whose data are also shown in Table I. The low 
values obtained by Jackson can be attributed to in- 
complete dehydration of the samples studied by 
him. 

Figure 1 shows the temperature dependence of 
the molar magnetic susceptibility of the three 
sulfates. In all of them one observes the charac- 
teristic maximum of the susceptibility at Curie 


temperatures 7’, = 37°K for NiSO,, 21°K for FeSO, 


and 15.5°K for CoSO,. In Jackson’s work, measure- 


ments were made only in baths of liquid hydrogen 
and liquid nitrogen; consequently, he was unable to 
detect these maxima. At temperatures appreciably 
higher than Ue the Curie-Weiss law 


yx =C/(T +0) (1) 


is obeyed by all four sulfates, with the values of 
the constants C and @ listed in Table II. 

The results obtained for the anhydrous sample of 
CuSO, are shown in Fig. 2. The magnetic sus- 
ceptibility of this compound was measured earlier 
in the Leiden laboratory, but likewise only in 
baths of liquid hydrogen and nitrogen. Those re- 
sults, also, are shown in Fig. 2. The chief differ- 
ence is observed at temperatures below 20° K, 
where, according to our measurements, the sus- 
ceptibility noticeably increases, but according to 
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TABLE II 
Range of validity 
of Curie-Weiss 
Compound law Cm 3) 
Tin OK 

NiSO, 45—300 1.83 82 
FeSO, 40—300 3.98 oO) 
CoSO, 95 —300 Dea 47 
CuSO, 40—300 0.45 dd 


the data of the Leiden laboratory it depends little 
on temperature. This is perhaps attributable to in- 
sufficient heat exchange between the bath and the 
specimen in the apparatus used in the Leiden 
laboratory. In agreement with the results of the 
Leiden laboratory, we observed a slight depend- 
ence of the susceptibility on the field at hydrogen 
temperatures. Upon change of the magnetic field 
from 1800 to 4500 Oe, the susceptibility decreased 
10%. Note the abrupt break in the curve in the 
neighborhood of 35° K. 


J 50 0 


Fic. 1. Temperature dependence of the molar magnetic 
susceptibility Xu of anhydrous sulfates: 1, NiSO,; 


Y FeSO,; Bh CoSO,. The values of To are shown by the 


arrows, 


4. DISCUSSION OF RESULTS 


Our results on the temperature dependence of 
the magnetic susceptibility of the first three 
sulfates show that they all undergo a transition to 
the antiferromagnetic state at [,, corresponding 
to the susceptibility maximum. Hammel? carried 
out a detailed x-ray study (by the powder method) 
of all the anhydrous sulfates under consideration. 
He reached the conclusion that their structure is 
very nearly rhombic with four molecules in the 
unit cell. The lattice parameters obtained by 
Hammel are shown in Table III. We do not at 
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Seon Ts 

ta = oa 0) [2 + (To) | 4 
The paramagnetic part y can be deseribed as be- 
fore by the Curie-Weiss law (1), with constants C’ 
= C/2 and @’<@. 

In Fig. 3 our results for CuSO, are shown as a 
plot of 1/y against 7. The dotted curve was cal- 
culated by formula (2), with the value of @’ taken 
as 12°. We see that the outcome of the calculation 
is not inconsistent with the experimental results. 
For final confirmation of the proposed interpretation, 
investigations of the magnetic and thermal proper- 
ties of CuSO, at helium temperatures are being 


3S 100 200 300 TO 


Fic. 2. Temperature dependence of the molar magnetic undertaken. 
susceptibility Xj), of anhydrous CuSO,. x, results of Our ny pollesis is also supported by experimental 
the Leiden laboratory °; @, data from the present work. results of Stout” on the specific heat of CuSO,. 
Stout observed on the specific heat curve the 


present have enough information to determine what —_ anomaly characteristic of a second-order phase 
the magnetic structure of the sulfates under in- 


investigation is in the antiferromagnetic state. This 
requires x-ray and magnetic studies of monocrys- 


tals. However, consideration of the extant data appreciably less than the theoretical value, R In 
provides a basis for some preliminary conclusions. 9 211 977 eal degree | mol te hat shouldperoee 
The lattice of magnetic ions in the anhydrous sul- 
fates can be divided into four sublattices. The 
arrangement of nearest neighbors about the ions 
of each of these sublattices will be different. 
Consequently, the interactions between each pair ety eff 
of sublattices will likewise be different. = /34C/N B2) calculated from our experimental 
In a system of four sublattices it can happen data, and the theoretical values [p,,, 
that the interaction between one pair of sublattices 
differs appreciably from the interaction of another 
pair. Then, if the two sublattices of the first 
pair interact in a similar manner to those of the 
second pair, the ordering of magnetic ions in the 


transition, with a maximum at 7 = 34.8°K. The ex- 
perimental value of the entropy corresponding to 
this anomaly is 0.48 cal degree’ mol}; this is 


tained if all the ions went over to an antiferromag- 
netic state. 

In the last column of Table III are given the 
values of the effective magnetic moments ( 


=2/S(S+ 1)] calculated on the assumption of 
66 : 99 : 13 

complete ‘‘quenching”’ of the orbital moment “°. 

Comparison of these results shows that for quanti- 


tative explanation of the observed values of jive 


first pair of sublattices will occur independently in anhydrous slufates, we require a precise cal- 
of, and earlier than, the onset of ordering of ions culation of the splitting of the levels by the crys- 
in the other pair. Our observed temperature de- talline field. The crystalline fields have an es- 
pendence of the magnetic susceptibility of CuSO, pecially pronounced effect on the magnetic proper- 


can be explained by supposing that at Le = 35°K ties of the Co** ion. 
In Fig. 4 are shown the results on sulfates of 


half the ions undergo a transition to an antiferro- : ; 
nickel, iron and cobalt, plotted with coordinates 


magnetic state. Then above this temperature, the 


magnetic susceptibility will obey the Curie-Weiss 1/yx and T. We see that the experimental points for 
law. The quantity © will be proportional to the NiSO, and FeSO, deviate negligibly from the 
ee recor Below the Wansition straight line corresponding to the Curie-Weiss law. 
point, the susceptibility will be composed of two The slight rise in the curve for NiSO, eae Rote 
parts, tributed to the effect of short-range order above the 


Curie point’. The results obtained for FeSO, 
must be regarded as only qualitative, because of 


; the possible presence in the sample of decomposi- 
ee eeere Eas oo peeeeribed tion products, formed during the calcination. In 


approximately by the formula the case of CoSO, we observe below 100° K a very 


X =X, 7 Xat (2) 
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TABLE III 


8 Effective magnetic 
tti ameters 
Lattice par To Crean moment, Hose 


Compound in °K aes of 
a | a c | C3 C cae Exptl. | Theoret. 
| 

NiSO, HY \I (oral | fo). 2448) Oral ass O) 37 ies | 3.82 2.83 

CoSO,4 4.65 | 6,66 | 8,46 (OG OR eainy zr AUDys 6) 4F 9), 0,65 Datei 

FeSO, He tov || (Ouskssil. || go). 80 Osrals eae Zr 21 5D 5,20 4.90 

GuSOee ls Sen G tbe 9eae “On rocMp. loo *D5/, 1.91 | 7S: 
appreciable deviation of the experimental curve: For anhydrous NiSO,, the Curie point is high 
from the straight line that describes the results in enough to permit a conclusion to be drawn from 
the higher-temperature range. At the transition our measurements regarding the law of temperature 
point, the susceptibility exceeds by almost a fac- dependence of the magnetic susceptibility below the 
tor 2 the value extrapolated along the straight Curie-point: In'Fig, 5 the results of @ measure: 
line. The anomalous behavior of the magnetic ment of the magnetic susceptibility of NiSO, are 


properties of cobalt is connected with a peculiarity 


: shown in coordinates y and T?. We see that al- 
of the splitting of the ground level of the ion by the 


most up to the transition temperature itself, the 


crystalline field!5»1®, Whereas in the ions Nit, Tae 

Fe*t and Cu‘ the splitting of the orbital levels 

by the crystalline field results in a singlet ground Ya atoll tr Nee (4) 
state, in Co’ it results in a triplet. This causes G 

a strong anisotropy of the magnetic properties of is obeyed, where 


compounds containing the Co** ion. Each level of 
the triplet possesses a fourfold spin degeneracy. a= 2/3y( {ops and 6 = 1/3 y( Ge ): 
This degeneracy is removed by spin-orbit interac- 


tion, and a Kramers six-doublet system is obtained. ee 0? 


Abragam and Pryce’® showed that the difference 
between the energies of the lower two doublets 

may be of the order of 100°K. The calculation of 
Abragam and Pryce relates to hydrated complex 
salts of cobalt. However, the pattern of the split- 
ting should be essentially the same in an anhydrous 
sulfate. The temperature dependence that we have 
observed in the susceptibility is then easy to ex- 
plain. At high temperatures, both the lower doublets 
are filled, and the susceptibility varies in accord- 
ance with the Curie-Weiss law. Below 100°K a 
preferential filling of the lower doublet begins, FIG. 3. Temperature dependence of the reciprocal of 
and this leads to an abrupt deviation from the Curie- the molar magnetic susceptibility, 1/ Xm? of anhydrous 
Weiss law. At the same time the anisotropy of the CuSO,. The dotted curve was drawn according to the 
magnetic properties should suddenly increase, so formula (2). 

that at the Curie point x is several times larger 


. Toh 
O=-55° a 50 700 


This result is in agreement with deductions from 


than x\.. This causes a sudden decrease of the theory of spin waves. 72°. 

susceptibility below i and accounts for the fact 

that as T approaches 0, the susceptibility ap- 5. CONCLUSIONS 

en value appreciably smaller than (2/3) The following basic conclusions can be drawn 
save). 


from this work: 
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6=-S 
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200 300 


Fic. 4. Temperature dependence of the reciprocal of 
the molar magnetic susceptibility, 1/ y , of anhydrous 


CuSO 
formula (2). 


1. It has been shown that the three anhydrous 
sulfates NiSo,, FeSO, , and CoSQ, undergo a tran- 
sition to an antiferromagnetic state at temperatures 
37, 21, and 15.5 ° K, respectively. 

2. The curve of temperature variation of the mag- 
netic susceptibility of CuSO, displays a sharp 
break at the temperature 35° K. This anomaly, as 
well as the general shape of the curve below 35° K, 
can be explained by supposing that below this 
temperature half the magnetic copper ions are 
ordered antiferromagnetically. The other half of 
the ions remain disordered and cause an increase 
of susceptibility. 

3. The temperature dependence of the magnetic 


. q 
vA “nae 10 
y/ 
UY] 


6 20 of JO 


500 1000 


- The dotted curve was drawn according to 


susceptibility of CoSQ, at low temperatures deviates 
widely from the Curie-Weiss law in the paramag- 
netic range and displays an anomalously large 
decrease in the antiferromagnetic range. This is 
explained qualitatively by the splitting ofthe 
ground state of the Co ** ion by a crystalline field. 

4. Jt has been shown that over the rather wide 
temperature interval 14 to 34° K, the magnetic 
susceptibility of NiSO, in the antiferromagnetic 
state varies with temperature according to a 
quadratic law. 

In closing, the authors express their profound 
thanks to Prof. P. G. Strelkov for his constant 
interest in the work. 


45 TH 
wooo T* 


Jb 4) 
1500 


Fic. 5. Temperature dependence of the magnetic 
susceptibility of the anhydrous sulfate NiSO, below the 


Curie point. 
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A regular method is given for plotting cascade curves from known moments. The cascade 
curves in light elements for primary electrons and photons with an energy E, are computed 
(EZ. is of the order of the critical energy for the given substance). A recursion formula is 
decuced which permits the calculation of all cascade curve moments with account of scat- 
tering, ionization losses and the dependence of the total photon absorption coefficient o(E ) 
on energy for an arbitrary primary particle spectrum. Numerical calculations of the first 
two momenta of the electron distribution curve in lead were carried out for a primary photon 
spectrum of the form 1/E. The cascade curves in lead were computed from the known moments 


7 and t”. The results of the calculations are compared with experiment. 


1h cascade theory of showers, developed in a, which permits usto obtain an expression for the 
Ref. 1, describes with sufficient completeness “‘equilibrium’’ spectrum of electrons and photons 
the propagation of electron-photon high energy and, using this spectrumto calculate successively, 
showers [ when In (E,/B) > 1] in light elements. in principle, all the moments of the distribution 
The basic equations of the theory are usually function of the shower particles. The effect of 
solved by the method of functional transforms (the scattering on the magnitude of the moments and 
Laplace-Mellin transform in the energy EF and the the form of the curve for heavy elements was con- 
Laplace transform in the depth t)*. We employ sidered in Refs. 3 and 4. The treatment in Ref. 3 
this method because the asymptotic function (used _ was highly approximate, since it was carried out 


in the theory ) for the cross section of the processes without consideration of the ionization loss. A re- 
of pair formation by photons and bremsstrahlung are cyrsion formula was obtained in Ref. 4 which ner! 
homogeneous functions of the energy of the parti- 
cles. 

If the energy £, of the initial particle which 
starts the shower is not very great in comparison 


with the critical energy § for the given element, 
then we cannot obtain a solution of the basic equa- 


mits successive calculation of all the moments t” 
of the distribution function, with consideration of 
scattering and ionization losses for an original 
spectrum of 5—shape. A recursion formula was 
obtained in Ref. 5 for the determination of the 


tions by the method of functional transforms. The moments ¢t” without regard to scattering in the 
solution of the equations of cascade theory in case of an arbitrary spectrum of the primary parti- 
analytic form in this energy region is of consider- cles. The first two moments were calculated in 
able mathematical difficulty. In the passage of lead for a spectrum of primary photons of the form 
electrons and photons through heavy elements, the L/E. The computed moments agree with experiment. 
formation of showers becomes very intense. We However, inasmuch as scattering was not con- 
recall the difficulties which are encountered in the _ sidered in this work, accuracy is lacking. For the 


for heavy elements: (1) the total solution of the fundamental equation of cascade 
Tee 2 eae See o(E) depends very Le ory, it is possible to approach the ees 
strongly on the energy, o changing from the value ferently, i.e., to determine the function N(E ,,0,¢ 
0.773 for high energies to 0.24 at its minimum; (2) (the number of patueles with energy greater than 
the scattering of the shower particles in heavy ele- zero at the depth t”, created by an initial particle 


ments is very great. with energy E ,) along with its moments 


A method was developed in Refs. 2 and 3 for hy, 
the solution of the basic equations of cascade 0 


ur pose of t k is the calcula- 
theory (integrated over the depth ) in the variable he purpose of the present work 1s tice 


tion, by the method of moments, of the cascade 
curves from primary electrons and photons of not 

5 very great energy Ey in light and heavy elements. 
* The depth ¢ is measured in so-called ‘‘cascade’’ 


units. 
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In the first part of the work, explicit analytical ex- 
pressions are derived for the first and second 
moments of cascade curves in light elements; the 
first three moments of cascade curves are cal- 


culated for light elements; these cascade curves are 


calculated by the use of available values of the 
moments. In the second section, a recursion 
formula is derived which permits successive cal- 
culation of all moments of the cascade curve with 
consideration of scattering and ionization losses 
for an arbitrary spectrum of the primary particles. 
This conclusion is a generalization of the results 
of Ref. 5, where a similar formula was obtained 
without taking scattering into account, and of Ref. 
4, where a similar formula was obtained for a 6— 
type spectrum with consideration of scattering. 
Numerical calculations are carried out for the first 
two moments of the electron distribution function 
in lead for a primary spectrum of the form 1/E. Ac- 
cording to the method developed in the first part 

of the work, the cascade curves are then computed 
for this same spectrum. 


1, CASCADE SHOWERS IN LIGHT ELEMENTS 


1. The basic equations of cascade theory have 
the form 


f OP (Ey, E, t) 
L,(P (Eo, E, t), T (Eo, E, ===" ; (a) 


OM (Epes) 


Ea(P (BE), E, t), (Eo, £,.).=——-# 


Here P (Es E, t) and LACE 3s E, t) are distribution 


functions for electrons and photons at the depth ¢ 
and energy EL, L “i ie, are integro-differential oper- 


ators (linear in P and I’) which take into account 
pair formation by photons, bremsstrahlung and 
ionization losses for electrons. For small ener- 
gies, the operators must also take the Compton 
effect into account’. The cascade curve--the total 
number of particles as a function of the depth--is 
determined by the relation 

E, 

N (Ep, 0, t) = \ P (Ey, B, td. 
0 


The momentsof the cascade curves are determined 
by the expression 


t” (Ep, 0) (1a) 


ao 


=\N (Ep, 0, t)¢" at | N (Ep, 0, t) dt. 
0 


0 
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A recursion formula was obtained in Ref. 3 which 
permits successive calculation of all moments of 
the cascade curve 


es (Bac0) (2) 


59 


1 ee 
= \ [PplB, BE) G2 (E, OF 
26) 


+ Tp (Eo, E) {#22 By 0)}"| Ede, 


where the superscripts on P and I distinguish the 
moments of the electron distribution functions in a 
shower produced by an electron or a photon, re- 


spectively. Pp(£),E) andl’, (E,, £) are the 


‘‘equilibrium ’’ spectra (integrated over the depth) 
of electrons and photons from the primary electron. 
Thus, in principle, the problem of the solution of 
the basic equations of the theory reduce to the 
finding of the equilibrium spectrum when one has 
recursion formulas of the type (2). An analytical 
expression for the equilibrium spectrum was first 
found by Tamm and Belen’kii* who solved approxi- 
mately the basic equations of the theory, integrated 
over the depth. One can estimate the mathematical 
approximations used in this solution by the method 
of successive approximations developed in Ref. 6. 
The correction to the solution of Tamm and 
Belen’kii does not exceed 4.5%. The computation 
was carried out for E /B = 2.29; with increase in 

E the correction diminishes. 

The error introduced in the spectrum of Tamm and 
Belen’kii by the inaccuracy of the initial assump- 
tions (in the equations, use was made of asymp- 
totic relations for the cross section of processes 
of pair formation and bremsstrahlung which are 
strictly correct only for very high energies; the 
Compton effect was taken approximately into ac- 
count; the yield of high energy electrons which is 
obtained in collisions of electrons of the shower 
with electrons of the medium was neglected) can 
be estimated only by comparison with the results 
of computations in which these simplifying assump- 
tions were not made. 

Rossi and Klapman’, by integrating Eqs. (1), 
averaged over ¢, obtained N(E,, £) for a fixed 


value of E as a function of the primary energy E ). 
The computation was carried out for air: E = 107 ev, 
Ey > 10” ev; in the calculations, all processes were 
considered that take place in the substance as a re- 
sult of radiation; exact formulas were obtained for 
the cross section. Pair creation, radiation in the 
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field of the electrons and the effect of the density 
on the ionization loss were not considered. The 
spectrum of Tamm and Belen’kii did not differ by 
more than 4% from the spectrum computed by Rossi 
and Klapman. 

Thus it can be said that for FE > 10’ ev, in light 


6eé > 


elements, the approximate equilibrium’ spectrum 
differs from the exact by not more than 4%. We note 
that a mathematically exact solution of the equa- 
tion (1), integrated over the depth, differs by 8.5% 
from the calculation of Rossi and Klapman. Con- 
sequently, the equilibrium spectrum of Tamm and 
Belen’kii is a better approximation to the actual 
case. 

Richards and Nordheim®, with the help of diffi- 
cult computational methods, solved Eqs. (1) ap- 
proximately (integrated overt). For F/B <1, and 
also for E/ B > 1, where the equation is applicable, 
the spectra of Tamm and Belen’kii and Richards and 
Nordheim coincide. 

Carrying out calculations of the moments of the 
electron distribution function for the showers pro- 
duced by photons of energy Ey » we get the follow- 
ing expressions 


{tp (Eo, 0)}7 (3) 


= or, a Py taal a ale Fe 


som a) VC st 


Ms 4 2 ; . 
SSE . Te eo ha (ey in) de, Ai: 


(4) 


4 4 : 
ae sass) 
ed $3) de, + por y? 
> TOR) | (1 ta) (1 +5)" 
x [% in £1) — Xy(f9, £1) 4211 dey; 
Eo Eo 1 { 
= FOR) \ (i+ sey) 
(Eo, S11) [Xe (E11; a — X, (€o, &1)] dea dey; 
2 er 1 
= Or \(! stem) 


0% (En, €1) | 
x Of} e11 X 


Q» 241) 


AF 


2 (£0, £31) dey, dey, 
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where 


So =f (0)Eo/B; ¢=f (0) E/8; 
f (0) = 2.29; o = 0,773; 


Eo — 7 
X1 (go, &) = cet | — dx; Xs (e, €) 


& 


= A140) *) ae (are 
0 


Similar expressions for the moments of the elec- 
tron distribution function in a shower produced by 
an electron of energy EL) were obtained in Ref. 1. 
The integrals which enter into both these expres- 
sions are expressed by elementary functions, ex- 
ponential integrals and rapidly converging series. 
Carrying out the appropriate steps, we get, in the 
case of the primary electron, 


CaN) ae Fate 


an (5) 


eo)} > 


pebopeee FTE 3 


1) 


=y 


+C-+ Iney — Ei(— 


= Biss tho) fy ef tes 
= Lf (0)]? { 15(; £0 y 
—0.5 (In ¢9 +C — Ei (— ¢5)). 
c et ae x : 
—\e “(a5 + ag +---) ax}: 
0 
i i| GX 
a Five ee 
+C + Ine)—Ei(—e)}, 
SUE toy) (oft 28, 
= FO ee ed 2 


+ In & +C— Ei (— co) 


1 2 
Cs ie = oOo + 1/9)? 


{e(2-S a Sl ehaliteae is Ore Ei (— «)) 
: ae “0 4 Tie) 


25, (Ney = ost In? xe—* dx 
0 


+2\e- (qotaateet- .«) de 
av ae gatas t-.-|ax 
0 


7) %} 


— Ei (—2)| (> s+ > 


0 
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where C = 0.5772 is Euler’s constant, Fi(-e) 
Beil) dz 


€ . , 
In the case of a primary photon, 


{fp (Eo, 0)}" = {Ep (Eo: 0)}" (7) 


4+1/o Miva Loman iN 
Ee Fe (—0.8 +5, ae =| +5, 


2 
71) £9 


= {t3(Ep, 0)}” 


LY i Blfos(eriner Bis 


ee 5( : +o gto] 


5 0 / 


{tp(Ey,0)}* 


Or orl 


so" (C + Ine)— Ei (— é0) 


Ho) Gh tan 
+ 2(Ei(¢) —Ine—C) + = +2)| 
+ 5, [0.25 — 0.595" 

— 1.52 — 5 (Ei(—2) —C — Ine) +5) 

e 


55 = (e*—Fi (29) -+ In *>+C—1)]| 
0 
2\-4 =F 


' a e 
+f(0)(1+2)2(—0.54+ 2 +) 


(8) 
Jae (0) + 1) =p ry 
0 


where Fi(e) ay (e*/x)dx. 


The values ot these moments are listed in Table] 
for values of &, from 0.2 to 10. The third moment 


, Which is in the form of unwieldy explicit 
foe. was calculated by means of numerical 
integration. 
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For E,/B >> 1, Eqs. (5), (6) and (7) are written 
in the f pllowinedie form (with accuracy up to terms of 
order ]1/e_): 

0 
{tp (Eo, 0)}” = In (Eo/ 8) + 0-41; (9) 
{tp (Eo, 0)}” = In(Ey/B) + 1,2; 
{2 (Eo, 0)}” — (> Eo, 0)" 
= 1.76In(E,/8) —0.21; 
{2 (Ep, 03" — {tp (Eo, 0)" 
= 1 761In(E,/ 8) + 2.32. 


Values are given in Table II for these moments, for 
Ey from 15 to 2290. The values were computed from 
Eqs. (9) and fromthe formulas of Rossi and 
Greisen 


{tp (Eo, O)}" = 1,01 In (Ey / 8) + 0.4; 
(Eo( Bae O)} Otago alee, 


PEL = ten 


(10) 


= 1.61 In(E)/8) —0.2; 
(E400) ee ero 
= 1.61 In(E,/8) + 0.9. 


It is seen from Table II that the first and second 
moments, computed by Eqs. (9) and (10), differ 
from one another by not more than 1% over a wide 
energy range. Thus, the expression for the 
moments, according to Tamm and Belen’kii, does 
not differ markedly from the solution of the basic 
equation of cascade theory obtained by the method 
of Snyder. As shown in Ref. 1, Snyder’s solution 


is the first term in the expansion of the total energy 
in powers of B/E,. However, the method of 


Snyder permits us te find only the total number of 
particles as a function of the depth and does not 
give any possibility of calculating the energy spec- 
trum of the particles. 

2. For high energy showers, when In(E,/8) 
> 1, we can determine the position of the maximum 
and the number of particles in the maximum of f the 


cascade curve if the quantities E , /B,T and t2 

are known. For low energy aioveras where £,/B 
~ 1, similar relations cannot be seine since the 
procedure employed in deriving the relanone 


Emax and Ninax ~ f (Eo/8, ie 1”), 
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OF? 0.096 dso 0.148 3,694 
0.4 0.188 Al 0.301 3.899 
0.6 0.273 1 , 480 0,459 4.119 
0.8 OxSa3 1.536 0,619 4.375 
1.0 0.429 1.590 0.780 4.609 2.940 19,79 
12 0.500 1.641 0,943 4.850 
1,4 0,568 1.691 1b OEE 9.083 
1.6 0.633 1.740 AR 2d OLS 
1.8 0,694 A785 1.434 9,940 
Pan) On io2 1.829 1,599 Dis (Koy? 6.364 26.54 
3.0) 1.006 2027 2.392 6,803 9.817 aye, KS} 
4.0 io2t3 295 Seiad 7.746 Nae" 38.79 
0.0 1.386 2.340 3.845 8,625 16,84 44.52 
6.0 1,536 2,468 4.503 9.429 20.29 50,02 
FO) 1.666 2.982 5,192 10.26 29.53 61.29 
8.0 1.782 2.685 0.691 10.87 Sees 65,86 
9.0 1.886 2S 6.233 1Ae oS 42.83 tco9 
10.0 1.979 2,862 7.140 ROS 48.16 86.07 
TABLE II 
eP aes iAP aioe 
(7) (7) (3) ( 
ee ee 1 ; 
according | according according according] according according lSecording SP arene 
pat : aah : ,;3 to hossi Peake to Rossi 
o Belen hag cae Belen kil 6 ee Belen kif Seok Belen kiil andiGeeteen 
45 2.290 2,298 3,080 3,098 8.343 8.108 13,40 AS eo2 
20 Deeitit 2.989 3,367 3,389 10,24 9.992 Loyd Aeecid 
25 2.800 2.814 3,990 3,614 11,84 4400 17.66 {Pe toh 
30 2.983 2,999 Sule 3.799 Tee, 12.94 19,32 19.47 
40 BAPAThe, 3,289 4.060 4.089 slayeeay? fie 22 22.06 Doe 
63,6 3.734 Salons 4.524 4,507 19.58 19,27 26 84 PA OVA 
229 OLO15 5,051 0.8090 5,851 33.04 B2Eho 42.64 42.50 
2290 7,318 HQT 8,108 8,177 65.95 65.34 78,78 78.88 


is equivalent to the method of steepest descents, 
usually employed in cascade theory. One can put 
the problem of the calculation of the cascade curve 


in terms of known moments ¢”; knowing all moments, 


we Can, in principle, find the function itself. How- 
ever, in practice, it is possible to find only the 
first 2-3 moments; therefore, one must find ap- 
proximation formulas which describe the cascade 
curves with sufficient accuracy by means of the 
first 2-3 moments. In Ref. 1, the cascade curves 
are approximated for very high values of E, by a 
curve of the form 


exp (at /*— 7t). (11) 


The coefficients « and y are so chosen that (11) 
gives the correct value of the area under the cas- 
cade curve (law of conservation of energy ) and the 
first moment ¢. For smaller E., we can look for 
the cascade curve in the form 


exp (at'"* — vt) + ye", 


i 
ee 


The coefficients « , y, and y are so chosen that 
(11’) gives correct results for the area under the 
curves? and t”?. The cascade curves for lead were 
obtained in the work of Zatsepin’ with the help 


of approximations similar to (11”). 
The approximation used in Ref. 11 describes the 


120 


cascade process satisfactorily for the case In(E,/B) 
>landt>t _. To determine the coefficients 
max 


which enter into the approximating formula (11) we 
must solve a system of 3 transcendental equations, 
which greatly complicates the computation. We 
also note thatin the method of Ref. 11 for construct- 
ing the curve fromthree moments, it is necessary to 
choose another form of the approximating depend- 
ence, which cannot be determined without detailed 
investigation. For the determination of the coeffi- 
cients, we must solve a system of 4 transcendental 
equations. 

We can suggest a regular method of constructing 
cascade curves, using a set of polynomials that 
are orthogonal in the interval (0, ©). We approxi- 
mate the function ~(x) by the sum of polynomials 


@ (x) = Ay + AxLi (x) (12) 


+ Agha (x) + Aghs(x) +... 


Here He) are the Laguerre polynomials which 
are determined for real values of i > —1 by the 
equation” 
mie 


—+ nti 
are eae 


Li (x) =e 


The genéral expression for the polynomial of nth 
order is given by 


Lees Des od ye 


yt & + i-+1)k!(n—k)! ~ 


The Laguerre polynomials are orthogonal in the 
interval (0, eet weight x‘e°*; 


\ exit’ (x) LE (x) de 
0 


0 for manic |! 

ip p= 4 : 

a for m=n,i>—l 
iO oa 


The approximate improves as the mean square 
error 


M= \ emp Age LoAGL: (x) Atha) 
0 a 
+ A3L3(x) +.. 


grows smaller. The coefficients A , determined 
from the condition of minimum mean square error, 
are equal to 


TO aan 
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co 


as n! —x i i dx 
An = prey) Oe (0) Ln (1) de. 
0 

We replace x in Eq. (12) by yt, where y is an 
arbitrary positive number, and multiply both parts 
by (yt)te Y*; introducing the notation 


(ite 9 (t) = N (i), ie 
we get re 
n=0 
The coefficients A in our case are equal to* 
sf. yn! C j 
An = pq ta | NOL (td. (as) 


0 
3. We approximate the cascade curves from the 
primary photons with the help of the Laguerre 
polynomials L i (x) 
k 
N (t) = yte—t D) AL} (qt). (16) 
n=0 
Here 


Bo) = AG) 2x biG) 3 37 oe 


L3(x) =4—6x } 282, 
In accordance with Eq. (15), 


ee Beis Hh 
Ay = \ N (t)L} (yt) dt; 
ns 1 Te 
Ag=1qs A= eC —1 {e(Es, OF): 
E — 
Ay = 3-72 (3 —34 {Ep (Eo, 0)}" 


The coefficient y is taken to be equal to the over- 
all absorption coefficient of the most penetrating 
part of the radiation--the photons. We recall that 
the cascade theory (see, for example, Ref. 1) 
makes it possible to calculate the dependence of 
the total number of particles in the shower on the 
depth ¢ for particles of large energy In (E,/B)>1 


* The coefficients A can be determined from the 
orthogonality condition of the Laguerre poylnomials. 
Multiplying Eq. (14) by L' (x) and integrating over x 
from 0 to oo, we obtain expressions for the A_ that co- 
incide with Eq. (15). 4 
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(in the work, formulas are obtained for the cas- 
cade curve from a primary electron). On the other 
hand, according to the approximation Eq. (16), we 
can compute the cascade curves from primary parti- 
cles of high energy by making use of the first two 
moments (& = 2). 

For a primary photon of high energy, it is easy 
to obtain the following exact formulas for the 
number of electrons: 


{Np (Eo, 0, t)}" 


(17) 
e-fice 
= Ss \ H, (s) Dy (s) exp (24 (s) t + ys) = ; 
58—i20 
where 
aes eat Pe 265 [Ff (Ay (s))]* 
— Ino = 
Y n 8 ? D,; (s) (Axi(S) + 59) iG (s—2) ’ 
Sg + Ay (S) 


Hf; (s)= Ay (S) — Ag (s) 


(for the determination of the remaining terms, see 
Ref. 1). We compute the integral in Eq. (17) by the 
method of steepest descents with accuracy up to 
terms of 1/t?. 


{Np (Eo, 0, #)}° 
= Ay (s) D, (s) erste (s) ¢ (20); (s) ae E “a x : 


(18) 


Ss 
where 
in 1 d? FH, (s) Dy (s) 
atte cats em 
ee as ae a ee ON 


SMP 4 prose 


The parameter s is determined fromthe condition 


ty 2 yp Pils) 
A, (s) ee 


t= — 


The values of the converging functions here are 
tabulated in Table III. 

The cascade curves for €, = 63.62 are plotted in 
Fig. 1. Curve / is based on the exact Eq. (18), 
curve 2 on the approximate formula (16). The 
curves differ after the maximum by no more than 
5%, before the maximum by no more than 15%*, but 
in this latter region, Eq. (18) has already ceased 


* We note that the curves differ by morethan 15% at 
very small depths; there the curves change so rapidly 
that it is difficult to represent the difference in Fig. 1. 


to be applicable [condition of the applicabilit f 
Eq. (18): ¢> 1). mgs: 


Fic. 1. Cascade curves from a primary photon of 
energy €) = 63.62. Curve J is drawn according to Eq. 
(18), curve 2, according to Eq. (16). 


The cascade curves from photons were also ap- 
proximated with the help of a sum of Laguerre 
polynomials: 


k 
N (t) =e-%* >) AnL? (xt); 
n=0 
here 
EL) = a 


Lo =1—2x-+4/ox , ete. 


According to Eq. (15), 


An =7\ N (1) L8 (yt) dt; coe 
; 


Aj=12; A= 121 — + {te (Eo, 0)}"); 


a 2 2 1p 
Ane rai — 24 Ep (Eo, 0)" + 1 {tb (Eo, )}"). 
For approximation by means of the polynomials, 

we require V(t) ges =0. For this, we must now 


insert the additional term 


Rk 
Nj =e"(D Anlh (rt) + CLR) 


n=0 


in the approximating formula. The constant C is 
determined by the condition 
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TABLE II 
——$——— 
ae See Se. 
l l 
d Hi, (s) D; (s) 

a wes) r¥(s) Die) ae ae ae ae a (S) 

5 = 38.07 4.173 —0.589 
i —11 58 62.9 1.573 —OF4TS —0.0924 
0.8 Se haul 33.45 4,79 —= (Al ==) OS 
1.0 ae 14.45 2291 —0.390 —0,0791 
Aad == ROK0 7.62 2,08 —0 384 (x OaOe 
4.2 Bers 5.04 2.89 —§.381 —0.095 
1.4 ert) 2.52 3.63 9.391 —0,.084 
1.6 == (0). V8. | gf? i Svs: == (0),A08 = (9) 1 
1.8 __ 0,605 5.71 —0 408 
2.0 6.93 O44 


{Np (Eo, 0, t)}e-0 = 0. (19’) 
The cascade curves calculated by Eqs. (16) and 
(19) for certain values of the primary energy €, are 
drawn in Fig. 2. The curves / are drawn according 
to Eq. (16) for the first two moments (k = 2). The 
triangles denotes points of the curves established 
by Eq. (19) for & = 2 and for the same value of €9: 
The curves coincide within 10 percent. Such co- 


incidence (in percent) exists over a wide range of 
energies €); from 0.2 to ~ 100. 


M(t) 


Fc. 2. Cascade curves from a primary photon of 


energy €, = 1, 3, 10. The curves are drawn: 1] —ac- 
cording to Eq. (16) for k = 2[ triangular points com- 
puted by Eq. aie) Wl eae according to Eq. (16) for k=3; 


3 — according to Eq. (16) for k = 1. 

Thus the approximation by means of the poly- 
nomials Late) with the additional condition (197) 
is completely equivalent to the approximation with 


the help of the polynomials je (x) in the energy 
range from 0.2 to 100 and beyond. 

Since we wish to obtain cascade curves for ener- 
gies Ee of the order of the critical energy B (for 
which the number of particles at the maximum is of 


the order of unity (in ‘‘cascade’’ units), and the 
maximum lies at the order of 1 ¢-unit in depth), it 


is particularly important that the approximating 
curve satisfy the limiting condition exactly, i.e., 
to obtain the greatest precision in the first ¢-units 
of the absorber. In this same Figure, the curves 2 
are drawn: these are constructed from Eq. (16) with 
the use of the three first moments (4 = 2). Curve 
3 was constructed for e, = 10 by Eq. (16), using 


only the single first moment (k = 1). It differed 
from curves / and 2 by 30% and more. This demon- 


strates that the series (16) converges sufficiently 
rapidly. We recall that the curves corresponding to 
primary particles of high energy, constructed by Eq. 
(16) for & = 2 differ fromthe exact by no more than 
5%. ‘Taking these two circumstances into account, 
we can specify that only the three first terms of the 
series approximate the exact solution with error 

not exceeding 10%. 

Figure 3 shows cascade curves which correspond 
to a primary photon for from 0.2 to 10, computed by 
Eq. (16) for k = 2. An experimental curve was ob- 
tained in carbon in Ref. 13 for a spectrum of pri- 
mary photons of the form 


LE where E <a 330 Mev, (20) 


Dy ED Cubase ee so0iMer 
Averaging the curves (16) over the primary spec- 
trum (20) we can compute the corresponding theoreti- 
cal curve. The results of the calculation are given 
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= 


Fic. 3. Cascade curves from a primary photon for € 
from 0.2 to 10 (number on curve). Curves are construc- 


ted from Eq. (16) for & = 2. 


. : ; 13 A 
in Fig. 4: ]—experimental curve ", 2 —theoreti- 


cal curve (normalized for ¢ = 0.1). Up tot = 2, the 


Peer 
meee 
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Fic. 4. 1—experimental curve!3 obtained in graphite 
for a photon spectrum of the form 1/E; 2-— obtained by 
averaging Eq. (16) over a photon spectrum 1/E. 


curves differ from one another by less than 5%; on 
the tail the difference reaches 20%, the latter be- 
cause the coefficient y was assumed to be equal to 
the asymptotic value of the absorption coefficient 
of the photons, y = 0.773, since the o of the pho- 
tons in the energy interval considered is approxi- 
mately 15% smaller, which leads to large increases 
in the capacity of the cascade. Making use of the 


values of the moments {Z }P and bag ye ewecan 
Compute the cascade curves from the primary elec- 
trons. We approximate the cascade curve fromthe 
primary electrons with the help of the sum of La- 


guerre polynomials 


{Np (Eo, 0, t)}° (21) 


R 
SOY MENG) slcias (it)) 


n=0 


We find the constant C from the condition 
iN» Ca 0, “ween = 1, the constant y we take 
equal to the asymptotic value of the photon ab- 


sorption coefficient o,. The cascade curves con- 
structed from Eq. (21) for & = 2 and for €, Tunning 


from 1 to 10 are shown in Fig. 5. 
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Fic. 5. Cascade curves from a primary electron for € 
from 1 to 10 (number on curve). The curves are drawn 
according to Eq. (21) for k = 2. 


To verify the correctness of the cascade curves 
for small energies, the energy lost by the electron 


in radiation for the length of its mean free path was 
calculated by use of the data of Ref. 14. The elec- 


tron of energy €, = 1 loses e ,, ~ 0.3¢€, in radiation, 
the electron with energy ¢, = 3 loses €,, 4 =~ 0.54€). 


The ratio of the area under the cascade curve from 


t=Otot~E,)/B and t =~ E,/B to t = ~ must be 
approximately equal to (€) —€,,4)/€,aq° This 


ratio for curves computed from Eq. (21) for éo= 1 is 
2 and for €, = 3, is equal to l. 

To estimate the accuracy of the formula, we com- 
puted the cascade curve from the primary electron 
with €, = 229 according to exact formulas of the 
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theory (up to terms in | :?) and according to the 

approximation (21). The curves after the maximum 
differ from one another by no more than 5%. Thus, 
with the help of the method of moments developed 
above on the basis of “equilibrium” spectrum of 

Tamm and Belen’kii, one can compute the cascade 
curves from primary electrons and photons in light 
elements with errors not exceeding 10% in a broad 
range of depths and energies ¢, from 0.2 to ~ 100. 


2. CASCADE SHOWERS IN HEAVY ELEMENTS 


l. We rewrite the basic equations of the cas- 
cade theory with account of scattering 


cos SGP /dt = L, [P (¢. E.9), (22) 


Tr (é, E, $)] + (ER/SE*) AsP (é, E. 9), 
cos 8 6P et = L,[P (é, E, 9. T (é, E, 9] 


Here P(t, FE. 3) andI(s, E, 2) are the electron and 
photon distribution functions at depth ¢ ( every- 
where measured in cascade units of length), energy 
E and angle 3, L,. L, are the same operators as 

in Eq. (1). The last term in Eq. (22) takes into 
account Rutherford scattering of the electrons 


{ Tay wee a 
E, = 21 Mev: As = ans as \S8 2s) 


The boundary conditions we put in the form* 


P(0, E,3)=0; (23) 


T (0, E, 3) = ® (Ep, E)3(9), 


where £ . is the upper limit of the spectrum of 
primary photons. We neglect here the “inverse 
flow** of particles at = 0. In Ref. 13, it was 
shown that the number of electrons going through 
the boundary of the material in the opposite direc- 
tion is not large (of the order of 5% tie incident 
beam); therefore, neglect of the inverse flow is 
reasonable. 

_The moments of the distribution functions for the 
shower particles are determined by Eq. (1”). We 
multiply Eq. (22) by z* and integrate over ¢ from 
Q to =, and over all solid angles 


* Boundary conditions of the type (23) are not es- 
Seatielly cifferent from the case of an arbitrary spectrum 
of primary particles. ; 


I. P. IVANENKO 


L, [Pa.o (Eo E)sV'n.0 (Eo £)I (24) 


=—nPp_1,1 (Eo, E), La [Pa.o (Eo: E), Pn, o(Fo, £)I 
= nl. 1 (Eo, Ee): 


For n = 0, keeping in mind the boundary condi- 
tions, we have 


Ly [Po.0 (Eo: E), Po. (Fo, £)] = 9; (25) 


Ly [Po,o (Eo, EB), To, 0 (Fo; E)] 
= —©(E,, E), 


where 


Arye \ 
(@ 


P(t, E, 9) t"~ cos" $ dw dt; 


oc —"98 


~ 


» 

Pea (En) = \ \ T(t, E, 9) t"~' cos*9 de dt. 
0 (@) 

If an electron or a photon with energy £ | is inci- 

dent on the boundary of the material, then for the 

quantity 


Per).o.0(Eo, EB) 


= \ \ Pwo, 1 (t, E, $) dew dtand Tp, 1), 0,0 (Eo, E) 
0 (@) 


22 (( T\p,1 (t, E, 9) dw dt 
0 (@) 


we get equations similar to Eq. (25). 


Let the quantities Pp 0,0" Pee 


IT.0.0 be known; then the solution of Eq. (24) can 


and PD 0.0 


be written in the form 


Px,o(Eo, E) (26) 
E. 
=n \ {Pra.1 (Eos Ex) Peo. (Ex, E) 
E 
Zs Pa, 1 (Eo, E)) Pr, 0,0 (Fi, E)} dE, 
E, . 
T's,0 (Eo, E) = 2 \ {Pra (Eo Ea) Te, 0,0 (Ex E) 
E 


+ Pr—1.1 (Eo, E)) Ty, 0 0 (Ey, E)} dE). 


Integrating Eq. (26) over E from 0 to E ,, and re- 
placing P | 1 and [° by pA : and hae 


we get 


-1 n-l,l -2 oo) 
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Ee 
\\ Pn. o (Eo, E) dE 


0 


(27) 


Eo 
= n(n —1) \ [Pro (Eos £’) Fro (E') 
0 


+ Para (Eo, 2 od 9(E’ Nae. 


Similarly, 
E 
\ Tan,0(Eo, E)dE 


0 


(27°) 
Ey 


= n(n —1)\ [Pna2(Eo. E’) FE 0 (E’) 


0 


+Tpa2(Eo, E’) Fi, (EI dE’. 
Here we introduce the notation 


Fy 9 (E) 


E EE! 
= \ 4B dE" [Pp,o1(E, E’) Po, o, o(E’, E”) 
0 


+ lpoa(E, £)Proo(E EI; 


Fi,9(E) 
E E’ 
= \ dé" \ de" (Pr. 02(£, E’) Pp,oq(E’, E’) 
0 0 
Pobeeisibn we Pree (LE , £’); 
Ft 3(E) 
pe 
cn \ dE"\ dE’ Perens BV eve o(E's 2’) 
0 0 
+ Tp, 0,0 ie jig ry, ea ie alt 
Fis (E) 
E E’ 
a \ dE’ \ HE (Pe (EE) Up 0 (hs B’) 
0 0 


+Vr,0,1(E, E’) Pr,0,0(F’, £")] 


and by definition, 
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E 
Fo, (E) = \ Pe, oo(E, Ee \dE& 
0 


E 
Fi,a(E )=\ ProolE, E') dE’: 
0 
E 
Fes (E) = \ Dep (E oe de 
0 


E 
Sie fe 
Fo,0(E) =\ Tp, 0,0(E, E’) dB’. 
0 
Consequently, substituting in Eq. (27) Poe 
N-o, 


Leas for P Te 


Eo 
Vi 


n-2,2? -2,2? etc., we get 


E)dE ae 


yi 
= n\\ 
0 


Ty tig, B) Pee) Paes 


1,0 (Eo, 


[Pon ( (Eo, E) ee Aly 9 (E) 


E, 
\ Dol ee E) dE 


0 
Ey 


=n! \ [Po, n (Eo, E) Fra,o(E) 
0 


+ Vo,n (Eo, E) Faas (E)GE. 


The functions Fee and io are subject to the 


following recursion relations: 
E 
Fro (E) =\ [Peon (E Ex) Fro (Ex) 29) 


0 


+p) nt{E, E)) Prous anleee 


Bo 
FE 9 (E) = \ (Prion (Es Ex) Fea, 0 (Es) 


0 


nh 9 ( (E,)] dE, 


orn ee 


and similarly for Ff y and FI 

We multiply Eq. (22) by cos" 9 and integrate 
over t from 0 to and over all solid angles for 
boundary conditions of the type (23). As a result, 
we get the following equation 
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Ly (Po, n (Eo: £); V0.0 (Eo, £)] (30) 


E? e 
aaa \ AsPo (Ej) COS* dO) — 0: 
(@) 


+- 


eager (eg, Els, Len. or) — C4 Ba, Ly 


In the case of a primary electron with energy Eo: 
we get equations for the functions Pp own and 


Doton 


right side of the equation, there is the term 

—5(E, -E), while the right side of the second 
equation is equal to zero. In the case of a primary 
photon with energy E the right side of the first 


that are similar to (30), except that on the 


equation is equal to zero, while the right side of 
the second equation is —5(E, — E) (the equation 
pertaining to the functions Bae and ie pee 


Let the functions P(P.T),0,0 and Vp P),0,0 be 


known; then we can wriie the solution to Eq. (30) 
in the following form: 

E, 
Po,n (Eo, E) = \@ (Eq, E’) Pr, on (E’, E)dE’, SY 


FE 


a 


Ey 
Dy ae \ BiB EV rn (ESE) ae’, 
E 
Substituting Eq. (31) in (38), changing the order of 


integration in / and EF’ and making use of Kiq. (29), 
we get 


Bo 
\ Pn, o (Eo, E) dE (32) 
0 Bo 
=n! \ ® (Ey, E) Fey (E)dE 
0 
and similarly, 
E, E 


\Tn,0(Eo, £)dE =n! \ @ (E,, £) PE 9 (E)dE. 


0 


o 


—~ 
The functions je coincide with 


I 
»v nv 
accuracy to a constant multiplier, with similar 
functions introduced in Ref. 4. With their help, the 
moments of cascade curves from primary electrons 
or from photons of energy E, can be determined. 
Consequently, the moments of the cascade curves 
for an arbitrary spectrum of primary particles can 
be expressed by the corresponding moment of the 
cascade curves from a primary electron or photon 
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of energy E) : 
2 Fo = 
{ tb (Eo, 0)? = \ ®, (Eo, E) {£2 (E, 0)}" 


0 


(33) 


lie 
\ Pinion lo eae. 


0 


ie 
¥é \ PREEESE) de | 
0 

ce 57 r 
\ ®y (Eo, £) {a (E, 0)} 


0 


(th (Eo, 03° = 
Ey 
\ Pw, 0,0(Eo £) dE. 


0 


}e 
x \ Dp aCe eyed | 


0 


Equation (33) can be considerably simplified by 
use of the conservation law. for electrons and pro- 
tons. For electrons, 


By 
° 34 
\ Pe.o.0 (Eo, £) dE os 


0 


0 


[é 
= | Pr.0,0 (Zo, E)dE = 
0 


These relations have a simple physical meaning:all 
the energy of the primary particle in the final 

total will be dissipated in ionization. It is shown 
that for photons also, if we consider o(E£) as the 
variable quantity, similar relations are satisfied”: 
Eo 


(Te, «.0(Eo, E) dB (34’) 
E’ Ee 
= \ Vr, 00 (Le, E) dE ==. | 
Ee Bp 


where By are functions only of the lower limit. The 
equality (34%) is satisfied only for the condition 

E. >> E’ Numerical calculations carried out in 
Ref. 5 for various values of E. in lead show that 
(34°) is satisfied to within 5% for fe? 1Kese0)s 


Making use of Eqs. (34) and (34’), we can rewrite 
Eq. (33) in the form 


{ti (Eo, 0)3® (35) 
E, 
\ ®, (Eo, E) EE, 


6 


oe 


®, (Ey, E)E (3 (E, Ona | 


(iL(En ee 


Ex 


1 


E, a E, 
= | ®, (Ep, E) E {th (E, 0)}" dE [\ ®, (Eo, E) EdE. 
\ 


CASCADE SHOWERS 


Thus, if the functions Pip T),o.ni Des calw 


are known, we can, by making use of Eq. (2), com- 
pute successively all the moments of the cascade 
curves from the primary electron or photon with 
energy Eo: and then, making use of Eq. (35) we 
can successively calculate all the moments of the 
cascade curve for an arbitrary spectrum of primary 
particles. 

2. The zero moments for our problem are the 


functions E (Pah coi 5 and DP T),0,n" In Ref. 4, 
explicit expressions were found for the functions 
: Syosset 
{Np (E, 9)}” = Si fr (©) Pu (cos); (36) 
n=0 
2n +1 1 1 
# (e) te, [Ie], 
In ( 4nq . V 2 ee a 1 a,* 


where o(y)=e"(y +1) y2+1[ the remaining 
quantities aredefined below in Eq. (39) ]. 

Let a photon of energy E, be incident on a layer 
of the material. In the first interaction in the 
material, a photon can create an electron-positron 
pair with energy E ’ for the positron, with proba- 
bility PAL E’), or can create a Compton elec- 


tron and remain a photon of high energy E “ with 
probability Wee ee Le): 

For calculation of the differential or integral 
“‘equilibrium spectrum’’, the first photon is equiv- 
alent to a secondary particle created by it in the 
primary act’. Consequently, 


Pr (Eo. E, 9) Sie 
‘pet beac 
= 2\ Wp (Eo, E’) Pp (E’, E, 9) dE’ 


Ey 
au \ Weomp(Ey, E’) Pr(E’, E,.9) ae 


Is, 


{Np(Eo, E, 9)}" 


1 

1 , ’ Pere 

=o 2| Wp (Ep, E’) {Np (E’, E, 9)}" dE 
les 


E, 
+ | Weomp(Eo, £’) {Np (E", E, 9)}" dE | 
E 

For higher energies (greater than 10’ ev in lead) 
the probability W,,_,, is very small. Therefore, 
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the second term in (37) can be neglected. Thus, 
Eq. (37) permits the calculation of P_ and 


ai bP from the known Pr and iN, II. As shown 


in Ref. 7, the probability of pair formation, 
W P(E, FE’), can be represented in the form 


1) ger = SUE E’ 1 (BY 
Wo(E, B)) det =O UF); (38) 


U(e)=(5) +(1-z) 


1/6 = 18In(191 Z-") 
with a high degree of accuracy. 

The function U is close to unity, and for small 
energies can be even more accurately replaced by 
one. Substituting Eqs. (38) and (36) in (37) and 
carrying out the integration, we get the following 


for {N,,(E, 8 )}! 


a (39) 
{Np (2, 9)}" = Di Fn (©) Pn (cos 9); 
= 
iO 
ae (8 )I— ew)] (ee + af)“, 
where 
y=s/dn; ©=GE/B; 9 = 2,29: 


an = Vocn Vn (n+ 1) /q. 


The greatest practical interest is presented by 
a cascade process which is created in lead by ini- 
tial photon or electron distributions of the form 1/E. 


Numerical calculations of ae ,® and ue, } are 


carried out exactly for the spectrum 1/E. For this 
purpose, it is necessary to know the moments 


SP asa) rie : 
i ne and {t>, } as functions of the 


upper limit. In accord with Eq. (2), 


rey teeny 


Inasmuch as the dependence of o on ¢ for lead 


PT and 


cannot be given analytically, it p 
We } PT are found by means of numerical integra- 
tion of Eq. (40). The quantity o(¢) for different 

€ is obtained from Ref. 14. Further, with the help 
of Eq. (35), which, for a spectrum of the type (20), 
takes the form 

1 Eo 3 

F\ WBE, 0)" aE, 


0 


(OOhrs 


the quantities {7, 


(E,,0)3® and {22 (E,,0)}® 


are found by numerical integration. These same 
quantities are computed on the basis of experi- 
mental data ©. Particles are measured experi- 


mentally with energy greater than a certain amount. 


In Ref. 13, the lower limit lay below 1 mev; there- 


fore, the quantities {T 


were Computed, EF ° being taken = 0.5 mev. The re- 
sults of the calculations for the spectrum (20) are 


- (E Ee) ,? and (2(E, Ey” 
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50 +4 


ipa box 
Droo 20 sb 95 Fee? 


if theoret 


53.4 + 2 


The mean value of ¢ varies by 1.0%, of t” by 4.0% 5 
however, the difference lies with the errors of the 
experiment and the calculation. While the 
theoretical value of f for o = a4, without considera- 
tion of scattering, is less than the experimental by 
33%, for a = a(e), it is larger than the experimental 
by about 10%. Making use of the method of con- 
struction of cascade curves developed in the first 
part of this work, we can obtain (for lead) not only 
the moments but also the cascade curves them- 
selves. We approximate the cascade curves from 
the primary photon with energy Ey with the aid of 


the Laguerre polynomials: 


h (41) 
(te >) ALi (yt). 
n=0 


The coefficients A are determined by Eq. (15). The 
n 


coefficient y is taken to be equal to the minimum 
value of the absorption coefficient of the most 
penetrating portion of the radiation--for photons, 
y = 0.24. 

The cascade curves computed moe Eig. (41) for 
k = 2 are averaged over the spectrum of primary 
photons of type (20). The results of the calcula- 
tions are shown in Fig. 6: curve / is the experi- 
mental transmission curve for lead’*, curve 2 is 
the calculated curve. The values of curves / and 
2 differ by less than 5%. Thus the cascade theory 
satisfactorily describes the development of show- 
ers in heavy elements. 


{No (Ban0, dy) ee 
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FIG. 6. 1—experimental curve obtained in lead for a 
photon spectrum of the form 1/E; 2~obtained by averag- 
ing Eq. (41) over the photon spectrum of the form (20). 
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A series of papers by several authors have il- 
luminated the problem under discussion. In Ref. 
15, the fundamental equations of cascade theory 
are solved by a perturbation method. As a first 
approximation, the solution was used that had 
been obtained by Snyder’®, who used asymptotic 
expressions for the cross section of elementary 
processes. The correction to them was calculated 
by means of a more accurate approximation of the 
cross section due to Bethe and Heitler’”. How- 
ever, the results obtained by numerical methods are 
valid only for light elements (where the accurate 
cross sections of Bethe and Heitler differed only 
slightly from the asymptotic values) and for initial 
energies In (E, /B)>1. The method developed in 
Ref. 15 was not applied to heavy elements, where 
the cross sections of elementary processes change 
strongly with change of element. In Ref. 18, the 
basic equations of the theory were solved with 
approximate cross section of the absorption coeffi- 
cients of photons and electrons. However, the re- 
sultant curves are not satisfactory, since the law 
of conservation of energy is not satisfied for them-- 
the areas under the curves are approximately 
0.6E,/8. Further, the energy spectra of elec- 
trons in the maximum shower in air and in lead 
differ distinctively from each other and from the 
equilibrium spectrum which was established in- 
correctly*. 

In Ref. 19, an approximate formula was obtained 
for N (Ee E, t)--the number of particles with 


energy greater than E at the depth ¢, created by 
primary particles with energy EY: 


N (Eo, E, t) (42) 
K eee See 
Bere oe: ee OV KK Hy): 
TO | + 2V (E+ Ki) (y +K;)) 
eK, (Z) b ae Eo ie B 
Ka = Kno ree oa ge oh ais 


K , are constants that depend only on the atomic 


number Z of the element. The curve computed from 
Eq. (42) differs (for air ) by about 30% from the 


accurate curve of Snyder. The energy spectra at 
the maximum of the shower for air and lead differ 


nnn 


* In cascade theory, it is shown that for arbitrary de- 
pendence of the absorption coefficient of photons on the 
energy spectrum of electrons at maximum must be close 
to the ‘‘equilibrium”’ spectrum}. 
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makedly from the experimental values. At an ar- 
bitrary point of the shower they differ significantly 
for air from the spectra given by the usual cascade 
theory. All this does not permit us to assume Eq. 
(42) to be satisfactory for the description of the 
cascade process. 

For individual cases, cascade curves were com- 
puted for lead in Ref. 20 by a method of random 
sampling on a special machine. Here electrons 
from photons with energies less than 10 mev and 
Rutherford scattering of charged particles were con- 
sidered approximately. 


— 


In Ref. 5, the values of F and t? were computed 
from an arbitrary spectrum of primary particles, 
but scattering of shower particles was not con- 
sidered; the role of the latter is important at low 
energies. Moreover, there are errors in Ref. 5 for 
the formulas for 


FRC Ey EVV; f05 (By, ESP and 
(EE 


In conclusion, I express my deep appreciation 


to S. Z. Belen’kii for his advice and help with the 
work. 
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Letters to the Editor 


Discrete Energy Losses of Electrons 
Reflected from a MoO, Surface 


N. B. Gorny1 
(Submitted to JETP editor July 24, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 132-134 
(July, 1956) 


\\ eS have investigated by the method of elec- 
tronic differentiation in a spherical capacitor 
circuit !’? the discrete energy losses of electrons 
reflected from a surface of molybdenum coated with 
MoO, - The MoQ, was obtained by heating molyb- 


denum in air with an increased percentage of steam 
and at a temperature of 800°—900°. Under these 
conditions the surface of molybdenum took on the 
copper-brown color characteristic of MoQ,. 

The curves in Fig. 1 represent the energy dis- 
tribution of the reflected electrons and were ob- 
tained at t = 400° and with different energies of 


FIG. 1. The distribution curves of the electrons re- 


flected according to (their) energies are obtained from 
the four values V_: 1—30, 2—75, 3-150, 4- 260 v. 


The maximum of curve J when a — Vi = 27v is de- 


pendent on the true secondary electrons. 
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TABLE | 
Se a i ee oe ee 
ay ee Wlev) | Vp—Ve(v) 
1 0) 0) 1,6 1.8 
0 0 1 4.8 4.5 
1 0 n 64 64 
: 1 8 8.4 
2 2 1 WEN 
0 0 2 19.3. | 185 
TABLE II 
n=h?+ke+12| Wlev) Vp—Vi (v) 
| ett 2 
2 323 aa 
3 18.7 Ae) 


the incident electrons V_. All these curves, ex- 
cept the peak of the elastically reflected electrons, 
have a series of clearly defined peaks. These 
peaks, corresponding to the discrete energy losses, 
are situated near all the curves. with identical 
values for the losses ee — Ves 
Taking the values +2zn/d for the oscillating 
vector determining the momentum transferred by the 
electrons ofthe crystal lattice (in conformance 
with the theory®’*), the discrete values of ener- 
gies transferred to the incident electrons by the 
electrons of the crystal lattice can be expressed 


by the formula 
i (nh? / 8mzx?) (271 / d)?, (1) 


where h is Planck’s constant, m the mass of the 
electron and n/d is determined by the correspond- 
ing interplane distances in the crystal lattices. For 
MoO,, crystallized in a tetragonal lattice, 


(0 d)? = (h? + *) a" 4? [0?, 


where h, k and 1 are Miller indices and a =4,.86 A 
and c = 2.79A are the lattice constants. 

The energy losses according to (1) give only 
one value, W = 19.3 ev, which is close to the value 
of the losses obtained experimentally. The re- 
maining peaks, corresponding to the smallest val- 
ues of the losses, cannot be interpreted by this 
formula. However, if we take for the oscillating 
vector determining the momentum transmitted to 
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Fic. 2. Photograph obtained by the method described in the text when 


V_=75v and when the exposure t = 4 min; in the figure only one-half 


of the photograph is presented, the second half, being symmetrical 


with the one presented, is cut off, 
corresponds to l0v. 


the electron of the crystal lattice the values 
+nn/d, which corresponds to the Wulf-Bragg re- 
flection of electron waves, then for the discrete 
energy losses we obtain the expression: 


h2 Tn\2 
8mn? \ d/ ’ 


which describes well all the peaks of discrete 
losses which we obtained. 

In Table I are introducedthe values of the 
losses of energies which were calculated accord- 
ing to (2) for the series of values h, & and, and 
likewise the experimental values obtained by us 
for the discrete losses es _ Vay All the peaks in 


We (2) 


the experimental curves for which the values in 
Table [ are introduced are well-defined e xcept for 
the one when V  — V,, =6.4 v. FromTable I it is 


P 
seen that the values of the discrete losses is 


which we obtained experimentally correspond well 
with the values W calculated according to (2) 

Comparing the curves of Fig. 1, one can notice 
that with the increase of the energy of the incident 
electrons V_ the possibility of discrete losses of 
large energies increases, and with the decrease of 
Vis the possibility of discrete losses of small 


The distance between the marks 


energies increases. Thus, the ordinate of the peak 
corresponding to ae — V, = 1.8v,when Vs = 30v; 


is almost comparable to the ordinate of the peak of 
elastically reflected electrons, and when V_ =260v, 
it decreases to ~ 0.65; the ordinate of the peak 
which corresponds to Ve - Veg = 8.4v, when ee 


= 30v,is equal to 0.2 of the ordinate of the peak of 
the elastically reflected electrons, and when V 

= 260v it increases to 0.9 (see Fig. 1, curves 1] 
and 4), 

In order to decrease the errors introduced into 
the measurements in consequence of some arbi- 
trary variation in the system, it is necessary to 
make the measurement as quickly as possible. For 
this purpose we use the following method, pre- 
senting the smoothly changing collector potential 
and the signal from the output of the amplifier of the 
electrical differentiation to the oscillograph and 
photograph while this picture is on the screen of 
the tube of the oscillograph®. Figure 2 is a photo- 
graph obtained by us by such a method from the 
investigated sample when t = 400°. Comparing 
Fig. 2 and curve 2 in Fig. 1, which were obtained 
with the same VS one can note the following: 
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1) the peak of the elastically reflected electrons 
and the peak of the nonelastically reflected elec- 
trons when es —_ as = 1.8v are resolved well on 


curve 2 of Fig. 1, and in the photograph in Fig. 2 
these two peaks unite into one wide peak; 2) on 
the photograph there is a peak when iM, ty 


~ 13v which, in fact, corresponds to the minimum 
(see Fig. 1, curve 2). This is explained by the 
fact that the sign of the output of the amplifier, 
characterizing the derivative, is presented to the 
oscillograph in the form of a variable voltage, and, 
therefore, the sign of the derivative cannot be 
shown--the minima will be recorded in the form of 
peaks, just as the maxima. 

Considering the investigation of nonelastically 
reflected electrons from cuprous oxide® when 
V_=21.5v, there were discovered three values of 
discrete losses fromwhich it was possible to com- 
pare two with the values obtained by means of the 
formula (1), and the third value when ae - be 


~ 2v was not explained. However, by means of 
the formula (2) there are obtainedvalues of the 
discrete losses of energy which correspond well 
with all the experimental values of bed a ON 
tained by us (Table II). 


For their great help and interest in the experi- 


ments,I express thanks to A. Myaniko andR. Reban. 
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K-Shell Gamma Ray Internal Conversion 
Coefficients 


L. A. Stiv AND I. M. BANK 
Leningrad Physical-Technical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor, February 2, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 
134-136 (July, 1956) 


(ps most complete of the tables of the K-shell 
gamma ray internal conversion coefficients * 
which we have at present (Rose’ s tables ) were 
established without accounting for the influence 
of the finite dimensions of the nucleus and of the 
screening effect. Besides that, there are no 
data in them for small values of the energies. 
Consequently, we undertook anew work on the 
establishment of tables of coefficients of internal 
conversion (c. i. c. ) which would not possess 
the defects indicated. 

Calculations were carried out for 16 elements 
from Z = 25 to Z = 98 and for 13 values of energy 
beginning wth energies close to the threshold 
values and going to & =5 (in units of mc? ). The 
values of the energies were chosen by such a 
method that later on it might be possible to 
interpolae with a sufficient degree of accuracy. 
In each point the c. i. c. were obtained for the 
first five electrical and the first five magnetic 
multipoles. 

The relativistic wave functions ofthe electron 
were calculaed from the potential which inside 
of the nucleus corresponds to a uniform distri- 
bution of the chage and outside of the nucleus 
has the following form: 


V=—(eZ/r)e(r) -D+K. 


For the curves ], 1’, & =0.5, for the curves 2,2 ’k=5. 


134 


TABLE lL 


92 ) ( in parentheses are given the powers 


shell coefficients of internal conversion for uranium (Z= 


The K- 


of ten by which one must multiply the appropriate number ) 


Bs 
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Here ¢~ (r) is the Thomas-Fermi-Dirac function 
which we obtained for different elements by the 
use of the tables of Ref. 2; D is the exchange 
correction; > K is the correction which is intro- 
duced for the functions of the free electrons, 
taking into account the change of potential as 
a result of the departure of the s -electron. 

The potentials of the transition within the 
nucleus were determined from assumptions on 
the charge distribution in the volume and on the 
currents distribution on the surface of the 
nucleus. The radius of the nucleus is assumed to 


be equal tol. 24 1/3 x 10-13 cm. As it was 
shown in Ref. 4, the making of all of the enumer- 
ated assumptions more precise can change the 
final result only by a small percentage. The 
determination of c. i. c. is made with an accuracy 
to within 0.5 %. However, the assumptions which 
are fundamental to the calculations decrease the 
accuracy of the tables by 2—3 %. All the cal- 
culations were carried out on a high-speed 
electronic calculating machine BESM of the Acad- 
emy of Sciences. In Table 1 the c. i. c. are 
given for uranium ( Z= 92 ). 

The values of c. i. c. which we calculated are 
everywhere less than the values given by Rose. 
This is illustrated by Table 2 in which the per 
cent of decrease of the c. i. c. is shown in 
comparison with these data (assumed for 100 %). 
In so far as the calculation of the screening 
effect in this area gives an unknown correction 
(~ 1%), the decrease of the c. i. c. obtained 
shows how great is the influence of the calcula- 
tion of the final measurements of the nucleus. 

In the Figure, there are introduced the curves 
of departure y ( in per cent ) of the c. i. c. 
from Rose’s data for the transitions M/ and EV 
depending on Z . A similar dependence on Z 
takes place also for other multipoles. For Z < 40 
the calculation of the final measurements of the 
nucleus does not play a practical role, but the 
influence of the screening effect grows. 

For Z = 25 our results coincide with Rose’s 
results (with consideration of the screening 
effect ) with an exactness to within 2 %, every- 
where exceeding them. That they exceed his re- 
sults is the consequence of thefact that the 
exchange correction, which was not calculated in 


? . . 
Rose ’s computations, was included by us in the 
potential /. 


The full tables of c. i. c. will be published 
shortly. 


*For small energies the c, i. c. were determined 
only for four Z, with consideration of screening. 
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TABLE 2 
The deviation (decrease) in % of the c. i.c. from the calculations of Rose (Z=92 ) 
K Oy Xe Ks a, | a, G1 cry Bs Ga G5 
l 
Oxo 1 . SKC} On 9.9 lacey | bits) |) Due Trem) ails 11 
4 A? 9.8 ADS 13 lahaPA || 2 ee, DRO | KS} 16 14.8 
4 3,42 14 145 APA | a leA SA || AYA || Ove |) alist 16,6 
5 oni 13 Ae 3 AAS Wi GAR Hoey || PA ll Pala ANS Nf Pe 
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Selection Rules for Antiproton Annihilation 
Into 7 — Mesons 


L. M. AFRIKIAN 
The P. N. Lebedev Physical Institute, 
Academy of Sciences, USSR 
The Institute of Physics, 
Academy of Sciences, Armenian SSR 


(Submitted to JETP editor February 22, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 136-137 
(July, 1956) 


|B a previously published article Amati and 
Vitale! have given selection rules for the 
annihilation of antiprotons into two and three 7— 
mesons. However, following from general considera- 
tions which take into account the strong interac- 
tion of 7— mesons with nucleons, and also on the 
basis of the already available experimental data’, 
the greatest practical interest lies in the effects 
of the multiple meson annihilation of antiprotons. 
The present article is devoted to a possible 
generalization of the selection rules to an arbi- 
trary number of 7— mesons being produced, and 
also contains some remarks on the dependence 
which follows from these rules of the effective 


cross sections for annihilation on the velocity of 
the antiproton in the region of nonrelativistic 
energies. We shall restrict ourselves to a con- 
sideration of strict selection rules which are 
based on the requirement that the laws of conserva- 
tion of the total angular momentum and of the 
space and charge parities be satisfied simultane- 
ously. 

We recall that the requirement indicated above 
leads to the fact that the annihilation of antipro- 
tons in singlet states of the nucleon-antiproton 
system into two 7—mesons is strictly forbidden. 
On the otherhand, in triplet states of such a sys- 
tem, the effects 


1) ptp—ortnt, 2) ptnsr4n° 


can occur only under the condition 


£;=-0>-1L,=1, Lj = 2n+ Ly=2n+1, (a) 

or 
L,=1+L,=0, L;=2n+1->+L,;=2n (b) 
(2=1, 2,...), 


where L,, is the orbital angular momentum of the 
nucleon-antiproton system; L, is the orbital angular 
momentum of the system of two 7—mesons. Thus 
in the triplet nucleon-antiproton system annihila- 
tion into two 7— mesons [ effects (1) and (2)] may 
occur only under the condition 


ADSL, 


A characteristic property of the selection rules 
for the annihilation into two neutral 7 — mesons 


3) pt pon +70 


is the additional restriction on the states of the 
m7—mesons being formed which comes from the re- 
quirement that the wave function of the final sys- 
tem should be symmetric with respect to inter- 
changes of identical particles. The last require- 
ment excludes the possibility of states of odd 
parity for a system of two 7 —mesons and leads to 
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the additional requirement [in comparison with (1) 
and (2) ] that the transitions (a) be forbidden. Thus 
the only allowed transitions with formation of two 
7° — mesons for the system of proton-antiproton 
mutually annihilating each other are the transitions 
in the spin-triplet state for which 


4 = SS = — 2 
Lj=tLy=0, Ly 2a $1 Ly = 2n. 


Thus in the system of a proton and an antiproton 
being mutually annihilated into two 7 — mesons 
the states with the lowest value of the orbital 
angular momentum are the states *P and tei 


This last circumstance makes the transition matrix 
element for the effect (3) in the region of small 
energies proportional to the momentum of the anti-- 
proton (q). In connection with this, the proba- 
bility of effect (3) turns out to be proportional to 
the square of the momentum of the antiproton: 


On = As3q? / M2, 


while the cross section for the effect (3) in a non- 
relativistic approximation becomes proportional 


to the velocity of the antiproton (in the observer’s 
system ie 


, 
ee i nol 


At the same time, the cross sections for the ef- 
fects (1) and (2), which take place at low velocity 
in states with zero angular momentum (S-wave ) 
have the usual form 


Gy 9 = Ay oe / iene 


The effects of the annihilation of antiprotons into 
three 7— mesons are not, generally speaking, sub- 
ject to any strict selection rules. However, in the 
case of annihilation into three neutral 7’ —mesons 


4) p+ por 479479 


the requirement of the conservation of charge parity 


NM 
restricts the possible states of p — p to singlet 
states with even orbital momentum and to triplet 
states with odd orbital momentum. 

Now going over to the effects of the annihilation 
of antiprotons into an arbitrary number of 7— mesons 
we shall point out that the following effects are 
strictly forbidden. 

1. Annihilation into an even number of 7— 
mesons in a singlet system with zero (total) orbi- 
tal angular momentum is strictly forbidden. This 
selection rule is related to the incompatibility of 
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the requirements of conservation of total angular 

momentum and of space parity. In view of the fact 
that in states with zero orbital angular momentum 
the parities of the initial and final states Ue 


and lo, )q 


of the particles® ; 


) are determined by the intrinsic parities 


Heze 


Sail) 4! 
N—N 


Gee 1) at, 


2. Annihilation into an arbitrary number of neu- 
tral 7— mesons 


5) ptpwkr (k=4, eee) 


is allowed in triplet states with odd values of the 
orbital angular momentum and also in singlet 
states with even values of the orbital angular 
momentum. Since all the states of the system con- 


sisting only of 7° — mesons are of even charge 
parity, the initial states of the system of p —p 
annihilating each other must also be of even charge 
parity. The states of the system particle — anti- 
particle noted above are of just that kind (see Ref. 
4). The selection rule under discussion is re- 
sponsible for the smallness of the effect consist- 
ing of the annihilation of the triplet nucleon- anti- 
nucleon system into an arbitrary number of ee 
mesons in the nonrelativistic approximation 


Line 
Opn0 = A,o- fie 


3. The comparison of the two selection rules 

. ° . . WS, 
given above leads to the annihilation of the p — p 
system in the state with zero orbital angular 
momentum into an even number of neutral 7— mesons 
being forbidden. As a result of this in the non- 
relativistic approximation the effective cross sec- 
tion for the reaction 


6) pa po ek) me  4e eo) 


is equal to 


SS tr pail 
o (2k) me ex F(ak)ne = Aus If 


In conclusion, I wish to express my sincere 
thanks to Prof. V. L. Ginzburg for the interest 
shown in this work and for the discussion of re- 
sults. 
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Remarks on the Theory of Scattering of 
Particles with a Given Total Angular 
Momentum 


V. T. KHoziaInov 
Institute for Physical Problems, 
Academy of Sciences, USSR 
(Submitted to JETP editor February 24, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 138-140 
(July, 1956) 


l WE consider the scattering of two fermions 
@ interacting by means of a bosonfield, but, in 
contrast to the usual treatment of this problem, the 
initial and final states of the pair of fermions are 
specified as states with a certain given total 
angular momentum. It turns out that this approach 
to the problem presents a number of peculiarities. 
It is convenient to separate the motion of the 
center-of-mass from the relative motion and then to 
examine the process in the system of coordinates 
in which the center-of-mass is at rest. The matrix 


element which corresponds to the simplest irreduci- 


ble diagram (which is the only one we shall con- 
sider for the sake of brevity ) may be written in the 


form 


Vo.6. (R) rp (Rk + 7 Ro) at (Ro), (1) 


where D is the retarded interaction function, i? 
is the vertex part, the matrix of which operates on 
the indices of the ith particle; k(¢, k) is the 4- 
momentum of the particle in the system of coordin- 
ates under consideration (k =-k, =k); o,= + 


define the spin states of the particles. We con- 


sider only the process of interaction which does 


not lead to the radiation or absorption of bosons 


and also the case of the absence of external fields. 


The diagrams which take into account the proper 
mass of the particles and which are not related to 
the interaction between the particles are also not 


taken into account. 
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The matrix elements of interest to us in the 
energy-angular momentum space may be most con- 
veniently obtained from the matrix elements of type 
(1) by a suitable transformation which takes into 
account the spinor nature of the wave functions! 

Mirrors = Di Dy |) (ae) (des) AL AR, MEP hs (op 
F182 G° G° “2 ng 

Here 7 and m are the quantum numbers of the total 

angular momentum and of its component, and the 

index y characterizes the spin state of the pair 

of particles (singlet and triplet). The coefficients 

aT for example, in the simplest case of the 

Singlet state, have the following form: 


Aim =8(,—e)k 7 (3) 


x (1K 1 =P) Vim (tp) 26485, agl Voge 


In the same way, one may define the coefficient 
for the triplet case which includes suitable spheri- 
cal vectors and the required symmetric combina- 
tions of spin states (¢ is the energy, p is the ab- 
solute magnitude of the momentum of the particles 
in the energy-angular momentum space). 

By transforming in the manner indicated the 
matrix element of the zero order approximation to 
(1) (Moller scattering), for example for the transi- 
tion singlet > singlet (y = Xo as ), we obtain an 
expression of the form 

eA (e) Q; (A) 33; 2mm,’ 
where the form of the function A(e), which arises 
as aresult of the summation in (2) [ similar to (6), 


see below] depends on the explicit form of the 
interaction and on the kind of Bose particles, but 
does not depend on j and m. The argument of Q; 
(Legendre function of the second kind) is the 
quantity A= 1+ ”/ 2p” where p = |k| is the 
absolute magnitude of the momentum of the parti- 
cles, and p is the mass of the boson responsible 
for the interaction. 

In the case of electrodynamics the integration in 
(2) cannot be carried out formally (if one considers 
the particles in the initial and final states to be 
ae since Q; (1) diverges. For bound states 
hk? & m< and the function A will contain the bind- 
ing energy of the particles. 

For large j >> / we have 


Q, (1 + 4? / 2p?) = Ky (uj / p). 


Therefore, for not too large initial energies 
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uj/ p> 1 andthen Ky (uj/p)=V xp/2jpe */?. 


As may be seen, the magnitude of the scattering 
amplitude in this case depends exponentially on 
the mass of the bosons responsible for the inter- 
action, which makes scattering by means of heavy 
particles improbable. For energies so large that 
jp/p << 1 we have K, (ju/p) = In (p/jp), i. e., the 


scattering amplitude increases logarithmically. 

2. Within the framework of perturbation theory the 
transformation (2) permits one to separate the di- 
vergences in a unique way without carrying out the 


evaluation of the corresponding integrals. 
As an example, let us consider the correction to 


the matrix element which takes into account the 
loop corresponding to polarization of the vacuum. In 
the case of electrodynamics, for example, we have 


eh, o, (2) ve? DO (¢) T,, (7) D® (q) v2. (ho); (4) 


DY = (8. ia. q-? 9uy) q-?; q= k — ko 


To: (4) = Sp \¥g=—=— 


eM ies nS T (dx). 


Using the transformation (2) we shall obtain (x 
— Xo — s ) 


e| Fim (8) Yj ,mo(Mo) (5) 


X T(b— ho) DR), (ft, Ry) dn dng, 


where the integration is carried out over the direc- 
tions of the momenta of the particles; (k — k \? 
=~2p*?(A-nn,), T= 1/3 Tyr and the symbol ® 


denotes the sum 
oe (3 is tte) (6) 
vy P 


Ons 
x) ») 20, ee 20, 


9° 
oc, —so 
—k, o, 
0, 0 ° 
La are Oy 


L 2 2, 
V2 (Y..) hyo (y,) eT °° . 


oc, 


It may easily be shown that ® does not depend on 

the angular variables of integration in (5) which 

permits one to take ® outside the integral sign. 
Further, we have” 


BT (q) = 2 (q? + 8M) I (q) —121,,, (9). (7) 
oe (1, x?) (dx) 
if P == ,SaESTS 7 x 
Saas [+ 4/2)?— MP] [(% — 4/2)? — M?] © 


Carrying out the integration over the angles (5) 
under the integral sign (7) (for which we tempor- 
arily restrict the region of integration), we shall 
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obtain, taking into account 


\ Vim (M) Yjjmy (Mo) dn dito (8) 
(a — nny) (6 — ng) (¢ — Ny) 
=‘ Q; (a) Q, (4) 
(a — b) (a—c) (b — a) (b—C) 


Q; (c) 
= aa} Jinn 


the following expression [for example, for /(q)]: 


4nQ, (A) I (0) +1jp (A, Ay. %), (9) 


where /(0) is a logarithmically divergent integral 
and the quantity 


hee m \ E (beh A) 


x 


I 


(10) 
ae 

O; (A, + A — at) 2 

A Oe t 


(A, = — 22 — miyp%, a= 2| | / p) 
be finite. 

3. Further, let us examine the complete scatter- 
ing amplitude (1) considering the functions D and 
I’ to have been renormalized. Ifthe interaction 
occurs by means of particles of mass p, then the 
following representation holds® 
Binet ie 

gq? —? -+ ie 


turns out to 


(11) 
e(A?) = 3(A?— 7) + 6 (A); 
G (A?) 0; o (*) =0 for A2>< pv, ¢ > OF. 
The transformation of the matrix element which 
contains the function D into the space of the angu- 
lar momenta is here carried out similarly to the 
earlier case, so that replacing the upper limit of 
the integral (11) by a certain quantity A”, and then 
integrating over the angles under the integral sign 


we Shall find that the matrix element turns out to 
be proportional to the quantity 


A 
\ e (a2) Q; (A — 22/2p2) dr. 
0 
The existence of the scattering amplitude as an 
observable imposes certain conditions on the func- 
tion p(A? ) in order to guarantee the convergence 
of the integral. In the case of the angular momen- 
tum j the integrand for large values of A2 turns 
out to be proportional to p(A7)/(A) “+1, Thus 
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only for j = 0 is the commonly used condition* 
necessary that [A°"p(A*)dd? should not diverge 
at the upper limit. For a collision with an angular 
momentum j > 0 the requirements imposed onthe 
function p( A”) may be relaxed. 


1 Vv. T. Khoziainov, J. Exptl. Theoret. Phys. (U.S.S.R.) 
27,.275 (1954). 
2 
R. Feynmann, Phys. Rev. 76, 769 (1949). 
3 
N. Lehmann, Nuovo Cimento 11, 342 (1954). 


4 
Lehmann, Symanzik and Zimmermann, Nuovo Cimento 
12, 425 (1955). 
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On the Reduction of Wave Equations for 
Spin 0 and 1 to the Hamiltonian Form 


F. I. FEDOROV 
The Institute of Physics and Mathematics, 
Academy of Sciences, Byelorussian SSR 
(Submitted to JETP editor February 29, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 140-142 
(July, 1956) 


| Pee ee Schrédinger’ and Case” have shown 


that equations for particles of spin 0 and 1 


(8,.V_p+*) ¥=9, (1) 
the matrices By in which satisfy the well-known 
conditions of Duffin 


B80, +210 n8i = Sins + Sri? s (2) 


may be reduced to the Hamiltonian form 


Hy = id, (3) 
where H is the Hamiltonian operator which has the 
form 


H=Y4Pq + *Y¥4 (a= 1, 2, 3), (4) 
while the matrices y, bh = 1, 2,3, 4) also satisfy 
conditions (2). To Eq. (3) we must also add the 


initial condition of the form 


(Hy, —x)  =0, (5) 


which, in consequence of (3), holds at any arbi- 
trary instant of time. These results are evidently 
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of interest, in particular because they allow one to 
formulate a theory of particles with spin 0 and 1 
(to a large extent by analogy with the well- 
developed theory of Dirac). In the work by 
Schrédinger! and Case2 the Hamiltonian form (3) 
is obtained by resolving Eqs. (1) into their com- 
ponents for a certain specific choice of the matrices 
6,. Such a noninvariant method of derivation is 
unnecessarily awkward and requires separate cal- 
culations for spin 0 and spin 1. Moreover, the con- 
nection between the matrices y, and the initial 
matrices §, remains unclear in this method of pro- 
cedure. The object of the present note consists of 
showing the method by means of which the reduc- 
tion to the form (3)-(5) may be carried out simul- 
taneously for spin 0 and 1 without introducing com- 


ponents, and solely on the basis of Eq. (1) and the 
algebra (2). In the courseof the derivation the rela- 


tion between the matrices YE and Be is also estab- 
lished. The results are generalized to the case of 
zero rest mass. 

Letus write (1) in the form (B,V, + B,V,+ oe 
= 0 and multiply it by (1 — Bi) and by Be Taking 
Ee account the fact that B B28, = we shall ob- 
tain 


[((BaB2 — Babs) Va + *2s) Ba — x] b = 0, 


(6) 
Bs [((Pa8. — Baba) Va + Bs) + Val = 0. (7) 
On the basis of (2) it is easily seen that the 
matrices 
Ya = 4 (B48, —B,8s), a= Ba (8) 


satisfy the same conditions (2) as do B, and are 
likewise Hermitian. We note that (8) is easily 
solved with respect to B, and gives B, =— UWA. 
Hey, ). Evidently (6) can be rewritten with the aid 
of (8) in the form (5) where 7 is defined by (4) and 
Pe=n Ee Thus the initial condition (5) is the 
result of multiplying (1) by (1 — B3) . The relation 
(7) takes on the form 


va(H + Va) ¥ =0. (9) 


We operate on (5) by the operator Ne =-i 0/dt, on 
(9) by the operator 7 and subtract the results. Tak- 
ing into account that 


leGaval == aol, (10) 
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we shall obtain the fundamental Eq. (3). 

The method presented above may also be ex- 
tended to the generalized wave equations of 
Lehmann? 


(2,V_p+8o)¥=9, 1801 =9 (11) 
for particles with zero rest mass and with spin 0 and 
1. The matrices 6, of these equations satisfy 
conditions (2), while the matrix 8, may always be 
chosen in a projective form: B2 = B, (see Ref. 3). 
For spin 0, Eqs. (11) take on the form 


Va G Vive tr (12) 
and for spin 1 (Maxwell’s equations ) 
ViFin=% Vabi— Vida + Vix = 9 (13) 


[see Ref. 3, Eqs. (8) and(10)]. It is easy to show 
that in these cases Pa has the following proper- 
ties: 


BoB, + BpPo = Bei Po®, = B, (1 — Bo); (14) 


(1 — Bo) B, = B, Bo; 
from this and from Be = B the following relations 
are also obtained 


68,80 a 0, Bob ;8, = BB, Po. (15) 
Multiplying, as before, (11) by Cl = Bi) and by 
B?, we will correspondingly obtain [ taking into 
account (14) and (15)], 
[(Y¥aPa +8oYs) Ya — Bo] p=0, (16) 
Valo ha a Yabo) + Val Y= 0. (17) 


Here y, are defined by (7), and therefore Boy, 
= sha Soe Boys = v4 6 1- ae Further, 


(YaPa + Bors) (17) — Va (16) > (yePy + Va) Bop = 0.(18) 
On the other hand, 
(1— Bo) (16) + vy, py yBob = () (19) 


We introduce the notation 
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Bop = Yo, (20) 


YaPe = H, (21) 


As aresult of this, Eqs. (18) and (19) take on the 


form 


Ay) = iho, (22) 
(23) 
AyaWo = 0. 
Since in this case 
(24) 


Ay4H = 0, 


the initial condition (23) is maintained for al time 
in consequence of (22). 

Thus also in the case of particles of zero rest 
mass one may obtain from Eqs. (11) the Hamiltonian 
form (22) with the initial condition (23) , not for 
the complete wave function w but only for its part 
Yo = BW: 

The following circumstance is of interest. Evi- 
dently (11) cannot be obtained from (1) by equating 
to zero the constant x = mc/h which is proportional 
to the mass of the particle, even though (11) [in 
contrast to (1)] describes particles of zero rest 
mass (see Ref. 4). The situation is different if we 
adopt a description by means of equations in the 
Hamiltonian form (3), (5) and correspondingly (21), 
(23). Indeed , (22) and (23) are directly obtained 
from (3) and (5) by setting x = 0 (and replacing w 
by w_). The same also holds for relations (22) and 
(24),° which are special cases of the corresponding 
relations (4) and (10)with x =0. 

By decomposing Eq. (22) for the case of spin 0 
[ see (12)], we shall obtain 

ie PaVa — Yar Pay — Ya, (25) 
while (23) gives identically zero, i.e., the initial 
conditions in this case disappear. It may be 
easily seen that the four equations (25) are equi- 
valent to the five equations (12). Similarly, rela- 
tion (22) for the case of Maxwell’s equations (13) 
takes on the form 


Pap, — Podas = Vag Povag = Vag (26) 


while (23) gives P.W.4 = 9. Introducing the three- 
dimensional notation E = (i Was ), H=( Vg)» we 


obtain forthe Hamiltonian equations for the electro- 
magnetic field curl H = E, — curl E = H with the 
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‘‘initial condition’’ div E = 0. 


Note added in proof: After this letter had been submit- 
ted for publication the author learned of an analogous 
article by Case (see Ref. 5) in which, however, the case 
of zero rest mass is not considered. 
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Gn the Theories of Multiple Meson Production 


L. G. JAKOVLEV 
Moscow State University 
(Submitted to JETP editor March 9, 1956) 
J- Exptl. Theoret. Phys. (U.S.S.R.) 31, 142-144 
(July, 1956) 


N the calculations of effective cross sections for 
multiple production of mesons, integrations are 
carried out over the momenta (or over the energies ) 

and over the angles of emergence of the product 
particles. Since exact calculations, taking into 
account all the conservation laws, are accompanied 
by great difficulties, various approximate methods 
of calculation are used. In such calculations the 
maximum limit for the energy of one of the particles 


n-l 
is taken to be equal to the value e,= es m 


(€ is the total energy of colliding varnicles: 

Xm, is the sum of the rest masses of all the prod- 
uct particles except the given one). The object 
of this article is to show that these valuesshould 


be diminished as required by the laws of conserva- 
tion of energy and momentum. The calculation of 
the maximum energy and momentum for each product 
particle is reduced to the problem of finding a con- 
ditional extremum. 

We shall carry out the calculation in the system 
of the center of mass. We assume that after the 
collision n particles in all areformed. We denote 
the total energy, the momentum and the velocity of 
the ith product particle bye,,k;, »,, and the corresponding 


quantities for the product particle being investigated 


we shall denote by the index n. Then the laws of 
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the conservation of energy and momentum will take 
on the form: 
nt 


n—l 
en+ >) c,= 6; k, + >) k; = 0. (1) 
1 1 


It is evident that in order to make k, a maximum it 
is necessary that the momenta of all the (n — 1) 
particles should be directed opposite tothe mo- 
mentum k 3 then 


eine (2) 


Let us find vs 


n—-1 
Un =hn ln = >) RiI(E— Dy i): (3) 
1 


It is necessary to find the maximum of the function 


v, (k,, ee bay) which is defined by Eq. (3) 


under the condition 
n—1 n—l 
[mat (Sa) ]o+>D @e+y%=6 @ 
1 1 


which follows from (1) and from the relations «. 
= m* + ce The problem is reduced to the solution 


of the system of equations 


OF (ky, .. +, Rn_,) / OR; = 0, ee ree 6%, 


where F = oes NG: 
In its expanded form Eq. (5) takes on the form: 
1 U-LR 


i xk; 
$24 = ae +2|_ ge +4 ]=0. (6) 


Since A must satisfy all the equations of the sys- 
tem the equations must be satisfied identically; from 
this it follows that hy a =e: Then 


the (n — 1) particles may be considered as a 


-e-=U 
n 


= 
single particle with the mass M = % m, and the 


velocity v. ae 
From (4) we find 
en max = (6? —M? + m2)? — 4m? g2y'/s) 26. (7) 


En max = */216 — (M? — m?) / 6), 


Un max = (G2 — M2 + m2)? — 426") "* | (6? — M+ mz). 
Sternheimer: has calculated the maximum angle 
of recoil ofthe nucleon after a collision. 


tg0., = (1 — v2)? (v2 /02,.—1) (8) 


Samak. ~~ 
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1 Gi 0 bn 


Fic. 1. Maximum energy of a 7—meson formed as a 
result of aa—N collision. 


Fic. 2. Maximum energy of a77—meson formed as a 
result of an N—N collision. 


Emax 


7 b 10 6 7 


Fic. 3. Maximum energy of a7—meson formed as a 
result of the annihilation of anucleon and an antinucleon. 


LETTERS TO THE EDITOR 


(0, ax iS the angle in the laboratory coordinate 


system, v, the velocity of the system of the center- 
of-mass in the laboratory system). The author pro- 


as a criterion for identifyin 
poses to use 0, as iterio ying 


particles. Evidently the existence of a maximum 
angle for nucleon recoil should be taken into ac- 
count during integration over the angle 0. 

In Figs. 1-3 the solid curves represent maximum 
meson energies in certain reactions. The number of 
m7— mesons produced is plotted along the horizontal 
axis; the numbers labeling the curves give the 
total energy of the system; the dotted curves repre- 
sent results which take into account only the law 
of conservation of energy which, measured in the 
system of center-of-mass, is equal to 10° ey, 

I express my thanks to Prof. D. Ivanenko for 
discussions. 


1k. M. Sternheimer, Phys. Rev. 93, 642 (1954). 


Translated by G. M. Volkoff 
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Polarization of Neutrons Scattered by Carbon 
Taking Huclear Volume into, Account 


N. A. GULIEV 
Moscow State University 
(Submitted to JETP editor March 10, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 144-146 
(July, 1956) 


E XPERIMENTS on the double scattering of high 
energy nucleons by nuclei indicate a consider- 


able polarization of the primary scattered beam! 


A comparison of the data for light elements (H, Be, 
He, C) shows that the polarization is independent 

of the kind of nucleus and shows that the angular 
distribution is practically unchanged for energies 

in the range 100-300 mev. One may assume that 

the scattered particle interacts with the nucleus as 
a whole. In order to explain polarization accompany- 
ing scattering by nuclei with spin 0 it is useful to 
take into account spin-orbit forces of the form 


U,o= (a / r) (aU, / dr) ol. (1) 
The complete interaction potential between the 


nucleon and the nucleus may in such a case be 
written in the form 
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OO) = U0, (ry iW, (r) + U,. fr) (2) 


Calculations in which the interaction is represented 
in the form of a complex rectangular well have led, 
both in the quasi-classical approximation and also 
in the exact method of phases (in particular, for 
nucleons of energy 290 mev scattered by C12), to 
the appearance in the angular distribution of the 
polarization coefficient P (#) of a region in which 
the sign changes and which corresponds to the 
region of the first diffraction minimum in the 
angular distribution of the differential scattering 
cross section [ see Ref. 2 in which the relation be- 
tween P() anda(4?) is shown]. However, the 
measurements of polarization do not confirm the 
presence of a region in which the sign changes. It 
is, of course, possible that the region in which the 
sign of the polarization changes is so narrow that 
it is not accessible to observation at the present 
time. The measurements of the polarization for a 
wide group of elements (He, Be, C, Cu, Al) at 
energies of 100-300 mev have led to the conclusion 
that the possibly existing region in which the sign 
changes has been smoothed out. Some authors sup- 
pose that the discrepancy between the calculations 
and the experimental data may be explained by the 
form of the potential utilized. Because of the fac- 
tor (a/r)dU /adr in the spin-orbit term o-* | the 
polarization is predominantly an edge effect and 
the region in which the sign changes is very sensi- 
tive to the shape of U(r). Apparently the rec- 
tangular potential well which was used earlier 
turns out to be only a rough approximation fromthe 
point of view of taking into account the edge ef- 
fect. One would expect that the smoothing out of 
its edge, being a better representation of the ac- 
tual nuclear potential, should give for P( J) a 
better agreement with experiment. 

Below we present the results of the calculation 
of the polarization carried out, utilizing a more 
realistic way of taking into account the influence 
of the form of the nuclear potential. The static 
scalar meson field which is a good approximation 
for the given problem is defined by the equation 


(V? — k?) 9 = —4np. (3) 
The distribution of the nucleons inside the nucleus 
is chosen in accordance with the result of Ref. 3 


o= es for 


PIM. 
Po (Ro | 2s for (4) 


ie ee ke 


Taking into account (4) we obtain from (3) 
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1 == a, (eho? —e"") /r 4 oy for rk, (5) 
2 = Aertel +. hoyle" Fi (— Jo, 4 Ro) r) 
+ dor-te— ko" Fi (— [a — ko|r) for r>R,, 
where a,c), a,, b,, d, are constants depending 
on RY &, p, ky» g- We assume the spin-orbit 
forces to be of the form 


(a/r)(dp,/dr)el for r<R), 
(6) 


(a|r) (de. /dr)ol for r>R,, 
where a=%d(f/mc)?, X= 15 as given by Heisen- 
berg’, 
The functions yp, and ~, can be approximated 
with sufficient accuracy by the corresponding 


branches of the parabolas 


Vi = — 0.248¢ + 0.029g72 for O<r<R,, (7) 


yo = —0.41g + 0.183 gr — 0.021 gr? for Ry << r<6ry, 


where R, = 1.602 x 10°? cm, a = 0.68 x 10°18 em 
and k, = 0.675 x 10'8 em’, r, = 10°"? cm. The 


radial factor for the spin-orbit forces is replaced 
correspondingly by 0.058 g and —0.032g +0.143 
g/r. The coupling constant g varies from 3e to 
5e. Thus the total interaction potential between 
the neutron and the C} carbon nucleus will be of 
the form 


U; (r) = gy (1+ ie) + 0.058ag? for O<r<R,, (8) 
Uj, (r) = eyo (1 + ée) 


— g? (0.032—0.143r-1) for Ry <r<6ry, 


€ = 1] (for energies of 300 mev). 
The polarization is defined by the formula 


bee CAs AB Reel 4 (9) 


—Iftigh) (f—ig\+|ftigh: 


L 


f (9) =— DS} +1) Af +147 1 P? (cos 9); 


1=0 


(10) 


Ib, 
l=0 
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10° 15° 20° 25° 30° 1° 15° 20° 25° 6, 


a — polarization of protons on He (E = 315 mev), 6 — 


the same on C (E = 290 mev). 1 — results of calcula- 
tion with arectangular well, 2 — the same, taking into 
account the volume distribution. 


At = (exp {213} —1) / 2i, (11) 


6* is the phase shift for the partial wave with / 
= 1 +%, which we calculate in the WKB approxima- 
tion; oe : ae are the Legendre polynomials. The 


results of the calculation of P(¥v ) are given by the 
graph, and show that, because of the more accurate 
description of the behavior of the potential at the 
edge of the nucleus by means of introducing a 
certain nucleon distribution inside it, we have suc- 
ceeded in obtaining better agreement with experi- 
ment. This is explained by the inclusion of higher 
phases. The polarization remains approximately 
constant for g varying from 3e to 5e which can be 
understood fromthe nature of the phenomenon. A 
decrease in € makes the agreement with experiment 
worse. 

In conclusion, I express my thanks to Prof. D. 
Ivanenko for his continued interest in the work and 
for the discussion of results. 


1 Chamberlain, Wiegand, Segre, Tripp and Ypsilantis, 
Phys. Rev. 93, 1430 (1954); 95, 1105 (1954). 


21, 1, Levintov, Dokl. Akad. Nauk SSSR 98, 373 (1954). 
s N. N. Kolesnikov, Thesis, Moscow State Univ., 1955. 
4 W. Heisenberg, Theory of the atomic nucleus (Rus- 


sian translation), 1953. 


Translated by G. M. Volkoff 
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Calculation of Elastic Scattering of Slow 
Electrons in Hydrogen by the Integral 
Equation Method 


V. I. OCHKUR AND Iu. V. PETROV 
Leningrad State University 
(Submitted to JETP editor March 20, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 146-148 
(July, 1956) 


f pS problem of the elastic scattering of slow 
electrons by the hydrogen atom, taking ex- 
change into account, was first solved by Morse and 

Allis? by means of a numerical integration of the 
corresponding integro-differential equation and 
later by Massey and Moiseiwitsch? by means of a 
variational principle. The object of the present 
calculation consisted of checking the effectiveness 
of the method of integral equations proposed by 
Drukarev?. 

We shall start with the same approximate repre- 
sentation of the wave function of the system 
“‘electron + hydrogen atom’’ which was used by 
Morse and Allis: 

F (rire) = b (14) F¥ (rz) +b (re) FF (7), (DD 
where w(r) is the function of the ground state of 
the hydrogen atom. F*(r) and F~(r) are con- 
sidered to be spherically symmetric, which means 
that only s-scattering is taken into account. 

With the choice of ¥(r,r,) made above the func- 


+ + 
tions f(r) =rF ~(r) must satisfy the equation 


(at e\ FM =VOF MLM” (2) 


co 


x ) erst er for) te— + {ar 

0 
and the boundary conditions 
OVO; 


(4) 


ft(nw~ 5 sin kr + at efhr, 


where 
Vwi 2 \\ u?(r’) y (rr’) dr’ — <| A u(r)=rvi(r), 
0 


1 , 
ver) = ti Face 
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€ is the energy of the atom, k is the wave number of 


the incident electron. 

We note that usually?*4 in order to derive this 
equation the wave function (1) is substituted into 
Schrodinger’s equation and after multiplying it by 


w( ry ),and integrating overr, , Eq. (2) is obtained. In so 
doing it is generally overlooked that the Schrodinger equa- 


tion cannot be exactly satisfied by any function of the 
form (1). However, Eq. (2) may be justified quite 
rigorously if one uses the variational principle 
formulated for collision problems. 

Using the method indicated by Drukarev’, Eq. 
(2) may, by taking (3) into account, be brought to 
the form of the following two integral equations: 


X (r) = 91+ \ K (rs) X (s) ds, (5) 
(6) 
Y(r)=@2+ \ K (rs) ¥ (s) ds, 
with ; 
fF (nr) = mX (r) + %Y (”). (7) 
Here the following notation is used: 
FO or - sin kr; (8) 


r 
1 
R= >p \ sink (r—s) u(s) ds; 
0 


a= ( u (s) f (s) (; a +) ds: 
0 


Ke(rs) = = sin (r —s) V(s) 


aes t) u (t) (+) at. 


Substituting (7) into (8) we shall obtain the equa- 
tion relating a, toa,, 


sae ary x (ry (Ste Byer (9) 
0 
Al gr) ee) (= +e— +) dr. 
0 


This equation and the condition (4) allow us to 
find both constants and by this, together with (5) 
and (6), completely determine the solution. 

In the antisymmetric case, one may simplify the 
calculations considerably if one takes into account 


0 if 2 Jn 


Fic. 1. The scattering phase for the symmetric case: 


J — numerical integration, 2 — variational method, 3 — 
method of integral equations. 


7 


180° 


90° 


g 7 2 A 


Fic. 2. The scattering phase in the antisymmetric 
case. The results of all three methods coincide within 
the scale of the drawing. 


that the complete wave function is invariant with 
respect to replacing f(r) > f(r) + Cu(r), where C 
is an arbitrary constant. On this basis one may 
consider either u, or «, to be arbitrary. In par- 


a 


ticular, setting «, = 0 we shall obtain 


» f(r) =02¥ (r). (10) 


Equation (9) then reduces to 


R2 


wir) LACS) (= = ca 5 er = 1. 


ou 98 


Using (6) and the fact that 
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(Ur +s) a = a / dr, 


it is not hard to show thatthis equality is satisfied 
identically, and that, therefore, it does nat amount 
to seme supplementary condition imposed on the 
function } (r). 

An analogous simplification may be obtained by 
setting a, =Q. Bat one must keep in mind that the 
iteration process may not converge equally rapidly 
in the two cases, 

The functions #*(r) and f(r) were calculated 
in the first approximation from the formulas (5)-(7), 
(9) and (10) andthe scattering phases were found 
from them. The results are given in Figs. 1 and 2. 
For comparison, the results of a numerical integra- 
tion! of = (2) and the results a variational cal- 


culation~ are also given there, In the antisym- 
metric case all three curves coincide within the 
scale of the drawing. In the symmetric case one 
obtains a somewhat higher value of the phase for 
& > 0.5; at lower energies in this case also a 
complete agreement is obtained in the first approxi- 
mation with the result of the numerical integration. 
In conclusion, we express out gratitude to G. F. 
Drukarev for his interest in this work and for a 
number of valuable suggestions. 


1 P.M. Morse and W. P. Allis, Phys. Rev. 44, 269 
(1933). 


2 HLS. W. Massey and B. L, Moiseiwitsch, Proc. Roy. 
Sec. (London) A205, 483 (1950). 

3G. F. Drukarev, J. Exptl. Theoret. Phys.(U.SS.R.) 
25, 139 (1953). 


4]. A. Erskin and H. S. W. Massey, Proc. Roy. See. 
(London) A212, 521 (1952). 


Translated by G. M. Volkoff 
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On the Relation between the Distribution 
of a Quasi-Monochromatic Stationary Process 
and the Distribution of its Envelope 


Ta. L. LaxsTER 
Tastitate for Scientific Research 
in Terrest¥ial Magnetism, the Jonosphere, 
and Redio Propagation 
(Submitted to JETP editer March 2], 1956) 
J. Exptl Theoret. Phys. (U.S.S.R.) 31, 
148-149 (July, 1956) 


OT long ago Slane-Lapierre and others? 
showed that if the probability density w, (4) 


THE EDITOR 


of the envelope of a quasi-monochromatic station- 
any stochastic process €is known, the character- 
istic function f= (u ) of the process is 


3S 


Fe (e) =| w , (A) Je (Az) dA. 4 
1) 


Rytov? continued the calculation and obtained the 
following formula: 


dA, (2) 
2 


connecting the probability density wz (€) of a 
stationary stochastic process with w , (4). In 
the present note I wish to show another way of 
deriving Egs. (1) and (2), whereby they ae obtained 
as the zero-order approximation in neglecting the 
narrow passband width of an amplifier. The use 
in this derivation of the time average, correct in 
the case of a stationary stochastic process, gives 
the possibility of obtaining in a natural manner 
the correction terms accounting for the finite 
width of the passband. 

A quasi-monochromatic stationary ess can 
be written in the form €(7)=4 (£) cos [aot 
+ >(e) ), where 4 (2) and of ¢ ) are, functions 
of time varying slowly in comparison with 
cos @, ¢. Then the characteristic function 
fx (au )is 


ee (3) 
eer 2h 
4 
X'\ exp {iz (8) cos [met + 9 (é)]} af. 
Qa 


Let us break up the interval 0 , T into N small 


intervals, each of length r= 2 /@g - Then 
N 
rey ee t t (4) 
f= ieee 
m1 
x | exp Ged (eos [oye t 2 (OD at. 


(22—1) 


Taking into account the smallness of the change 

of 4( 2) and > (2) in the time T, we expand the 
expression under the integral sign in a series in 

4 and 2 and limit ourselves to terms of the first 

order of smallness. 


_ Then after simple transformations we obtain 
in place of Eq. (4), 
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N 
5) 
Be DT | 


ivA,,,0 cos (0 + © 


m) 


a 

+ ows 

5 
== 
Me 
ale 
Cena 


N 7 
; 1 4 , Sine 
== [i > = | fA n# 8 sin (9 + 9,,) 
i 0 


X exp {iuvA,, COS (@o8 + Qm)} 48. 


Here Ao G5 A m 7 and @, are the values of 


A(t), p(t), and their derivatives at the 
beginning of the m th interval. It is easy to see 
that the first of the sums in Eq. (5) gives Eq. (1); 
the other tvo sums give the correction depending 
on the finiteness of the rate of change of A and 


If we use the well-known expression detamining 


the probability density of a stochastic variable 
in terms of its characteristic function, we obtain 


from Eq (5), 


wp @ =X | fee du 6) 


= 1 ? ) 
nV A? — & ( Qo 
(In this transformation the second sum in Eq. (5) 
gives zero. ) 
In this way Eq. (6) agrees with Fy. (2) to the 


accuracy of the correction term 


@ | (Ta V A? — &?). (7) 


, We note that although for a stationary process 
~ must be equal to zero, the average value, Kq. 
(7), may differ from zero, since in increasing the 
passband, Aand 7 in the general case are no 
longer independent random variables. It is inter- 


esting that the rate of change of the amplitude does 


not influence the probability density w ¢ 
in the first approximation. 

We note in closing that in the case in which 
€ is obtained by use of a narrow-band filter from 
a quasi-monochromatic stationary stochastic 


process, obeying the normal probability distribu- 
tion law, the correction term in Eq. (6) disappears 
and we are left with the correct formula, Eq. (2). 
This agrees with a well-known property of the 
normal distribution relating to the linear transfor- 


mation of the spectral components. 


1 . . f,? 
9 Bape egrs Savelli and Tortrat, Ann. Télécomm. 


S. M. Rytov, J. Exptl. Th te 
702 (1956); Soviet Para JETP tee 


Translated by C. W. Helstrom 
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Atomic Magnetic Moments of Ferromagnetic 
Metals and Alloys 


F. M. GAL’PERIN 
(Submitted to JETP editor March 29, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 150-152 
(July, 1956) 


I N contemporary physics it is well known that on 
account of the difficulties associated with the 
many-electron problem, the relation for the quanti- 
tative calculation of the atomic magnetic moments 
mand m_, for the ferromagnetic and paramagnetic 


ce 


states of ferromagnetics, respectively, has not thus 
far been found. The relation proposed by us was ob- 
tained empirically. 

1. Pure metals. It is well known that m is ex- 
pressed as a fractional number of Bohr magnetons 
M, (see Table I), and that this fraction is due to 
the exchange interaction between the s-electrons of 
the metal and the d- (or f-) electrons of the atoms, 
as a consequence of which m must somehow depend 
on the lattice parameter. On this basis we propose 
that in the equation for m, as well as in Eqs. (3)-(6), 
there enters the term 


01044 [1, (ry; —R) + 12 (rz —R)] = ££) + AE, (1) 


where rn, is the number of nearest neighbors of an 
atom in the lattice, n, the number of next-nearest 
neighbors, r, andr, the corresponding interatomic 
distances, R an empirical constant characterizing 
the given transition element, E the integral part of 
E, and AE the fractional remainder, | AE | <1. 


Let us first examine the first transition series of 
the periodic table of elements. For it*, 


30.6182 —1.9175Z for Z>26 


= 0.0325 Z2 + 
R 94" 97.9392 1.7875 Z for Z<26, ') 
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TABLE J. Atomic magnetic moments of ferromagnetic metals and alloys. 


ee en ——— _ _ ns ———— 


m,M 
a ist} Relative 
N A =) E rror 
Metal d(f)| ™lrvA) | M2 (ra A)| RA oF EAD) calc. exptl. % 
io) 
Y 2 | 412 (2.4868) | 2.4082] 2 0.6 0,604 <a 
= 
; 7 12 (2.4868) 0.6 (0,6) 1.64 <4 
3 6 (2.499) |6 (2.507) {2.5382} 1 | —0,27 (—0,27) 1.73 1.715 | t 
Co 6 (2,507) 
+ 6 (2.499) —0.27 (—0,27) 3,27 3.27 | 4 
<) k 8 (2.4777) |6 (2.8610)|2,7332| 41 | —0,82 (—0,82) 2.18 2,247 1.6 
F 
{ 7 8 (2.4777) 51,88 (Ogu Say SNS 2 
| { 
7) 1 (7) | 6 (3.564)  |6 (3,629) |3.566 | 1} 0,22 (0,22) 2 7,12 4 
Gd 
ne 6 (3.564) 0,22 (0,22) 7,78 7.8—7,94 4 
y 4 6 (3,506) 46 (3,585) 12.610] 2] 7,20 (0,20) 9,20 8.7* 3.8 
Dy 
7 6 (3.506) 7,20 (0,20) 10.20 10.59 
yp 2 6(3.466) | 6 (3,539) be 2] 9,06 (0,06) 9,06 >8.6 
Le 
7 6(3.466) 9,06 (0,06) 10.06 9,53 5 
Mn (in MnAs) 5 2 (2.84) | 6(3.74) |2.8632] 1] 3,25 (0,25) 3.25 3.40 4.6 
Mn (in MnB1) 5 2 (3.06) | 6 (4,30) |2.8632] 2] 5,80 (0,80) 3,20 3.52 10 
Mn (in MnCu,Al)| 5 42 (4,17) 2.8632) 2 | 10,06 (0,06) 3.94 4,06 3 
Cr (in CrTe) 4 2 (3,105) | 6 (3.981)|3.0582) 2] 3.64 (0,64) 2.39 2,39 aul 
Cr (in CrSb) 4 2 (2,726) | 6 (4.427)13,0582] 1} 3,7 (0,7) Oe] Dey <a 
Y 2 (2.86) | 8 (3, 429) 3.0582] 1} 5,4 (0,4) Dad 2,07 <a 
Cr( inCrO2) 4 (4.41) 
1 4 | 5,4 (0,1) 2.9 2.95 2 
Fe (in Ni, Fe) 4 | 2.508 =rg»| 6 (3,546)|2,7332) 2] 3.13 (0,43) 2,87 | 
Be —0,49 2.4] : 
Ni (in Ni,Fe) 2 | 2,489 = Rap| 8 (2.508)|2, 4082 0,51 (0,51) | 2.33" | +19 3540.90 es 
m =1 19% 4,24 2 
eed ee ee Ne ee a ee 
| 
Mn (in Ni,Mn) 5 | 2.548 =rgp| 6 (3,596)|2,8632) 2] 2,82 (0,82) 3,18 
ea 8 ee | ae ee ee ee ee 
aed, —0.34 ; {203} 
Ni(in NiMn) | 2 | 2,522 = Rg | 8 (2,543)}2,4082| 2] 0,69 (0,69) | _Z.uzee |+2-9840.20] max § 
m =1,03***] 1,04 2 


= ith ‘ ; aed 
tee ie for dysprosium depends on the field. Here the moment is given for the 


** The difference of the moments of the components of the alloy: Mp ,—my. andm,, —m 
*** The average moment per atom of the alloy. # 


Mn Ni’ 
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where Z is the atomic number of the element. 
For the series of elements under consideration, 
pie Ke et ie (to an accuracy of 1%), where iy 


and R | are the radii, respectively, of the s- and d- 
shells of the isolated atom, calculated in the man- 
ner of Slater. Let us assume that an analogous 


relation R = Re + Ry (R, = radius of the f-shell of 


the isolated atom) holds also for Gd, Dy and Er 
(the third transition series ), by the useof which 
R is calculated for these metals also. 

The pure ferromagnetic metals can be divided 
into two groups: group | consists of Gd, Fe and 
Co, for which fai R; group 2 consists of Ni, Dy and 
Er, for which r, >R. For the indicated groups 


agence nail) 
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where NV , and Ny are the numbers of unpaired d- 


and f-electrons, respectively, in the atom; i = 1 for 
group l, i = 0 for group 2. Here and in what fol- 
lows, the upper signs in front of AE or E are for 
group 1, the lowersigns for group 2. We note that 
in front of the quantity AE, related tothe exchange 
interaction, the opposite sign appears in (3) for 
group l. This recalls the change of the positive 
exchange integral to a negative one in the transi- 
tion fromthe ferromagnetic state to the paramag- 
netic. The integer M,, in m_ is one unit larger 
than in Ms 


2. Alloys. All transition metals, which are para- 
magnetic in pure form, when entering into ferro- 
magnetic alloys are considered as “‘pure ferro- 
magnetic’’ metals (the non-transition. elements in 
alloys are not considered). For them 


TABLE [I]. Curie points of ferromagnetic metals. 


: dQ deg 
Metal my Naf) Oat) K 
calc. exptl. calc exptl 
Ni 12 2 576* 600 631 +0.40  |0.35-++0.01;[*] 
0.441 

Co 12 3 1296* 1409 1393 —0.18 — 

Fe 8 4 1024* 1045 1043 —0.73 — 

Gd 6 7 202 286 289 —1.22 —1.2--0 05 
Tb 6 6 216 — 200 [4] 
Dy 6 4 144 156 155 

Ho 6 3 108 — — 

Er 6 2 72 80 80 

Tu 6 1 36 10? 


* A = 230k (experiment: 220%) for Ni, 1844( experiment: 1834) for Fe, and 9464 for 


Co, 
curve A(r,/R). 


itAEo 


fe Abe (4) 


m om aN — 2+ 
where z = 0 for group 1 and i = 1 for group 2. 
The binary alloys are characterized by £ ,, by 
and La =0 641n Cn = Rs Koy ck 


+ Bei where c | and c, are the atomic concentra- 


tions of components a and 6, respectively. For 
Ni,Fe and Ni,Mn, oe = 0 (Table I). 

3. Curie points © and their variation with pres- 
sure P. Let us suppose that 


A for groups 1 and 2 corresponds to the increasing and decreasing branches of the 


SS 


047) = n2Ni (N}); (5) 


for Ni,CoandFe: A=(1 + AE y)k9a: fy, 


where A = exchange integral, k = Boltzmann con- 
stant and, is given in Table II. The change of 
the Curie point under pressure in units of 10° atm 
is 
@ = Og p/t—OA(l + AE); 
dO 


on (6) 


. 102 48 eee 
atm 
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We note that AEF in Eq. (6) is the same as in Eqs. 
(3)-(5). Ferrites, manganites and other ferro- 
magnetics, for which r, > R, make up group 2; and 
therefore for them, as also for Ni, according to Eq. 
(6), it follows that one expects the positive sign 
of the effect; Gd, Fe, Co and invar alloys make up 
group 1 (7, < R), and therefore for them one ex- 
pects the negative sign of the effect. 

In Tables I and II data are presented for the 
calculations with Eqs. (1)-(6); the results agree 
satisfactorily with experimént, in particular with 
the data of neutronographic analysis of the mag- 


netic structure of alloys?’?. 


* R is computed with the same accuracy (to the 
fourth decimal place ) as r is given experimentally (cf. 
Ref. 1). 


1S. VY. Vonsovskii, The Contemporary Study of Mag- 


netism, Moscow, 1953. 


2 C. G. Shull and M. K. Wilkinson, Phys. Rev. 97, 
304 (1955). 


2G. E. Bacon, Neutron Diffraction, Oxford, 1955. 
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On the Theory of the fall Effect in 
Ferromagnetics 


N.S. AKULOV AND A. V. CHEREMUSHKINA 
(Submitted to JETP editor March 30, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 152-153 
(July, 1956) 


T has been shown that!’? the increase of the 

ohmic resistivity in the disordering of the alloys 
Fe, Al is accompanied by a proportional increase in 
the Hall constant R, i.e., the relation 


R— Ry = 4(e — Po)- (1) 


exists. An analogous relation was also found for 
the change of R and p in the dispersion hardening. 
In addition, the question has been posed’’® of the 
relation between R and p as the temperature 7’ 
changes. Karplus and Luttinger’, as a result of 
developing and making more precise the theory of 
Samoilovich and Kon’kov“, found that R as a func- 
tion of 7 is proportional to p*. However, an ex- 
amination of the existing experimental data did not 


10 +-100 


5 10 15 Feu Ni 20 p-10'S2cm 
Fic. 1. 7—Ni, 2—Fe, 3—46% Ni + 53.2% Fe. 


support this conclusion of the theory:The ex- 
ponent of degree n proved to be less than 2 and 
different for different elements’. Contrary to these 
results, the measurements given by us for the al- 
loys Fe-Ni gave the following dependence (see the 
Figure ) 


(0) p= Qo + ayo. (2) 


In addition, the analysis of experimental data of 
other authors presented by us showed that the rela- 
tions (1) and (2) are found to be in good agreement 
with experiment also for Fe and Ni in the interval 
from 100°K_ even to a temperature of the order of 
0.86 (© = Curie point). 

From Eqs. (1) and (2) it follows that, besides the 
Hall effect of the first kind, obeying the theory of 
Karplus and Luttinger, there exists a Hall effect 
of the second kind, for which a does not depend on 
p. Thus one can also explain the fractional values 
of n obtained empirically by the authors mentioned 
above. 

A final solution of the question of the relation 
between R and p is made difficult, however, by the 
results on the changes of Hall effect at low tempera- 
tures, according to which there exists a region 
where dR/dT <0. The quantumtheory of electrical 


conductivity gives (taking into account the residual 
resistivity ) 


e=p,+5T", (3) 


where n = 5. Meanwhile, the presence of a region 


of the Hall effect for which dR/dT <0 requires for 
R the relation 
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R=Ry+OiT™"+ bT™, (4) 
where b, <0. 

The presence of a negative term in Eq. (4), if it 
is supported, creates serious difficulties for the 
present quantum-mechanical theory of the Hall ef- 
fect and for the establishment of a relation between 
p and R. In particular, it contradicts Eqs. (1) and 
(2); therefore, further careful investigations are 
necessary in the region of low temperatures for the 
resolution ofthe question of the reality of the ex- 
istence of the anomalous Hall effect found in Ref. 


6. 


1 N.S. Akulov and A. V. Cheremushkina, Dokl. Akad. 
Nauk SSSR 102, 45 (1955). 


: N. S. Akulov and A. V. Cheremushkina, Dokl. Akad. 
Nauk SSSR 98, 35 (1954). 


: R. Karplus and J. Luttinger, Phys. Rev. 95, 1154 
(1954). 


4 A. G. Samoilovich and V. A. Kon’kov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 20, 783 (1950). 
5 J.—P. Jan, Helv. Phys. Acta 25, 677 (1952). 


© J.P. Jan and H. M. Gijsman, Physica 18, 339 
(1952). 
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The Effect of Ordering on the Energy 
Spectrum of Phonons 


I. M. LirsHiTz AND G. I. STEPANOVA 
Physico-technical Institute, 
Academy of Sciences, Ukrainian SSR 
(Submitted to JETP editor April 3, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 156-157 
(July, 1956) 


METHOD was set forth in Ref. 1 for the study 

of the vibration spectrum of solid solutions of 
isotopes. The method devoloped there can be ap- 
plied to the determination of the spectral density of 
such solutions in the presenceof long-range order. 
In the case cénsidered, the lattice is divided into 
two sublattices, for which the probabilities P , of 
finding the ith isotope are different and are given 


by the values 


pl=i—c+— ; (1) 


S 
I. Ag ty 2) ee —- 
Po=e— => Py cr 
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The indices I and II denote the types of sites, c 
= concentration of the second isotope and the quantity 
s characterizes the degree of order. The value s 
= 1(c = %) correspords to complete ordering of the 
crystal, the value s = 0 to complete disorder. 

To make clear the peculiarities of the spectrum, 
we consider the case of a small difference in masses 
According to the results ob- 
tained’, the spectral density of a system with ran- 


of the two isotopes. 


dom distribution of masses can be represented in the 
form 


v (Z) = Vo (z) — da / dz, (2) 
where, for small mass differences, 
He | : 
B= 120) D oR (3) 
r 
; dQ dk’ 
ve seal 
o?(k)==z 
x Dee, exp (27 (k — k’) (r — ‘Vea she 
ir 
eS (m,— m,) / my. (4) 
Here z is the square of the frequency, m, is the 
value ofthe mass at site r (r= N,a,+7,a, +N,a,, 


n, = an integer, a, = lattice constants ), the bar 


denotes averaging, N = total number of atoms, dQ 
is an element of area on the surface w 2(k) =z 
over which integration is to be carried out, Vo? is 
the gradient in the space of the wave vector k, # 
is the principal value of the integral, v)(z) is the 
unperturbed spectral density; the Bpeceel density 
is normalized to unity. For a crystal with the dis- 
tribution of Eq. (1), it is natural touse (for the un- 
perturbed case ) the spectral density vane a oF a 
lattice with alternating masses 


(5) 


which represent the mean masses at sites of type 
I and II, respectively. Here m =(1- c)m, +em 


x=s(m,—m,)/2m = se/2. Then 


(eS \(t—e+ >| 


= eS eens, 2 
eh = (e+) (to +) 


and, in accord with (2) and (3), we have 


i = mx), my = m(1+x), 


9” 
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d 6 
M2 (Z) = YOora” dz ed 2 ( ) 
(7) 
Bia? : 
z 


Thus the fluctuating addition, defined by the de- 
parture of the actual masses fromthe mean values 
m, and m,,, is proportional toe”. It is easy to see 


that for complete order (s = 1, c = %), the additional 
contribution is zero. 

For three-dimensional crystals and sufficiently 
small values of mass differences for the isotopes, 
complete ordering does not in general lead to a dis- 
continuity in the frequencies, and, consequently, 
Eqs. (2) and (3) have meaning for all values of the 
frequency except the limit frequency z9. When a 
discontinuity appears, (2) and (3) are not valid 
close to frequencies which bound the forbidden 
region. Expressions that are valid for all frequen- 
cies, and the displacement of the limiting fre quen- 
cies, are easily determined by means of another de- 
composition, shown in Ref. 1. 

In many cases, as aconsequence of the basic 
symmetry of the coefficients of interaction, the func- 
tion vy |, can have singularities. For example, if 


the interaction is limited to nearest neighbors, the 
spectral density of a simple cubic lattice, forthe 
sites | and II of which we have, respectively, sites 


with even and odd values of (ny +n +n, yi; 


has (near the limit frequencies Zz) singularities of 
the form 


~V xz / area \|c 


(8) 


Yoord 


The frequency gap in this case is 
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Zy —%q ~ 2x2: (9) 


In spite of the fact that (2) and (3) are not valid 
near Zz) (because of the singularities of ve Se) we 


can, with their help, still draw some conclusions 
on the spectrum of the crystal under investigation. 
For complete order, according to the relations ob- 
tained, the fluctuating term is equal to zero and the 
behavior of the spectral density near the limiting 
frequencies zo is given by Eq. (8). The frequency 
gap is a maximum in this case. 
With the appearance of disorder, as a result of 


the drawing together of m, and m,), the frequency 
gap decreases. Moreover, the increasing fluctuation 
contribution can materially affect the course of the 
spectral density near z 5) - Near the limiting fre- 
quencies, the fluctuating term Av, in accord with 
(3) and (8), has the form 
‘ ? Nis 
Av ~ c(!—c) al : 
Sek ale Pe 7h) 
Hence it is evident that the role of the addedterm 
depends on the degree of order. For xz) /|z)—z 


alee 


(10) 


when the increase in Vp) ,.q is already 


considerable, the fluctuating term remains small 
and cannot compensate for the increase if s is not 
small. For small s, on the otherhand, compensation 
can take place. 

In the case of complete disorder, x = 0 and the 


frequency gap vanishes. 


: I. M. Lifshitz and G. I. Stepanova, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 30, 938 (1956); Soviet Phys. JETP 3, 


656 (1956). 
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